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1. Introduction

This is the second in a series of three papers—the others are [11,13]—in which we address
the question of when it is possible to find an element that can be deleted or contracted from a
3-connected matroid in such a way as to remain 3-connected and avoid creating new unwanted
3-separations. Such 3-separations are called exposed 3-separations. The formal definition of “exposed”
requires some preparation and is given in Section 2. In [13] we prove that it is almost always possible
to find such an element.

Theorem 1.1. Let M be a 3-connected matroid other than a wheel or whirl. Then M has an element e whose
deletion from M or M* is 3-connected but does not expose any 3-separations.
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In [11], we considered the special case of triangles and determined the structure that arises
when no element of a triangle can be deleted without either losing 3-connectivity or exposing a
3-separation. In this paper, we consider another important special case. The following is our main
result.

Theorem 1.2. Let (A, B) be a non-sequential 3-separation in a 3-connected matroid M. Suppose that B is
fully closed, A meets no triangle or triad of M, and if (X, Y) is a non-sequential 3-separation of M, then either
A Cfcl(X) or A C fcl(Y). Then A contains an element whose deletion from M or M* is 3-connected but does
not expose any 3-separations.

While technical, Theorem 1.2 is a key ingredient in the proof of Theorem 1.1. The proof is surpris-
ingly long. In particular, Section 7 occupies much of the space. This deals with a bounded-size case
check on the 3-separator A of Theorem 1.2. This case check is essential to verify Theorem 1.2 and,
while it could possibly be slightly streamlined, we see no way of avoiding the bulk of the work.

A key tool in the proof of Theorem 1.2 involves taking a 3-separation (A, B) in a 3-connected
matroid, adding two elements o and S freely on the guts of (A, B), and then deleting B. In the
resulting matroid, o and 8 are clones that we can think of as replacing the set B. We call this process
clonal replacement and define it formally in Section 4. The main result of that section, Lemma 4.13,
shows that, by imposing some natural conditions on (A, B), we can ensure that the clonal replacement
is 4-connected.

2. Preliminaries

Our terminology will follow Oxley [8] except that the simplification and cosimplification of a ma-
troid N will be denoted by si(N) and co(N), respectively. We write x € cl®(Y) to mean that x € cl(Y)
or x € cI*(Y). A quad is a 4-element set in a matroid that is both a circuit and a cocircuit. The set
{1,2,...,n} will be denoted by [n].

Let M be a matroid with ground set E and rank function r. The connectivity function Ay of M
is defined on all subsets X of E by Ap(X) =r(X) +r(E — X) — r(M). A subset X or a partition
(X, E — X) of E is k-separating if Ap(X) <k — 1. A k-separating partition (X, E — X) is a k-separation
if |X|,|E — X| > k. A k-separating set X, or a k-separating partition (X, E — X), or a k-separation
(X, E — X) is exact if Apy(X) =k — 1. A k-separation (X, E — X) is minimal if min{|X|, |E — X|} = k.

A set X in a matroid M is fully closed if it is closed in both M and M*, that is, cI(X) = X and
cl*(X) = X. The full closure of X, denoted fcl(X), is the intersection of all fully closed sets that
contain X. Two exactly 3-separating partitions (A1, B;) and (A, By) of M are equivalent, written
(A1, B1) = (A3, By), if fcl(Aq) = fcl(Ay) and fcl(B1) = fcl(By). If fcl(Aq) or fcl(By) is E(M), then
(A1, By) is sequential. A 3-connected matroid M is sequentially 4-connected if it has no non-sequential
3-separations.

Let e be an element of a matroid M such that both M and M\e are 3-connected. A 3-separation
(X,Y) of M\e is well blocked by e if, for all exactly 3-separating partitions (X', Y’) equivalent to
(X,Y), neither (X" Ue, Y’) nor (X', Y'Ue) is exactly 3-separating in M. An element f of M exposes a
3-separation (U, V) if (U, V) is a 3-separation of M\ f that is well blocked by f. Although (U, V) is
actually a 3-separation of M\ f, we often say that f exposes a 3-separation (U, V) in M. Evidently, if e
exposes an exactly 3-separating partition (Eq, E2), then e exposes all exactly 3-separating partitions
(E}, E%) that are equivalent to (E1, E2). We remark that implicit in the assertion that an element f
exposes a 3-separation in M is the requirement that M\ f is 3-connected.

Let X be an exactly 3-separating set in a matroid M. If there is an ordering (x1, x2,...,xy) of X
such that {x1,x2,...,x;} is 3-separating for all i in [n], then X is sequential and (x1,x2,...,Xy) is
a sequential ordering of X. An exactly 3-separating partition (X,Y) of M is sequential if X or Y
is a sequential 3-separating set. In a 3-connected matroid M, a 3-sequence is an ordered partition
(A,x1,X2,...,%n, B) of E(M) such that |A|, |B| >2 and (AU {x1,x2, ..., Xi}, {Xit1, Xi+2, ..., Xn} UB) is
exactly 3-separating for all i in {0,1,...,n}. If M has a 3-sequence in which |A| =|B| =2, then M is
sequential.
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Let S be a subset of the ground set of a matroid M with |S| > 3. Then S is a segment if every
3-element subset of S is a triangle; and S is a cosegment if every 3-element subset of S is a triad.

Let k be an integer exceeding one. A matroid M is (4, k)-connected if M is 3-connected and, when-
ever (X, Y) is a 3-separating partition of E(M), either |X| <k or |Y| < k. Hall [4] called such a matroid
4-connected up to separators of size k. Matroids that are (4, 3)-connected and (4, 4)-connected are also
called internally 4-connected and weakly 4-connected respectively. A 3-connected matroid M is (4, k, S)-
connected if M is both (4, k)-connected and sequentially 4-connected.

The next two lemmas are elementary properties of matroids. The second is a restatement of the
Mac Lane-Steinitz exchange property.

Lemma 2.1. Let e be an element of a matroid M, and X and Y be disjoint sets whose union is E(M) — e. Then
e e cl(X)ifand only ife ¢ cl*(Y).

Lemma 2.2. Let e and f be elements of a matroid M and let X be a subset of E(M) — {e, f}.Ife ¢ cI(X U f)
and f ¢ cl(X), then f ¢ clpy/e(X).

The following lemma [2, Lemma 4.1], an important tool in the proof of the main result of [2], will
also be useful here.

Lemma 2.3. Let M be a 4-connected matroid and z be an element of M. Then M\z or M/z is (4, 4)-connected.

The connectivity function Ap; of a matroid M has many attractive properties. Clearly Ay (X) =
Am(E — X). Moreover, one easily checks that Ay (X) =r(X) +r*(X) — | X| for all subsets X of E(M).
Hence Ay (X) = Ay+(X). We often abbreviate Ap; as A. This function is submodular, that is, A(X) +
AY)ZAXNY)+AXUY) for all X,Y C E(M). The next lemma is a consequence of this. We make
frequent use of it here and write by uncrossing to mean “by an application of Lemma 2.4.”

Lemma 2.4. Let M be a 3-connected matroid, and let X and Y be 3-separating subsets of E(M).

(i) IfIXNY]| > 2, then X UY is 3-separating.
(ii) If|[E(M) — (XU Y)| > 2, then X NY is 3-separating.

Another consequence of the submodularity of A is the following very useful result for 3-connected
matroids, known as Bixby’s Lemma [1].

Lemma 2.5. Let e be an element of a 3-connected matroid M. Then either M\e or M /e has no non-minimal
2-separations. Moreover, in the first case, co(M\e) is 3-connected while, in the second case, si(M/e) is
3-connected.

A useful companion function to the connectivity function is the local connectivity, [ ](X, Y), defined
for sets X and Y in a matroid M, by

X, Y)=r(X) +r(Y) —r(XUY).
Evidently, [ (X, E — X) = Am(X). For a field F, when M is F-representable and hence essentially
viewable as a subset of the vector space V (r(M),F), the local connectivity [|(X,Y) is precisely the
dimension of the intersection of those subspaces in V (r(M), F) that are spanned by X and Y.

An attractive link between connectivity and local connectivity is provided by the next result
[9, Lemma 2.6], which follows immediately by substitution.

Lemma 2.6. Let X and Y be disjoint sets in a matroid M, then

AMXUY) =2 (X) +am(Y) =[Ny X, Y) = [ (X, V).



466 J. Oxley et al. / Advances in Applied Mathematics 47 (2011) 463-508

The first part of the next lemma [9, Lemma 2.3] just restates [8, Lemma 8.2.10]. The second part,
which follows from the first, is the well-known fact that the connectivity function is monotone under
taking minors.

Lemma 2.7. Let M be a matroid.

(i) Let Xy, X3, Y1 and Y; be subsets of E(M). If X1 C Y1 and X, C Yy, then [ (X1, X2) <[ |(Y1, Y2).
(ii) If N is a minor of M and X C E(M), then

AN(XNEN)) < Am(X).
We shall use the following result of Lemos [6, Theorem 1] several times.

Lemma 2.8. Let M be a 3-connected matroid and C* be a cocircuit of M such that M /e is not 3-connected for
all e in C*. Then C* meets at least two triangles of M.

The following elementary lemma [9, Lemma 3.1] will be used repeatedly.
Lemma 2.9. For a positive integer k, let (A, B) be an exactly k-separating partition in a matroid M.

(i) Forein E(M), the partition (A Ue, B — e) is k-separating if and only if e € ™ (A).
(ii) For e in B, the partition (A U e, B — e) is exactly k-separating if and only if e is in exactly one of cl(A) N
cl(B — e) and cI*(A) Ncl*(B —e).
(iii) The elements of fcl(A) — A can be ordered by, ba, ..., by so that AU {b1, ba, ..., b;} is k-separating for
alliin [n].

The next lemma is a consequence of Lemma 2.9.
Lemma 2.10. Let M be a 3-connected matroid.

(i) If (X, e, Y) is a 3-sequence of M and e € cl*(X), then [ ](X,Y) =1.
(i) If (X, e, f,Y) is a 3-sequence of M, where e € cI*(X) and f € cI*(X Ue), then [|(X,Y) =0.

Proof. We prove (ii). The proof of (i) is similar. Since f € cl*(X Ue), it follows by Lemma 2.9, that
f ecl*(Y) and so

rXue)+rYUf)—rM)=r(X) +1+rY)+1—r(M).

Therefore, as (XUe, YU f) is a 3-separation, r(X) +r(Y) =r(M). Since M is 3-connected, r(XUY) =
r(M), so [(X,Y)=0. O

Lemma 2.11. Let (X, {z},Y) be a partition of the ground set of a 3-connected matroid M. Assume that
(X,zUY)and (X Uz, Y) are 3-separations of M. Then exactly one of the following holds:

(i) zec(X)Ncl(Y) and co(M\z) is 3-connected; or
(ii) z € cI*(X) Ncl*(Y) and si(M/z) is 3-connected.

Proof. The fact that z is in exactly one of cI(X)Ncl(Y) and cI*(X)Ncl*(Y) follows by (ii) of Lemma 2.9.
By duality, we may suppose that z € cI(X) Ncl(Y). As M is 3-connected, M\z is 2-connected. By
Lemma 2.5, we need only to show that M\z has no non-minimal 2-separations.

Let (A, B) be a non-minimal 2-separation of M\z. Neither (AUz, B) nor (A, BUZz) is a 2-separation
of M so each is a 3-separation. Hence z is in neither cl(A) nor cl(B), so, by Lemma 2.1, z is in both
cI*(B) and cI*(A).
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As z e cl(X)Ncl(Y) but z is in neither cl(A) nor cl(B), all of the sets XNA,XNB,YNA,and YNB
are non-empty. As A has at least three elements, XN A or Y N A has at least two elements. Without
loss of generality, assume the former. If |Y N B| =1, then both |[X N B| and |Y N A| exceed one. Thus,
we have that either

(@) [IXNA|>2and |YNB|>2; or
(Q) IXNB|>2and |[YNA|>2.

By symmetry, we may assume the former. Then, by uncrossing, both X UA and X U AU z are
3-separating in M. Hence both (Y " B) Uz and Y N B are 3-separating in M, so z is in cI(Y N B) or z
is in cI*(Y N B). Both possibilities yield contradictions to orthogonality since z € cl*(A) C cI*(X U A)
and zecl(X) Cc(XUA). O

For two 3-separations (X1, X2) and (Y1, Y2) of a 3-connected matroid M, one easily checks that
cl(Xq) =cl(Yy) if and only if cl(X3) = cl(Y2). When cl(X;) = cl(Y;) for some i, we call (X1, X2) and
(Y1, Y2) closure-equivalent.

Distinct elements o and S8 of a matroid M are clones if M has an automorphism that interchanges
o and B and fixes every other element. When « and 8 are clones in M, we call {«, 8} a clonal pair
in M. Evidently if {«, B} is a clonal pair in M, and N is a minor of M with {«, 8} € E(N), then {«, 8}
is a clonal pair in N.

Lemma 2.12. Let M be a 3-connected matroid, and let {c, 8} be a clonal pair in M. If M is not sequentially
4-connected, then M has a non-sequential 3-separation (U, V) such that {«, B} C U or {«, B} C V.

Proof. Assume the lemma fails and let (X,Y) be a non-sequential 3-separation of M. Then
|X|,|Y| > 4. As neither X nor Y contains {o, 8}, we may assume that ¢« € X and B e Y. If
o ecly(X—a), then 8 ecly(X —a) and so (XUB,Y — B) is a 3-separation in M. Moreover, as (X, Y)
is non-sequential, so is (X U B,Y — B); a contradiction. Thus « ¢ clpy(X — ). Then, by Lemma 2.1,
o € clj;(Y). Hence (X — o, Y Uc) is a non-sequential 3-separation of M; a contradiction. O

Lemma 2.13. Let M be a 3-connected matroid with no triangles. Let {z1, z2, z3, z4} be a circuit of M that
contains a cocircuit C*. If z; € C*, then M/z; is 3-connected.

Proof. Suppose that M/z; is not 3-connected. Then M/z; has a 2-separation (X, Y). Since M has no
triangles, ruyyz (X), ™M/ (Y) > 2. Thus, as {z1,22,23,24} — z; is a triangle in M/z;, we may assume
without loss of generality that {z1, z3, z3, z4} — z; € X. Since z; is in a cocircuit of M contained in
{z1, 22, 23, 24}, it follows that ry/; (Y) =rm(Y). Therefore

rM(XUz) 4+ rm(Y) = r(M) =1y (X) + 1+1my7(Y) — (r(M/z;) + 1)
= ‘17
contradicting the fact that M is 3-connected. O

Lemma 2.14. Let M be a 3-connected matroid with no triangles, and let {c, 8} be a clonal pair in M. If
|[E(M)| > 4 and {«, B, z} is a triad of M, then M /z is 3-connected.

Proof. If M/z is not 3-connected, then M/z has a 2-separation (X,Y). Since M has no triangles,
rmyz(X), rmyz(Y) = 2. Furthermore, |X|, |Y| > 3; otherwise X or Y is a 2-cocircuit in M/z. If o, B € X,
then ry/,(Y) =rm(Y), and so

rM(XU2) +1m(Y) = (M) =ram/z(X) + 1+ 1m2(Y) = (r(M/2) +1) = 1;
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a contradiction. It follows that we may assume that M/z has no 2-separation in which {«, 8} € X
or {a,} C Y and hence that ¢ € X and B e Y. If a € cly (X — @), then B € cly,,(X — «) and so
(XUB,Y — pB) is a 2-separation of M/z; a contradiction. Thus a ¢ cly/z(X —a) so (X —oa, Y Ua) is
a 2-separation of M/z; a contradiction. Hence M/z is 3-connected. O

The next lemma is from [11, Lemma 2.4].

Lemma 2.15. Let M be a 3-connected matroid. If f exposes a 3-separation (U, V) in M, then (U, V) is non-
sequential. In particular, |U|, |V | > 4. Moreover, if |V | = 4, then V is a quad of M\ f.

Lemma 2.16. Let {«, 8, a, b} be a sequential 3-separating set in a 3-connected matroid M. Suppose « and
are clones. Then («, B, X, ¥) is a sequential ordering of {c, B, a, b} for some permutation (x, y) of {a, b}.

Proof. Let (eq, e, e3,e4) be a sequential ordering of {«, 8, a, b}. If {«, B} C {e1, ez, e3}, then we can
reorder eq, ey, and e3 so that the sequence begins (o, 8). We may now assume that e4 € {«, 8}. As
o and B are clones, we may suppose e4 = «. By reordering (e1, ez, e3), we may assume e3 = 8. By
duality, we may assume {eq, ez, B8} is a triangle. Thus so is {e1, ez, «}. Then r({e1, ez, a, B}) =2 and
(o, B,a,b) is a sequential ordering of {&, 8,a,b}. O

For a 3-connected matroid N, we shall be interested in 3-separations of N that show that it is not
(4, k, S)-connected. We call a 3-separation (X, Y) of N a (4, k, S)-violator if either

) X, 1Y >2k+1; or
(ii) (X,Y) is non-sequential.

Observe that, when k = 3, condition (ii) implies condition (i). Hence (X,Y) is a (4, 3, S)-violator of N
if and only if |X|, |Y| > 4.
The next lemma [12, Lemma 2.11] is used in proving the subsequent result.

Lemma 2.17. Let N be a 3-connected matroid. Then (X, Y) is a (4, 4, S)-violator if and only if

() IXI,1Y] =55 0r
(ii) X and Y are non-sequential and at least one is a quad.

Lemma 2.18. Let M be a 4-connected matroid with a 5-point rank-3 set P. If e € cI*(P) — P, then M/e is
(4, 4, S)-connected.

Proof. Certainly M/e is 3-connected. Let (R, G) be a (4, 4, S)-violator of it. Without loss of generality,
we may assume that [R N P| > 3. Thus RN P spans P in M/e. Hence the 3-separating partition
(RUP,G — P) of M/e is equivalent to (R, G). Now, by Lemma 2.17, either |G| > 5 or G is non-
sequential. In the first case, |G — P| > 3; in the second, G — P is non-sequential so |G — P| > 4.
Hence, in both cases, (RU P, G — P) is a 3-separation of M/e. But e € cl*(P), so e € cI*(R U P). Hence
(RUPUe,G— P) is a 3-separation of the 4-connected matroid M; a contradiction. O

Lemma 2.19. A 3-connected matroid M of rank at most three is sequentially 4-connected.

Proof. Let (X,Y) be a 3-separation of M. Then r(X) + r(Y) =r(M) + 2 and |X|,|Y| > 3. Thus
r(X),r(Y) > 2. But r(M) < 3. Hence X or Y spans M, so (X,Y) is sequential. O

Lemma 2.20. Let Q be a quad in a 3-connected matroid M with |E(M)| > 7. If {«, B} is a clonal pair in M
that meets Q, then {«, 8} C Q.
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Proof. We may assume that « € Q and 8¢ Q. As Q is a quad of M and {«, 8} is a clonal pair,
(Q —a)U B is a quad of M. Hence

rQUB)+r*(QUP) —1QUBI<(B-2)+(5-2)-5=1.
Since |E(M)| > 7, this contradicts the fact that M is 3-connected. O
The next two lemmas are repeatedly used in the last section of the paper.

Lemma 2.21. Let M be a 3-connected matroid and let (X, Y) be a 3-separation of M. If M\e is 3-connected,
thene ecl(X —e)oreecl(Y —e).

Proof. Since (X,Y) is a 3-separation of M, we have |X|,|Y| > 3. Therefore, as M\e is 3-connected,
e (X —e) +1rype(Y —e) —r(M\e) =2. As r(M) =r(M\e), it follows that

(X)) +rp(Y) =2 +r(M) =rppe(X —€) +rpe(Y —e).
Ife¢Y, then ry(Y)=rme(Y —e) and so e € cl(X —e). Similarly, if e ¢ X, then e cl(Y —e). O

Lemma 2.22. Let N be a 4-connected matroid, and let a and e be distinct elements of E(N). Let (X,Y) be
a 3-separation of N/a and suppose that N/a\e is 3-connected. If X — e contains a triad of N/a\e, then e €
clnja(X —e), but e ¢ cln/q(Y — e). In particular, there are no two triads Tx and Ty in N/a\e such that
TxCX—eand Ty CY —e.

Proof. Since N/a\e is 3-connected, it follows by Lemma 2.21 that either e € cly/,(X —e) or e €
cly/qa(Y —e). Suppose that T is a triad of N/a\e such that T € X —e. If e € cly/q(Y —e), then T is
a triad in N/a. But then T is a triad in N, contradicting the fact that N is 4-connected. Therefore
e ¢clyi(Y —e) and e e cly/a(X — e). The second part of the lemma is an immediate consequence of
the first part. O

The following theorem [12, Theorem 1.6] is used a number of times in the last two sections.

Theorem 2.23. Let M be a 4-connected matroid with |E(M)| > 11. Let {a, b, c,d, e} be a rank-3 subset of
E(M). Then there are at least two elements x of {a, b, c, d, e} such that M\x is internally 4-connected.

We end this section with a brief outline of the strategy that we use in the proof of Theorem 1.2.
We extend M by a clonal pair of elements, & and 8, which are freely placed so that, in the resulting
extension of M, these elements lie in the intersection of the closures of A and B. We then delete the
elements of B and denote the resulting matroid by N, calling it the clonal replacement of B by {«, 8}.
We show in Lemma 4.13 that N is 4-connected. We then show that N has an element e not in {«, 8}
such that the deletion of e from M or M* is 3-connected but does not expose any 3-separations. For
N having at least 13 elements, this is done in Section 6, while for N having at most twelve elements
this is done in Section 7.

3. Flowers

In this section, we recall some essential definitions from [9,10]. Let (Pq, P2, ..., P;) be a flower &
in a 3-connected matroid M, that is, (Pq, P2,..., Py) is an ordered partition of E(M) such that
AM(Pi) =2 =Ap(P; U Pjyq) for all i in {1,2,...,n}, where all subscripts are interpreted modulo n.
The sets P1, Pa, ..., P, are the petals of @. Each has at least two elements. It is shown in [9, Theo-
rem 4.1] that every flower in a 3-connected matroid is either an anemone or a daisy. In the first case,
all unions of petals are 3-separating; in the second, a union of petals is 3-separating if and only if the
petals are consecutive in the cyclic ordering (Pq, P2, ..., Pp).
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The classes of anemones and daisies can be further refined using local connectivity. Let
(P1, P, ..., Pp) be a flower @ with n > 3. If @ is an anemone, then [](P;, P;) takes a fixed value k
in {0, 1,2} for all distinct i, j in [n]. We call @ a paddle if k =2, a copaddle if k =0, and a spike-like
flower if k=1 and n > 4. Similarly, if @ is a daisy, then [|(P;, P;) =1 for all consecutive i and j. We
say @ is swirl-like if n >4 and [](P;, Pj) = 0 for all non-consecutive i and j; and @ is Vdmos-like
if n=4 and {[|(P1, P3),[](P2, P4)} = {0, 1}. An element e of M is loose in @ if e € fcl(P;) — P; for
some petal P; of &; otherwise e is tight.

If (P1, P2, P3) is a flower @ and [|(P;, Pj) =1 for all distinct i and j, we call @ ambiguous if it
has no loose elements, spike-like if there is an element in cI(P1) Ncl(P2) Ncl(P3) or cI*(Py) Ncl*(P2)N
cI*(P3), and swirl-like otherwise. Every flower with at least three petals is of one of these six types:
a paddle, a copaddle, spike-like, swirl-like, Vamos-like, or ambiguous [9].

Lemma 3.1. Let @ be a flower ({«, B}, P1, P2) in a sequentially 4-connected matroid M, where {«, B} is a
clonal pair. If @ is a paddle or a copaddle, then P1 or P, is sequential. Moreover, if

M, B), P1) = (P, P2) =[1(P2, {, B)) = 1
and Py, Py ¢ fcl({e, B), then both P1 and P, are sequential.

Proof. First suppose that @ is a paddle. If P; is not sequential, then, as M is sequentially 4-connected,
{a, B} U Pq is sequential. Choose a sequential ordering (z1, z2, ..., z¢) of {«, 8} U P1 with the great-
est j such that {a, B} € {z1,22,...,z;}. We may assume that {a, B} = {zj_1,z;}. If j =k, then
(z1,22,...,2zj—2) is a sequential ordering of P and so Pp is sequential. Therefore, we may assume
that j < k. Since @ is a paddle, [|(P2, {«,8}) =2 and so «, B € cl(Py). It now follows by two
applications of Lemma 2.9 that (z1,22,...,2j-2,Zjy1,, B,Zj42,-..,2) is a sequential ordering of
{a, B} U P1, contradicting the maximality of the choice of j. Hence P; is sequential. Dually, if @ is a
copaddle, then Pq or P, is sequential.
Now suppose that

M({e. B}, P1) =1(P1, P2) =[(P2. {er. B}) =1

and Py, P ¢ fcl({er, B}). Assume that P, is not sequential. Then both P; and Py U {a, B} are se-
quential. Let (z1, z2, ..., zx) be a sequential ordering of P1 U {«, B}. Then, by repeated applications of
uncrossing (see [5, Lemma 4.3]), we may assume that (zx_1, zx) = (¢, 8). Then P; U« is 3-separating.
As o and g are clones and [ ]({ee, 8}, P1) =1, we have « ¢ cl(P1) and B ¢ cl(P1). Therefore,

2=r(P1Ua)+r(P2UpB)—1r(M)

=r(P1)+1+rP2)+1—-r(M)
=r({a, BYUP1) +1(P2) + 1 —r(M).

But then r({ee, B} U P1) +1(P2) —r(M) =1 and so ({«t, B} U P, P3) is a 2-separation of M; a contra-
diction as M is 3-connected. Therefore P, is sequential. By symmetry, so too is P1. O

4. Clonal replacements

Let M be a 3-connected matroid and (A, B) be a 3-separation of M. We want to add a clonal
pair {«, B} on the guts of (A, B) and then delete B, thereby replacing B by the clonal pair {«, 8}. In
this section, we give a formal description of this process and derive some of its properties. These are
then used to prove Lemma 4.13, the main result of the section. That lemma shows that, under certain
natural conditions, the matroid one derives from this construction is 4-connected.
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The construction proceeds as follows. Use the principal modular cut of M generated by {cly (B)}
to adjoin the element o to M. In the resulting matroid My, use the principal modular cut generated
by {clm, (B)} to adjoin the element B and get the matroid M™.

The next lemma can be proved by determining all the flats of M+, which can be done using
[8, Corollary 7.2.4]. We omit the straightforward details.

Lemma 4.1. The elements « and B are clones in M,

For disjoint sets X and Y of the ground set E of a matroid M’, let kpy (X, Y) = min{Ap (S): X C
S C E —Y}. By Geelen, Gerards, and Whittle’s extension of Tutte’s Linking Theorem [3, Theorem 4.2],
M™ has a minor N with ground set A U {«, 8} and with xn(A, {a, B}) = ky+(A, {a, B}) such that
N|{a, B} =M*|{a, B} and N|A = M™T|A = M|A. Now M is 3-connected and « and B are not added as
loops, coloops, or parallel elements, so M is 3-connected. Moreover, {«, 8} C cly+(B), so

2 <ky+ (A o, BY) <Ay (A) =2rm(A) =2.

Because « and B are clones in M, they are also clones in N.

The matroid N is called the clonal replacement of B by {«, B}. We shall show below that N is
unique. Since N|JA = M*|A and « and B are clones in N, to determine N, we need only to specify
rn(XUa), ry(XUPB), and ry(X U {«, B}) for all subsets X of A. Lemmas 4.3 and 4.4 do this. Observe
that, since kn (A, {«, B}) = ky+ (A, {, B}) =2 and ry({«, B}) =ry+ (o, B}) =2, we have

r(N) =rn(AU{a, B}) =rn(A) =ry+ (A) =T (A).

Since N is a minor of M, there is an independent set Cy and a coindependent set Dy in MT such
that N=M™*/Cn\Dy.
We omit the straightforward proof of the next result.

Lemma 4.2. The set Cy is a basis of M/ A.
Lemma 4.3. The following are equivalent for a subset X of A.

(i) cn(X) N (@, B) # 0;
(ii) {er, B S cly(X);
(iii) [y (B. X) =2;

(iv) |_|M(B, X)>2.

Proof. Since o and g are clones in N, (i) and (ii) are equivalent. Moreover, by Lemma 2.7, [ ],,(B, X) <
[ (B, A) =2, so (iii) and (iv) are equivalent.
As {a, B} is independent in N, the set Cy U {«, 8} spans BU {«, 8} in M*. Now {«, B} C cIn(X) if
and only if ry(X U {«, B}) =rn(X) = rp(X). But
N (X U, BY) =rm+ ey (X U {a, BY)
=ry+(X U{a, BYUCN) — ry+(Cn)
=ry+(XUB) — (rm(B) —2)
=ry(XUB)—ry(B)+2
=rmM(X) +rm(B) — [y (X, B) —rm(B) +2
=rm(X)+ (2 -1y (X, B)).

We conclude that ry(X U {e, 8}) =rm(X) if and only if 2=[T,,(X,B). O
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Lemma 4.4. For a subset X of A,

(i) o e cy(X U B) — cIn(X) if and only if [ ], (B, X) = 1; and
(ii) @ ¢ cIn(X U B) ifand only if [ ],,(B, X) = 0.

Proof. For (i), we have that the following statements are equivalent, where we note that, by
Lemma 4.2, |Cy| =1y (B) — 2.

o ecly(XUB) —cn(X);
INXUBUa)=rn(X) +1;

I+ (XUCNUBUQ) =ry+ (XUCN) +1;

(a)
(b)
()
(d) rm(XUB) =ry+(X) +|Cn| + 1;
(e;

M (X) +rmM(B) = [y (B. X) =rm(X) + (rm(B) —2) + 1;
) [y (B. X) =1.

The equivalence of (a) and (b) follows because « and B are clones. The equivalence of (c) and (d)
relies on the fact that

v+ (X) =rm(X) =rn(X) =ry+(XUCn) — [CN].

We conclude that (i) holds.
To prove (ii), note that, by Lemma 2.7,

0<[y(B,X)<[y(B,A) <2
By the previous lemma, [],,(B, X) =2 if and only if o € cly(X). By (i), [ ],(B, X) =1 if and only
if o € cly(X U B) — cIn(X). The remaining possibility, that [],,(B, X) =0, must occur if and only if
aé¢cy(XUpB). O

We now know that clonal replacement is uniquely defined. Next we use the last two lemmas to
give a more useful description of N.

Lemma 4.5. Let Z be an arbitrary basis of M/Aand Y =B — Z. Then N = M+ /Z\Y.

Proof. We shall prove that the rank functions of N and M*/Z\Y coincide. Let X C A. Then

v+zy (X) =ry+ (XU Z) — |Z| =ru(X U Z) — |Z]. (1)
But |Z| =rma(Z) =rmM(AU Z) — ry(A), so TM(AU Z) =rm(A) + |Z] = rm(A) + ru(Z). Hence
rM(X U Z) =ry(X) +ru(Z) as X C A. Thus, from (1), ry+,2y(X) = rm(X), so (MT/Z\Y)|A =

M|A = N|A. Now [],,(B, X) € {0, 1, 2}. Suppose [ ], (B, X) = 2. Then, by Lemma 4.3, {c, 8} < cln(X).
We have

ry+(BUX) =ry+(B) +ry+(X) — 2. (2)
Since Z is a basis of M/A, the set Z is independent in M™|B and has r(B) — 2 elements. Thus
Z U {«, B} has r(B) elements and this set is independent since o and 8 were freely added to B.
Hence Z U {«, B} spans B in M. Therefore, from (2), ry+(Z U {a, BYU X) =ry(B) +rpm(X) — 2, so
vt vy (X U{a, BY) =rm(B) +1rm(X) — 2 —rp(Z) =+ (X) = (X).

Thus ry+/z\y (XU{a, B}) =rn(X) and so ry+ /2y (XUa) =ry(XUa) and ry+ 7y (XU B) =y (XU B).
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Next suppose that [],,(B, X) = 0. Then, by Lemma 4.4, & ¢ cly(XU ). Thus B ¢ cIy(X) as « and B
are clones. Hence ry(XU{a, B}) =rn(X)+2. Now ry(BUX) =1y (B)+1rym(X), so ry+ (ZU{a, BIUX) =
rv(B) + ry(X). Hence

v+ zvy (XU, BY) =rm(B) +rm(X) — rm(Z)
=ru(X)+2
= TM+/Z\Y(X) + 2.

Thus ry (X U {a, B}) =ry+ 2y (X U {a, B}) and ry(X U y) =ry+/2y (X U y) for each y in {«, B}.
Finally, suppose that [],,(B, X) = 1. Then, by Lemma 4.4, ry(XU{a, B}) =rn(XUa) =rn(XUB) =
rn(X) + 1. Now

T+ (XU ZUB) Zry+(XU Z) =ry+(X) +1ry+(2).
On the other hand,
T+(XUZUB) <ry+(XUZUBUaa)
=ry+(XUB)

=Tpy+ (X) + rm+(B) -1

= rM+(X) + rM+(Z) =+ 1.
If ry+(XUZUPB)=ry+(XUZ), then, as o and B are clones, ry+(XUZUBUa) =ry+(X U 2);
a contradiction. Thus ry+ (XU ZUPB) >ry+(X U Z), so ry+( XU ZUPB) =ry+(X) +ry+(2) + 1.
Hence ry+,7\yv (X U B) =ry+(X) + 1 =ry+,2v(X) + 1. We conclude that the rank functions of N
and M™/Z\Y do indeed coincide, so these two matroids are equal. O
Lemma 4.6. Suppose Z C E(M).
(i) If Z 2 B, then

rm(Z) =rn((Z — B) U{a, B}) +Tm(B) — 2.

(ii) If Z € A, thenrp(Z) =N (2).
Proof. Part (ii) follows immediately from the fact that N|A = M|A. For (i), we note that ry(Z) =

ry+ (ZU{a, B)). Recall that N = M*/Cy\Dy where |Cy| =ry(B)—2 and Cy U {a, 8} spans BU {«, B}
in M. Thus

™((Z—B)U{a, B}) =ry+((Z—B)UCy U{a, B}) —rm(B) +2
=ry+(ZU{a, B}) —rm(B) +2
=rm(Z) —rm(B) + 2.

Hence (i) holds. O

The next result is a straightforward consequence of the last lemma and we omit the proof.
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Corollary 4.7. Let (A, B) be a 3-separation in a 3-connected matroid M. Let N be the clonal replacement of B
by {a, B}. If (X U {«, B}, Y) is a 3-separation of N with X N {«, B} =¥, then (X U B, Y) is a 3-separation
of M.

Lemma 4.8. Let (A, B) be a 3-separation in a 3-connected matroid M. Let N be the clonal replacement of B
by {«, B}. Suppose X S Aand y € A — X. Then

(i) yecp(X) ifand only if y € cIy(X); and
(ii) y € cly(X) ifand only if y € clj(X).

Proof. Since M|(X Uy) = N|(X U y), part (i) is immediate. For (ii), we note that y € clj,(X) if and
only if y ¢ cly(E(M) — (X U y)). The latter holds if and only if y ¢ cly+ (E(M™) — (X U y)). Now
cly(X) = cly=(X)
= claut/cy\pyy* (X)
= clomycn/py (X)
= cly+)*(XUDp) — (Cny U Dp).

Since y € A — X, we have y € clj(X) if and only if y € cl’,(/,Jr (X U Dy). The latter holds if and only
if y ¢ cly+(E(M™) — (XU Dy U y)). But Cy U {«, B} spans Dy, so cly+(E(M*) — (XUDyNUYy)) =
cly+(E(MT) — (X U y)). Hence y € cly(X) if and only if y ¢ cly+ (E(MT) — (X U y)). By the first
paragraph, the latter holds if and only if y € cly;(X). Thus (ii) holds. O

Lemma 4.9. Let (A, B) be a 3-separation in a 3-connected matroid M. Let N be the clonal replacement of B
by {a,B}.Ifec Aand Z C A — e, then An\e (Z) = Ame(Z).

Proof. We have An\e(Z) =rn\e(Z) +1ne(E(N\e) — Z) —(N\e), so

ANe(Z) =Tme(Z) + Iyvescpy (E(N\e) — Z) —1(N)
=rme(Z) + e ((E(N\e) UCN) — Z) — |Cn| — (M) + |Cn]
=rme(Z) +rme(E(M\e) — Z) —r(M\e)

=Ame(2)

where the second-last equality holds because (E(N\e) — Z) U Cy contains Cy U {«, B}, which spans
CNUDNU{a, B} in MT\e. O

Corollary 4.10. Let (A, B) be a 3-separation in a 3-connected matroid M. Let N be the clonal replacement of B
by {«, B}.Ife € Aand Z C A — e, then Z is sequential in N\e if and only if Z is sequential in M\e.

Proof. Suppose that Z is sequential in N\e. Then there is a sequential ordering (z1, z2,...,2,) of Z
in N\e. Thus An\e({z1,22,...,z}) =2 for all i in {2,3,...,n}. Hence Ap\e({z1,22,...,2}) =2 for all
such i, and Z is sequential in M\e. The proof of the converse is similar. O

Lemma 4.11. Let (A, B) be a 3-separation in a 3-connected matroid M. Let N1 and N be the clonal replace-
ments of B by {«, B} in M and M*, respectively. Then NT = N».
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Proof. Let X, {y}, Z be disjoint sets whose union is A U {«, 8}. The matroids N1 and N; are dual to
each other if and only if, for every such collection of sets, y € cly, (X) if and only if y ¢ cln,(Z).
Suppose first that X € A and y € A. By Lemma 4.8, the following statements are equivalent:

(@) y ey, (X);
(b) y e cluy(X);
(0) y ecly(X);
(d) y ecly, (X);
(e) y e clys(X);
(f) y & cln, (2).

Next assume that X C A and y = «. Then the following are equivalent.

(a) a ecly, (X);

(b) [y (B, X) =2

©) [MyB, Z=B)+rm(X) —im(Z —p) =2

(d) [yB.Z=B) +Am(BU(Z -p) —am(Z—B)=2
(€) am(B) —[y=(B, Z = B) =2;

() [My+(B, Z—=B)=0;

(8) a ¢cln,(2).

The equivalence of (a) and (b) follows from Lemma 4.3; for (b) and (c), use [9, Lemma 2.4(iv)]; for (d)
and (e), use Lemma 2.6; for (f) and (g), use Lemma 4.4.

Next suppose that {«, 8} € X. Then Z C A and this case is symmetric to the case when X C A and
y € A. Likewise, the case when o € X and y = § is symmetric to the case when X C A and y =«.

By symmetry, the only remaining case is when « € X and B € Z. Suppose y € cly, (X). In particular,
suppose y € cly, (X — o). Then, from above, y € clN;(X —a), so y ¢cly,(ZUa). Hence y ¢ cln, (Z).
Now suppose y ¢ cly, (X — o). Then, by the Mac Lane-Steinitz condition, & € cly, ((X —a) U y). Thus
o€ clN*((X —)Uy). lfod¢ clN*(X — ), then y € clN*((X —a)VUa) = clN*(X) so y ¢ cln,(2). If
o e clN* (X —a), then o € cly, (X — ), so cly, (X) =cly, (X o) and y ecly, (X «); a contradiction.
We conclude that, when o € X and g € Z, if y e cly, (X), then y ¢ cly, (Z).

Finally, when « € X and g € Z, assume that y ¢ cly, (X). Then y ¢ cly, (X — ), s0 y ¢ clNﬁ(X —a).
Hence y e cly,(Z Ua). If y € cly,(Z), we have the desired result, so assume that y ¢ cly,(Z). Then
a e cly,(ZUy). Moreover, a ¢ cly, (Z) otherwise cly,(ZUa) = cly,(Z). Thus o € clN§ (X—a)Uy), so,
from above, a € cly, (X —a) U y). Then o e cly, (X — «) otherwise y € cly, (X). Thus « € clNZ*(X —a)
so o ¢ cly,(Z U y); a contradiction. O

Having developed this theory of clonal replacements, we are now ready to use it to prove the main
result of the section, Lemma 4.13. We shall require one more preliminary result.

Lemma 4.12. Let (S, E(M) — S) be a non-sequential 3-separation in a 3-connected matroid M. Suppose that,
for every non-sequential 3-separation (U, V) of M, either S C fcl(U) or S C fcl(V). If X is a non-sequential
3-separating set that is contained in S, then (X, E(M) — X) = (S, E(M) — S).

Proof. Assume that (X, E(M) — X) 2 (S, E(M) —S). Since E(M) — X 2 E(M) — S and the latter is non-
sequential, so too is the former. Thus (X, E(M) — X) is non-sequential. Therefore either S C fcl(X) or
S C fcl(E(M) — X). Thus either fcl(X) C fcl(S) C fcl(X), or fcl(X) < fcl(S) C fcl(E(M) — X). The latter
case implies that X C fcl(E(M) — X), so X is sequential; a contradiction. Hence fcl(X) = fcl(S). Since
(S, E(M) — S) is non-sequential, it follows, by [9, Lemma 3.3], that (S, E(M) — S) = (X, E(M) — X); a
contradiction. O

Lemma 4.13. Let (S, E(M) — S) be a non-sequential 3-separation in a 3-connected matroid M. Suppose that
E(M) — S is fully closed, and that, for every non-sequential 3-separation (U, V) of M, either S C fcl(U) or
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S Cfcl(V). If S contains no triangles or triads of M, then the clonal replacement, N, of E(M) — S by {«, B} is
4-connected.

Proof. We have ry(S U {a, B}) =rn(S). Let (X, Y) be a k-separation of N for some k in {1, 2, 3}. We
shall show that we can choose (X,Y) so that {«, 8} € X or {«, 8} C Y. Suppose, instead, that o € X
and B €Y. Then |X|,|Y| > 2. We may suppose that |Y| > |X]|. Assume that « € cly(X — «). Then
Becn(X—w)and (XUB,Y — B) is a k-separating partition of N that is a k-separation unless |Y| =k.
In the exceptional case, |E(N)| = 2k. But |[E(N)| =|S|+2 and S is non-sequential, so |E(N)| > 6. Thus
k=3 and Y is a triangle of N and hence of M; a contradiction. We may now suppose that o ¢
cly(X —a). Then (X —«, Y Uw) is a k-separating partition of N and « € clj (X —a), so B € clj (X — ).
Hence (XU B,Y — B) is a k-separation of N unless |[E(N)| =6, and X and Y are triads of N. Since «
and B are clones in N, it is straightforward to show that N = U4 6. Hence S contains a triad of M; a
contradiction. Thus we may assume that the k-separation (X, Y) of N is chosen so that {«, 8} C X.

Let R = E(M) — S. Then, since N = M*/Cy\Dy where |Cy| =ry(R) —2 and Cy U {, 8} spans R
in MT, we have

(X — {o, BY) UR) +rm(Y) —r(M) =ry+ (X UR) +ry(Y) —r(N) — |Cy|
=rNX) + |Cn|+1N(Y) —=T(N) — |CN| = AN(X).

Since M is 3-connected, we deduce that An(X) =2, that is, (X, Y) is a 3-separation of M.

If Y is sequential in N, then, by Lemma 4.8, Y is sequential in M, so Y contains a triangle or
triad of M; a contradiction. We conclude that Y is non-sequential. Now suppose that X is sequential
in N having (x1,X2,...,Xx) as a sequential ordering. As o and S are clones, we may assume that
(o, B) = (xi, xi41) for some i. If i > 3, then {x1, X2, X3} is sequential in N and hence in M, so {x1, x3, X3}
is a triangle or triad of M; a contradiction. Thus i < 3. If i < 2, we may relabel so that i =1. If i =3,
then {x1,xy,«, B} has rank 2 in N or N* and again we may relabel so that i = 1. But, when i =1, we
have x3 € cly({«, B}) or x3 € cly=({r, B}). In the first case, by Lemma 4.4(i), x3 € clyy(R) contradicting
the fact that R is fully closed in M. By Lemma 4.11, N* can be constructed from M* by the clonal
replacement of S by {«, 8}. Hence, when x3 € cly=({c, 8}), we also obtain a contradiction. We deduce
that X is non-sequential.

We now know that (X, Y) is non-sequential and that X contains {c, 8}. Suppose that {«, 8} <
fcly(Y). Then, for some subset X’ of X, there is a 3-sequence (X', «,fB,23,...,2Zm,Y) in N. As X
is non-sequential in N, so too is X’. Thus, by Lemma 4.8, X’ is non-sequential in M. Let Y/ =Y U
{z3,24,...,2m}. Then E(M) — X' =Y UR. As (X' U{«a, B},Y’) is a 3-separation of N, it follows by
Corollary 4.7 that (X’ UR,Y’) is a 3-separation of M.

We show next that Y/ UR is non-sequential in M. Assume it is sequential having (y1, ¥2,..., Yk)
as a sequential ordering. Consider {y1,y2,¥3} N R. As R is fully closed, if this intersection has at
least two elements, it contains three elements and, in that case, by uncrossing, we may assume that
the sequential ordering of Y’ U R begins with all the elements of R. But this contradicts the fact
that R is fully closed. We deduce that |{y1, y2,¥3} N R| <1, so we can reorder if necessary to get
that {y1,y2} C Y'. Then, since X' UR is 3-separating in M, it follows by uncrossing that Y U R
has a sequential ordering that begins with the elements of Y'. As |Y’| >3 and Y’ C S, we get the
contradiction that S contains a triangle or triad of M. We deduce that E(M) — X’ is indeed non-
sequential in M.

As X' C S, it follows by Lemma 4.12 that (X', E(M) — X") = (S, E(M) — S) in M. Thus fcly(X') =
fcly (S). Since S is 3-separating, there is a 3-sequence (X, uy,u2,...,up, E(M) — S) in M. Thus, for
all j in [p], the set X" U {uy, uz,...,u;} is 3-separating in N. Therefore Y’ N (X' U{uq,uz,...,u;}) is
3-separating in N. But Y/ ={u1,us,...,up}, so Y’ is sequential in N. Hence so is Y; a contradiction.

We may now assume that {a, g} € fcly(Y). Let fcly(Y) = Z. Then Z C S because o and 8 are
clones in N. As Z is non-sequential in N, it is non-sequential in M. By Lemma 4.12, fcly;(Z) = fclp(S).
Thus fcly(Y) 2 S, so fcly(Y) 2 {«, B}; a contradiction.

We conclude that N has no 3-separations, so N is 4-connected. O



J. Oxley et al. / Advances in Applied Mathematics 47 (2011) 463-508 477

5. Some technical results

Geelen and Whittle [2, Theorem 5.1] proved that a 4-connected matroid has an element z whose
deletion or contraction is sequentially 4-connected. In this section, we shall extend this result by
showing that the element z can be chosen to avoid a specified clonal pair. In order to prove this
extension, we shall first extend Lemmas 5.3 and 5.4 from [2]. Our proofs of these results will very
closely follow the original proofs. We also close a small gap in the original proof of [2, Lemma 5.3].

We shall use the following result [2, Lemma 5.2].

Lemma 5.1. Let {t1, t2, t3, a1, az, as, by, ba, b3} be distinct elements of a 4-connected matroid M. Suppose,
foreach kin {1, 2, 3}, that M\ty, is (4, 4)-connected and that {t1, t, t3, ai, by} — {tr} is a quad of M\t. Then
Mty is sequentially 4-connected.

Lemma 5.2. Let M be a 4-connected matroid with at most 11 elements and let x, a, p, b1, bz, c1, ¢c3 be distinct
elements of M. Suppose that M\x is (4, 4)-connected with a quad {a, p, b1, by}, and that {b1, by, c1,c2} isa
quad of M\ p. Suppose that M /b1 is not sequentially 4-connected. Then

(i) M /b1 has a non-sequential 3-separation (R, G) with |R — {x,a, p, ba, c1,c2}| =2;
(ii) M/c1, M/ca, M\c1, or M\c> is sequentially 4-connected; and
(iii) if none of M /by, M\b1, or M\b; is sequentially 4-connected and {c1, c3} is a clonal pair of M, then,
(a) for some permutation (i, j) of {1, 2}, there are elements ey and e; of E(M) — {x,a, p, b1, b2, c1,C2}
such that {bj, p, e1, ez} is a quad of M\b;; and
(b) M/p,M/e1, M /e, M\eq, or M\e3 is sequentially 4-connected.

Proof. Let D = E(M) — {x,a, p, b1, b2, c1,C2}, let P ={a, p,b1,by}, and let Q = {b1, b, c1,c2}. The
quads Q and P imply that

Amx(QUP)=rmx(QUP) +1yn(QUP) —|QUP|<4+4-6=2.

Thus equality holds here, so r(Q U P) = 4. But Apx(Q UP) =r(D) +1r(Q UP) —r(M), so r(D) =
r(M) — 2. Now D is 3-separating in M\x but not in M, so x ¢ cl(D). The cocircuits PUx and Q Up
of M imply that r(DUa) =r(D)+1 and r(DU{a, x}) < r(M). Hence r(D U {a, x}) =r(DUa) =r(D UX),
so x ecl(DUa) and a € cl(D U x).

Since M/b1 is not sequentially 4-connected, it has a non-sequential 3-separation (R, G). As M
is 4-connected, by € cly(R) N cly(G). Since {a, p, by} is a triangle of M/b;, we may assume that
{a, p, by} C R. Since {by, c1, c2} is also a triangle of M /by, we may also assume that either {cq, c2} C G,
or {c1,c3} € R. In the latter case, G € D U x. But the cocircuit Q U p of M implies that b ¢ cl(D Ux),
so by ¢ cl(G); a contradiction. We conclude that {cq,c2} € G. Moreover, as by € cl(G), we must have
that x € G. Thus |R N D| > 2 otherwise (R, G) is sequential since R is a 4-element 3-separating set
containing a triangle.

Next we show that |[R N D| = 2, that is, that (i) holds. Suppose not. Then R contains at least three
elements of D. Then, as |G| > 4, it follows that |D| =4, that |G| =4, and that R contains exactly three
elements of D. Thus G is a quad of M/b; so, by orthogonality, D is not a circuit of M/b;. Moreover,
b1 ¢ cly (D), so D is independent in M/b; and hence in M\x. As D is 3-separating in M\x, we deduce,
since ry\x(D) = |D|, that r*M\X(D) =2. Thus RN D is a triad of M\x. The circuit G Ub; of M implies
that x € cI((GUb1) —x), so RN D is a triad of M; a contradiction. We conclude that |[R N D| =2.

We now show the following.

5.21.Ifr(M) > 5, thenr(M) =5 and r(D) = 3.

Let R N D = {dq,d2}. As by € cly, (G), the 3-separation (R — bz, G U by) of M/by is equiva-
lent to (R, G). Since (R, G) is not sequential and |R — by| = 4, we deduce that R — b, is a quad
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of M/by, that is, {a, p,di,d>} is a quad in M/by. Hence {a, p,d;,d,} is a cocircuit in M. More-
over, r({a, p,d1,d>, b1, by}) = 4. Since {by, by, c1,c2} is a circuit of M, we have r({a, p,dy,d>, by, b2,
c1,C2}) < 5.As M is 4-connected and r(M) > 5, it follows that r(M) =5 =r({a, p,dy, d2, b1, b2, c1, C2}).
Since r(D) =r(M) — 2, we deduce that r(D) = 3. Thus (5.2.1) holds.

Next we show that (ii) holds. This requires some case analysis. First observe that, by Lemma 2.19
and duality, (ii) holds if r(M) < 4 or r*(M) < 4. Thus, we may assume r(M),r*(M) > 5. Hence
r(M) =5 and r(D) = 3. Moreover, either |[E(M)| =10 and |D|=3; or |[E(M)| =11 and |D| =4.

If cly({a, p,dq,d2}) contains {c1,c2}, then fclyp, (R) = E(M/b1), so (R,G) is a sequential
3-separation of M/by; a contradiction. Thus, by possibly interchanging the labels on c¢; and c;, we
may assume that ¢ ¢ cly({a, p,d1,d2}). As M has {a, p,dq,d>,bq} as a circuit, r({a, p,d1,d>2}) =4,
so r({a, p,dy,dy, c1}) = 5. Now suppose that M/cq is not sequentially 4-connected, and has (J1, K1)
as a non-sequential 3-separation. Then cq € cly(J1) Ncly(Ky). As r(M/c1) =4, both J; and K; have
rank 3 in M/cq. Thus neither J; nor K; contains {a, p,d;,d>}. Also, as {a, p,dq,d,} is a cocircuit of
M/cq, we deduce that each of J; and K; contains two elements of {a, p,d;,d>}. Since {c2, b1, b2}
is a circuit of M/c1, we may assume that {cy,bq,b2} C J1. As ¢1 € cl(Ky) and {by, b2, c1,c2,p} is a
cocircuit of M, it follows by orthogonality that p € Ky. Thus p ¢ cl(J1) otherwise we could move p
into J; to get a contradiction. The circuit {a, p, b1, b2} of M now implies that a € K;.

If at least one of di and d, is in Ky, then, since {a, p,d1,d3} is a cocircuit of M, we may as-
sume that both are. Then the circuits {a, p, d1,d>, b1}, {a, p, b1, b2}, and {b1, by, c1, c3} of M imply that
fclpyc, (K1) 2 E(M/c1); a contradiction. Thus we may assume that {dy,d2} € J1. As ry e, (J1) =3, we
have ry(J1Uct) =4, so ryp, ((J1 —b1) Ucy) =3.

Now ry/p, ({a, p, dy,dy,b2}) =3 and vyp, ({d1, dy,c1,¢2,b2}) =3. If 'M/b ({dy,d2, b2}) = 3, then
vy, ({a, p,d1,d2,c1,¢2,b2}) = 3, so clyy, (R1) 2 {b2,c1,c2}. Hence (R,G) is a sequential
3-separation of M/b1; a contradiction. We deduce that ryp, ({d1, d2, b2}) =2, so M has {d1, d>, b1, b2}
as a circuit.

Next consider cy, supposing first that c; € clyy({a, p,d1,d2}). As {a, p,d1,dz, b1}, {d1,d2, b1, b2},
and {bq, bz, c2, c1} are circuits of M, we deduce that |cly({a, p,dy,d2})| > 8. But M has rank 5 and
at most eleven elements. Hence M has a cocircuit with at most three elements. We deduce that
¢z ¢ cly({a, p,dq,da}). If we assume that M/c, is not sequentially 4-connected and has (J2, K2) as a
non-sequential 3-separation, then the argument given for c; and (J1, K1) gives that we may assume
that {c1, b1, b>,dy,d2} C J» and {a, p} C K>.

Now take i in {1, 2}. If J; meets D — {dq, d>}, then, since D is either a 3-element independent set
or a 4-element circuit, we may assume that J; 2 D. Hence K; C {a, p, x}; a contradiction. We deduce
that JiN D ={d1,d>}.

Suppose that x is in K; or Kp, say Ki. Then K, C Ky. But ¢; € cly(K;), so cly (K1) 2 {a, p, X,
1,62} U (D — {d1,d2}). But ryyc, (K1) =3, so ry (K1 Ucy) =4. Hence {by,b2,dq,d} contains and
therefore is a cocircuit of M. However, this set is also a circuit of M; a contradiction.

We may now assume that x € J1 N J. Then K; is a quad of M/c; for each i. Thus {a, p, ds3, d4}
is a cocircuit of M where {d3,d4} = D — {d1,d>}. Recall that {a, p,d1,d>} is also a cocircuit of M.
Then M has a cocircuit C* contained in {p, dq,d2,ds, d4}. The circuit {a, p, b1, b2} of M implies that
C* C{dy,dy,ds,ds}. But r({dy,d>,ds3,ds}) =3, so {dy,d>,ds3,ds} is 3-separating in M; a contradiction.
We conclude that (ii) holds.

Now assume that none of M /by, M\b1, or M\b, is sequentially 4-connected and that {c1, c3} is a
clonal pair of M. Then r(M) > 5. Next we observe that M\b; and M\b, are (4, 4)-connected. This is
certainly true if |E(M)| = 10, so suppose that |[E(M)| = 11. Then the 3-separation (R, G) of M/b; has
IR =|G| =5, so M/b; is not (4,4)-connected. Hence, by Lemma 2.3, M\b; is (4, 4)-connected. By
symmetry, so is M\b;.

Since M\b; is not sequentially 4-connected, it has a quad Dy, .

5.2.2. Dy, N{cy, 2} =1.
Suppose Dj,, meets {cq,c2}. Then, by Lemma 2.20, {c1,c2} € Dp,. If {a, p, b2} € E(M\b1) — Dp,,

then by € cl(E(M\b1) — Dp,), a contradiction. Hence Dj, meets {a, p, bp}. By orthogonality with the
cocircuit {a, p, bz, b1, x} of M, we deduce that |Dp, N {a, p, by, x}| > 2. But {cq,c2} € Dp,, so [Dp, N
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{a, p, bz, x}| = 2. Now the circuit {by, bz, c1, c2} implies that b, ¢ Dp,. Moreover, x ¢ Dp, otherwise, as
Dp, —x C {c1,¢2,b1, b2, p,a} = E(M\x) — D, we have x € cl(E(M\x) — D). But App\x(E(M\X) — D) =2,
so Apm(E(M) — D) =2 contradicting the fact that M is 4-connected. Thus {x, b,} avoids Dy, so Dy, =
{c1,c2,a, p}. The cocircuit Dp, Uby contradicts the fact that a e cI(D Ux), so (5.2.2) holds.

By symmetry:

5.23. Dy, N{c1, 2} =1.
We now establish (iii)(a) by showing the following.
5.2.4. For somei in {1, 2}, the set D has a subset {e1, ez} so that Dp, = {bj, p} U {e1, e} where {i, j} = {1, 2}.

Assume that the assertion fails for i = 1. If by ¢ Dp,, then {c1, c2, by} € E(M\b1) — Dp,, so by is in
the closure of the last set; a contradiction. Hence by € Dy, . The cocircuit {bq, by, c1, ¢z, p} of M implies
that by ¢ cl(D U{a, x}). Thus Dy, —by € DU {a,x}, so p € Dy,. Hence a ¢ Dy, otherwise b € cl(Dp,).
Since the assertion fails for i =1, we deduce that x € Dp,. Thus, for some element d’ of D, we have
Dy, ={b2, p,x,d'}.

By symmetry, if the assertion fails for i =2, then Dy, = {b1, p,x,d"} for some element d”
of D. Now d’' #d” otherwise by € cl({p, x,d’}) € cl(Dy,); a contradiction. The circuits Dy, , Dp,, and
{a, p, b1,by} imply that cl({by, bs, p,x}) 2 {d’,d”",a}. As r(M) > 5, we deduce that {cy,c2} U (D —
{d’,d"}) contains a cocircuit of M. As M is 4-connected and |E(M)| < 11, we deduce that |D| = 4.
By (5.2.1), (D) =3, so D is a circuit of M. But D meets the cocircuit Dy, Uby of M in the single
element d’, contradicting orthogonality. We conclude that (5.2.4) holds.

By (5.2.4), after a possible relabelling, we may assume that Dy, = {b2, p, e1, e2} where {e1, ez} C D.
Then M\x is (4, 4)-connected with a quad {a, by, p,bs}, and {p,bz,e1,e3} is a quad of M\b;.
Part (iii)(b) holds if M/p is sequentially 4-connected so we may assume that it is not. Thus, by (ii)
applied with (x,a, by, p, b2, e1, e2) replacing (x, a, p, b1, ba, c1, ¢2), we deduce that M/eq, M/ez, M\e1,
or M\e; is sequentially 4-connected. 0O

Corollary 5.3. Let M be a 4-connected matroid with at most 11 elements including x, a, p, b1, bz, ¢1, c; where
{c1, c2} is a clonal pair. If M\x is (4, 4)-connected having {a, p, b1, b2} as a quad, and M\ p has {b, b2, c1, C2}
as a quad, then E(M) — {c1, c2} contains an element y such that M\\y or M/y is sequentially 4-connected.

Proof. The last lemma showed that there is such an element y in {bq,by, p,e1,e2}. O

Lemma 5.4. Let M be a 4-connected matroid with a clonal pair {«, B} and suppose that x is an element of
E(M) — {«, B} such that M\x is (4, 4)-connected having a quad P that avoids {«, B}. Then at least one of the
following holds:

(i) M/x is sequentially 4-connected;
(ii) P contains an element z such that M\z is sequentially 4-connected; or
(iii) |E(M)| < 12 and there is an element y of E(M) — {«, 8} such that M\y or M/y is sequentially
4-connected.

Proof. Let P ={p,a, by, bz}, where p is chosen so that, if possible, M\p is (4, 4)-connected. Suppose
that the lemma fails for M. Neither M\p nor M/x is sequentially 4-connected. Thus, by Lemma 2.19,
M has rank and corank at least 5, so |E(M)| > 10.

Now M\p has a non-sequential 3-separation (X1 Ux, X2) where x ¢ X;.

5.4.1. (X1, X2) is a 3-separation of M\p, x and r(X1 U x) =r(X1).

Suppose not. Then x ¢ cl(X1) and (Xi, X2) is a 2-separation of M\p,x. Hence X; U x is not a
quad of M\p. Thus |X1| > 4. But both (X; U p, X3) and (X1, X, U p) are 3-separations of M\x. Thus



480 J. Oxley et al. / Advances in Applied Mathematics 47 (2011) 463-508

we get a contradiction to the fact that M\x is (4, 4)-connected unless |X;| = |X2| =4. Consider the
exceptional case. Then |E(M)| =10 and r(M) =5. As r(X1) +r(X2) —r(M\p, x) = 1, we deduce that
r(X1) =r(X) = 3. Since M has no triangles, it follows that X; and X, are circuits of M\p,x. As
{a,bq, by} is a triad of the last matroid, it follows by orthogonality that {a, b1, bp} is a subset of X;
or X,. But {p,a, by, by} is a circuit, so p is in cl(X7) or cl(X2). Hence (X1 U p, X3) or (X1, X2 Up) is
a 2-separation of M\x; a contradiction. Thus (5.4.1) holds.

Now {a, x, b1, b2} is a cocircuit of M\p. If either X7 Ux or X, contains at least three elements
of this set, then M\p has a 3-separation (Y1, Y3) with {a, x, b1, b2} contained in Yy or Y,. But p €
cl{a, b1, b2}), so (Y1, Y2) induces a 3-separation of M; a contradiction. Thus we may assume that
a € Xy and {b1,b2} C X,. Let C = X3 — {b1,b2} and D = X; — a. The cocircuit P Ux of M implies
that cly(C) avoids P U x. If cly(C) meets D in D’, say, then we replace (C, D, X1, X3) by (CUD’,
D — D', X; — D, X3 — D). Thus we may assume that C is closed.

We may also assume that:

5.4.2. Either {o, B} S Cor{a,B}NC=0.

If not, we may suppose that « € C and B8 € D. If @ € cl(X2 — «), then 8 € cl(X; —«) and we can
move B from D into C. Thus we may assume that o ¢ cl(X — o). Then we can move « from C to D
to get a 3-separation of M\p equivalent to (X; Ux, X3). Hence (5.4.2) holds.

5.4.3. Ay px(D) =2 = Ayx(D) and |D| < 4.

By uncrossing, as both X, and {a, by, by} are 3-separating in M\p, X, so too is D, the complement
of their union. But D avoids {a, b1, b2}, and {a, p, b1, b2} is a circuit, so D is also 3-separating in M\x.
As the last matroid is (4, 4)-connected, |D| < 4.

544.a ¢ clf,,\p’x(xz) and a ¢ cl(D).

The first assertion follows since {a, b1, by} is a triad of M\p, x and {b1, by} € X,. The second as-
sertion follows by orthogonality.

5.4.5.x e cl(X1) —cl(D) and a € cI(D U x).

Since Apx(D) =2 and M is 4-connected, x ¢ cl(D). By (5.4.1), x € cl(X1) = cl(D Ua). Hence a €
cl(D UX).

5.4.6. 131 (C) = Anp(C) = Apyp.x(C) = 3.

As x € cl(X1) and p e cl({a, by, bz}), we deduce that Apppx(C) = Ap\p(C) = An(0). As [Xa| >4,
we have |C| > 2, so App,x(C) = 2. Now Apppx(X1) = 2 = Amp,x({a, b1, b2}). Thus, by uncrossing,
AM\p,X(X] U{a, by, by}) < 3.But )LM\p,x(X] U{a, by,b}) = )MM\p,x(C)- so )\M\p.x(c) € {2, 3}. Assume that
Amp,x(C) =2. Then Ap(C) =2, so |C| =2. Let C = {c1, c2}. Then {c1, ¢z, b1, b2} is a quad of M\p. But
ID| <4, so |[E(M)| < 11. By Lemma 5.2(ii), one of M/b1, M/c1, M/cy, M\cq, or M\c, is sequentially
4-connected. Thus (iii) holds unless {c1, c2} meets {«, 8}. In the exceptional case, by (5.4.2), {«, 8} =
{c1, ¢z} and (ii) holds by Lemma 5.2(iii). Since M is a counterexample to the lemma, we deduce that
Amp,x(C) # 2. Hence (5.4.6) holds.

54.7.|D| <3.

Suppose not. Then, by (5.4.3), |[D| =4 and Ap\x(D) =2. Thus Ay(DUx)=3. As aecly(DUx), it
follows that (D Ux, X, U p) is a 3-separation of M/a. Hence the last matroid is not (4, 4)-connected.
Thus, by Lemma 2.3, M\a is (4, 4)-connected. The choice of p implies that M\p is (4, 4)-connected.
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But, by (5.4.6), |C| > 3, so |X3| > 5 and the 3-separation (X; Ux, X3) shows that M\p is not (4, 4)-
connected. Hence (5.4.7) holds.

5.4.8.b1 € cl(C Uby).

As P is a quad of M\x, neither by nor b is in cl(C). If by ¢ cl(C Uby), then (X7 UxU{bq, b3}, C) is
an equivalent 3-separation of M\p to (X; Ux, X3), so Ay p(C) = 2, contradicting (5.4.6).

5.4.9.r(X; U{b1,by}) =1(X1) + 2.

Assume not. Then r(X1 U {bq,b2}) <r(Xy) + 1. As C = Xy — {bq, by}, we have r(X; — {b1,by}) =
r(X2) — 1. Thus Ay p(C) < Anp(X2) =2; a contradiction.
Consider any 3-separation (Q, Q') of M\a.

5.4.10. Both Q and Q' meet both D U x and {p, b1, by}.
This follows immediately from the facts that a € cI(D Ux) Ncl({p, b1, b2}) and M is 4-connected.
5.4.11.IfC € Q’, then by, by € cl(Q").

Suppose that by ¢ cl(Q’). Then, by (5.4.8), by ¢ cl(Q’). Thus {bq,b2} € Q so, by (5.4.10), p€ Q'.
Moreover, (Q Up, Q" — p) is not a 3-separation of M\a since Q U p 2 {p, by, bz}. Thus p € cl(Q’ — p)
and p ¢ cl(Q). As {p,b1,b2,x} is a cocircuit of M\a, it follows by orthogonality that x € Q. Since
r(Xq1U{b1,by}) =r(X1) +2, we have r(Q —{b1,by}) =r(Q) — 2. Hence Q — {b1, by} is 3-separating in
M\a. As Q' U {by, by} contains {p, by, b>}, and {a, p, by, b2} is a circuit, we deduce that Q — {bq, by}
is 3-separating in M. Thus |Q — {b1, b2}| < 2. Hence Q is independent, so Q is a cosegment of M\a.
Choose d in Q — {b1, by}. Then {d, b1, by} is a triad of M\gq, so {a,d, by, by} is a cocircuit of M. Thus
decly(P),sode cl*M\X(P). Hence (P Ud, E(M\x) — (P Ud)) is a 3-separation of the (4, 4)-connected
matroid M\x; a contradiction. Thus b; is in cl(Q’) and, by symmetry, so is b,.

5.4.12.1fC € Q’, then Q — {by, by} is a triad of M\a containing p and two elements of D.

By (5.4.11), Q' U {bq, by} is 3-separating in M\a. As M\a has no triangles, Q' does not span M\a.
Hence Q — {by, b2} contains a cocircuit of M\a. Thus (Q’ U {by, b2}, Q — {by, b2}) is a 3-separation
of M\a. Hence p € Q — {b1,b2}. As Q — {p,b1,b2} € X1 Ux and p ¢ cl(X; Ux), we have p ¢
cl(Q — {p,b1,b3}). Thus Q — {p, b1, by} is 3-separating in M\a. But a € cI(Q’ U {p, b1,b32}), so Q —
{p, b1, by} is 3-separating in M. Hence |Q —{p, b1, b>}| <2.Thus |Q —{b1, b}| = 3. Hence Q —{bq, by}
is a triad of M\a containing p. It remains to show that x ¢ Q — {b1, by} which will imply that
Q — {p,b1,b2} C D. Suppose x € Q — {by,ba}. Then Q — {b1, b2} meets D in a single element, say d.
Now (Q — {b1,by,x})Ua is a triad {a, p,d} of M\x. Thus (P Ud, E(M\x) — (P Ud)) is a 3-separation
of M\x, contradicting the fact that this matroid is (4, 4)-connected. Hence Q — {p, b1, b2} C D.

5.4.13.1fC C Q’, then Q is a triad of M\a containing p and two elements of D.

Assume that the assertion fails. Then Q meets {b1, b2} and avoids x. Without loss of generality,
assume by € Q. Then, by (5.4.10), b € Q’. Now |Q| =4 and Ay (Q Ua) =3. Thus Apnx(Q Ua) <3.
Also Aypx(P) =2 and [P N (Q Ua)| =3, so Apx(P N (Q Ua)) = 3. The submodularity of A implies
that Appx(PUQ Ua) <2, so Ayx(Q" — (P UX)) <2. As M\x is (4,4)-connected, it follows that
Q" — (PUX)| <4. By (54.6), Apx(C)=3,50 C# Q' — (PUx) and |C| > 3. Thus C g Q' — (PUXx), so
|C| = 3. Since |E(M)| > 10, it follows using (5.4.5) that |[D| =3 and |Q’'ND|=1. Let d be the element
of Q’ND.As CUd= Q' — (P Ux), we deduce that Apx(CUd) = 2. But Ap\x(C) = 3. Hence d € cl(C)
contradicting the fact that C is closed.
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5.414. If (R, R') is a 3-separation of M\a with x in R, and |R|, |R’| > 4, then |R N {p,bq,b2}| =1 and
R N C| < 2. Moreover, if RN D| # 0, then |[R' N C| < 2.

By (5.4.10), both R and R’ meet {p,bq,b>}. Suppose that R’ N {p,by, b} contains a single el-
ement, t. Since (P UXx) —a is a cocircuit of M\a and three elements of it are in R, it follows
that (RUt, R’ —t) is a 3-separation of M\a. But {p,b1,b} C R U t, contradicting (5.4.10). Hence
[R"N{p,b1,b2}| =22, 50 [RN{p,b1,ba}|=1.

Now Apna(R) =2 and Appa(C) < 3. Thus, by submodularity, Appg(R N C) <2 or Appg(RUC) <
We have |R’ — C| > 2. If equality holds here, then D Ux C R, so, by (5.4.5), a € cI(R); a contradlctlon
Thus |R" — C| > 2. Hence if Apa(RUC) <2, then (RUC, R’ — () is a 3-separation of M\a. Therefore,
by (5.4.13), R" — C is a triad of M\a containing p and two elements of D; a contradiction as |R’ N
{p,b1,b2}| = 2. Thus Appa(RUC) £ 2, s0 Ayng(RNC) < 2. But E(M\a) — (RN C) contains {p, b1, b2},
and {a, p, by, by} is a circuit of M, so Ay (RN C) <2. Hence [RNC| < 2.

Suppose we have chosen R so that [RND| 0. Then |[R—C| > 3. As AM\a(C) 3 and AM\G(R
either Apg(R'NC) <2 or Apg(R"UC) < 2. By (5.4.13), the latter does not arise, so Apq(R'NC
As E(M\a) — (R"NC) 2 {p, b1, by}, we deduce that Ay (R"NC)<2,s0|R"NC|<2.

)
)

<

5.415.|C| < 4 and |[E(M)| < 12

Suppose that |C| > 5. Let (R, R’) be an arbitrary 3-separation of M\a with x in R and |R|, |R’| > 4.
By (5.4.14), IRNC| < 2,50 |[R*"NC| >3 and [RND|=0. Also |RN{p,by,b2}| =1, so |R| < 4. Hence
[R| =4 and M\a is (4, 4)-connected.

The choice of p implies that M\p is also (4, 4)-connected. Since (X7 Ux, X3) is a non-sequential
3-separation of M\p and |X3| =|C| 4+ 2 > 7, it follows that |X; Ux| =4, so |[D|=2 and X; Ux is a
quad of M\p. Also |E(M)| > 12. Since the lemma fails for M, it follows that M\a is not sequentially
4-connected. As M\a is (4, 4)-connected, it has a quad, R. From the previous paragraph, x € R other-
wise x € R’ and |E(M)| =9. Let t be the unique element of R N {p, b1,ba}. If t # p, then R —x C X»
so x € cl(X3). But X1 Ux is a cocircuit of M\p, so we have a contradiction to orthogonality. Thus
t = p. We may now apply Lemma 5.1 with (1, t2,t3) = (X, a, p). By that lemma, M/x is sequentially
4-connected; a contradiction. We conclude that |C| < 4. Hence |E(M)| < 12.

We now know that M has at most 12 elements and that the lemma fails for it. Thus we may
assume M\a has a non-sequential 3-separation (R, R’) with x in R.

5416.[RND| <1

Assume |[R N D| > 2. Then |[R' N D| < 1. We have Apg(R) =2 and ipng(D U x) < 3. Hence
Ama((DNR)YUX) <2 or Appg(DUR) <2. Butaec(DUx) Cc(DUR) and |[E(M\a) — (DUR)| =
I[R" — D| > 3. Hence Appa(D UR) £ 2, 50 Ayna((DNR)UX) < 2. As {p, b1, by} avoids (D N R) Ux, and
{a, p, by, by} is a circuit, we deduce that Ay ((DNR)UX) < 2,50 |((DNR)UX)| <2; a contradiction.

5417.1<|R'ND| <2

Suppose |R' N D| > 3. Hence D G R’. Now Apna(R") =2 and Apng(D UX) < 3, 50 Aya(R' N
(DUX)) <2 or Apg(RRUDUX) <2. As a € cl(D Ux), the latter implies that Apy(R"UDUxUa) < 2,
so [R—(DUx)| <2. But RND =4, so |R| <3; a contradiction. Thus we may assume that
Ama(R"N (D UX)) <2, that is, Ayya(D) < 2. As a € cl(E(M\a) — D), we deduce that Ay (D) <2; a
contradiction since |D| > 3. Thus |[R' N D| < 2. Finally, R" N D # @ otherwise D Ux C R, so a € cl(R)
and (R, R’) is a 3-separation of the 4-connected matroid M.

5.418.1f |D| =2, then |[E(M)| > 11 and M\a is (4, 4)-connected.

Observe that D U {x, a} is a circuit of M. As M is a counterexample to the lemma, M/a has a non-
sequential 3-separation (S, S”) where we may assume that S contains the triangle D U x of M/a. We
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may also suppose that the triangle {p, b1, by} of M/a is contained in S or S’. As M is 4-connected,
a € cly(S). Orthogonality using the cocircuit {p,a, b1, by, x} of M implies that {p, b1, by} € S’. Thus
both S and S’ contain triangles, so neither is a quad. Hence |S|,|S'| > 5 and M/a is not (4,4)-
connected. Thus, by Lemma 2.3, M\a is (4, 4)-connected.

54.19.|R'ND|=2.

Suppose, to the contrary, that |[R’ N D| = 1. Then, by (5.4.16), |[D| < 2. As D U {a,x} = X1 Ux and
|X1Ux| > 4, we deduce that |D| = 2, that DU{a, x} is a quad of M\p, and that |[DNR| = 1. By (5.4.14),
the last equation implies that |R|, |R'| <5, so |[E(M)| < 11. But, by (5.4.18), |[E(M)| > 11 and M\a is
(4, 4)-connected. This is a contradiction since we must have |[E(M)| =11, so |[R|=5=|R’| and (R, R’)
is a 3-separation of M\a. We conclude that |[R' N D|=2.

5.4.20.|D| =3.

Assume, to the contrary, that |[D| =2. Then |[R N D| = 0. Also, by (5.4.18), M\a is (4, 4)-connected.
The choice of p implies that M\p is (4, 4)-connected. Now P is a quad of M\x and DU {a, x} is a quad
of M\p. Moreover, by (5.4.14), |R| =4, so R is a quad of M\a. The cocircuit D U{a, x, p} of M implies,
by orthogonality, that p € R. We may now apply Lemma 5.1 with (t1, t2, t3) = (x, a, p) to get that M/x
is sequentially 4-connected, contradicting the fact that M is a counterexample to the lemma.

54.21.7(M) > r*(M).

Assume that r(M) < r*(M). By (5.4.20), |D| = 3. As {a, p, b1, by} is a cocircuit of M\x, we deduce
that r(DUa) =r(D) +1=4. By (5.4.9), r(DU{a, by, by}) =r(D Ua) + 2. Hence r(M) > 6. As |[E(M)| <
12, we deduce that r*(M) =6 =r(M) and |E(M)| = 12. Thus |C| = 4. Hence, by (5.4.14), [RNC|=2=
|[R" N C|. Since Ay (C) =3, we deduce that C is a circuit or a cocircuit of M. But r(D U {a, by, by}) =
r(M), so C is not a cocircuit. Thus C is a circuit.

As [(R—C)ND|=|RND| <1, (5.4.13) implies that Appg(R —C) §§ 2. Since C is a circuit, r(R"UC) <
r(R) + 1. Thus r(R — C) =r(R). But |[R — C| < 3, so r(R) =3 = |R — C|. Therefore R — P is a circuit
of M containing x, so x € cI(E(M\x) — P) and (P, E(M) — P) is a 3-separation of M; a contradiction.

5.4.22. For each z in P, the matroid M\z is not (4, 4)-connected.

By (5.4.20) and (5.4.6), |D| =3 and |C| > 3. Thus |X; Ux|, |X2| > 5, so M\p is not (4, 4)-connected.
The choice of M now implies that none of M\a, M\by, or M\b, is (4, 4)-connected.

By (5.4.22) and Lemma 2.3, M/z is (4,4)-connected for all z in P. But M/z is not sequentially
4-connected, so it has a quad D,. Moreover, D, is fully closed in M/z otherwise M/z is not (4, 4)-
connected.

5.4.23. For each z in P, the quad D, contains {«, 8, x} and avoids P.

By Lemma 2.20, either {«, 8} € D, or {«, B} N D, = @. Assume that the latter holds and consider
M*\z. It is (4, 4)-connected having D, as a quad. By (5.4.21), r(M*) < r*(M*). Thus M* is not a
counterexample to the lemma. Hence neither is M; a contradiction. Thus {«, 8} C D;.

Since P — z is a triangle of M/z, and D, is a fully closed quad, we have (P —z) N D, = @. Thus
D, CCUDUX. Now z ecly(D;) and P Ux is a cocircuit of M containing z. Hence x € D,.

5.4.24. D, = Dp, = Dp,.
Since each of Dy, Dy, and Dy, is a cocircuit of M and all three contain {c, 8, x}, if two of these

sets, say D, and D,, are distinct, then D, C fclyz, (D,), contradicting the fact that D, is fully
closed in M/z;.
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By the last observation, cl(Dp) contains {x, p,b1,b2} and hence also contains a. In addition, it
contains at least three elements of D U C. Thus cl(D,) avoids at most four elements of E(M), so
4 =r(Dp) = r(M) — 1. Hence r(M) < 5. But r(M) > r*(M) > 5 and this contradiction completes the
proof of Lemma 5.4. O

Next is the main result of this section.

Theorem 5.5. Let M be a 4-connected matroid having a clonal pair {«, 8}. Then M has an element x not in
{or, B} such that M\x or M /x is sequentially 4-connected.

Proof. Let M be a counterexample to the theorem. First we show:

5.51.Ifx € E(M) — {«, B} and M\x is (4, 4)-connected, then M\x has a unique quad Dy, this quad contains
{oe, B}, and |E(M)| > 10.

By Lemma 5.4, M\x has no quad avoiding {c, 8}. Now, since M\x is not sequentially 4-connected,
it has a 3-separation (X, Y) such that neither X nor Y is sequential. But M\x is (4, 4)-connected,
so |X| <4 or |Y| < 4. We may assume the former. As X is non-sequential, X is a quad. Therefore, as
noted above, {«, 8} meets X. Thus, by Lemma 2.20, X contains {«, 8}. Hence |Y| > 5 and |E(M)| > 10.
Furthermore, X is the unique quad of M\x containing {c, 8} since, by uncrossing, the union of two
such quads is 3-separating. Hence (5.5.1) holds.

Now choose e in E(M) — {«, 8}. Then, by Lemma 2.3 and duality, we may assume that M\e is
(4, 4)-connected. Let D, = {«, B, f, g}.

5.5.2. Both M\ f and M\ g are (4, 4)-connected.

Assume that M\ f is not (4, 4)-connected. Then |E(M)| > 11 and, by Lemma 2.3, M/f is (4,4)-
connected. By (5.5.1), M/ f has a quad P containing {«, 8}. But M/ f has {«, 8, g} as a circuit. Hence
PUg is 3-separating in M/ f, contradicting the fact that this matroid is (4, 4)-connected. We conclude
that M\ f is (4, 4)-connected. By symmetry, so is M\g.

553.D; N Dg = {a, B).

Assume this assertion fails. Suppose first that Dy # Dg. Then |Df N Dg| =3. As Dy is a circuit, we
deduce that Dg C clyys(Dy). Hence Dy U Dg is 3-separating in M\ f, contradicting the fact that it is
(4, 4)-connected. We may now assume that Dy = Dy.

Certainly (D¢, E(M) — (D U f)) is exactly 3-separating in M\ f. If (Dy, E(M) — (Df U f U g)) is
not exactly 3-separating in M\ f, g, then g is a coloop of M|(E(M) — (Df U f)) so g e clj(,,\f(Df).
Hence Dy U g is 3-separating in M\ f; a contradiction. Thus App s (D) = 2. Since App (D) =2 =
Am\g(Dy), it follows that {f, g} € cl(E(M) — (Dy U{f, g})). Hence Ay (Dys) =2; a contradiction. Thus
(5.5.3) holds.

Let Dy ={a, B, f1, f2} and Dg = {c, B, g1, &2}. By (5.5.3), the elements «, 8, f1, f2, g1, and g, are
distinct.

5.5.4. M\e, f is 3-connected.

Suppose not. Let (X,Y) be a 2-separation of M\e, f. As D, is a circuit, we may assume that
[DeNX|=2 and [DeNY|=1. But D, — f is a triad of M\e, f. Hence we obtain the contradiction
that (XU De,Y — D) is a 2-separation of M\e unless |Y — D.| =1, that is, unless |Y| = 2. In the
exceptional case, Y is a cocircuit of M\e, f, so Y U f is a triad T* of M\e. Thus |[T* N D| = 2, so
D, UT* is 3-separating in M\e contradicting the fact that this matroid is (4, 4)-connected. Hence
(5.5.4) holds.
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5.5.5. The set { f1, f2., g1, 82} is a quad of M\e.

We know that the circuits of M include {«, g, f, g}, {«, B8, f1. f2}, and {«, B, g1, g2}. Also, since
M has no quads, the cocircuits of M include {«, 8, f, g,e}, {«, B, f1, f2, f}, and {«, B, g1, &2, }.
Now ({o, B, f1, f2} U {c, B. g1, 82}) — @ contains a circuit C. By orthogonality with the cocircuit
{a, B, f, g, e}, we deduce that 8 ¢ C, so C C {f1, f2, g1, g2}. Then, as M is 4-connected, C = {f1, fo,
g1, 82}, that is, {f1, f2, g1, &2} is a circuit of M.

Now M has a cocircuit C* contained in ({«, 8, f, g,e}U{«, B, f1, f2, f}) — @ and containing e. By
orthogonality with the circuit {«, 8, g1, g2}, we deduce that g8 ¢ C*. Thus C* C {e, f, g, f1, f2}. Or-
thogonality with the circuits {«, 8, f, g} and {«, B, f1, f2} implies that C* contains an even number
of elements of each of {f, g} and {f, f2}. If C* avoids {f, g} or {f1, f2}, then |C*| < 3; a contradic-
tion. Thus C* ={e, f, g, f1, f2}. Hence {f, g, f1, f2} is a cocircuit of M\e. By symmetry, {f, g, g1, g2}
is a cocircuit of M\e. By elimination, M\e has a cocircuit D* contained in {g, f1, f2, g1, &2}. By or-
thogonality with {«, 8, f, g}, we deduce that D* = {f1, f2, g1, g2}. Hence (5.5.5) holds. As (5.5.5)
contradicts (5.5.1), Theorem 5.5 must hold. O

6. Proof of Theorem 1.2 when |A| > 11

Lemma 4.13 leads us to consider 4-connected matroids with a clonal pair. The goal of this section
is to prove Theorem 1.2 when |A| > 11. This proof is given at the end of this section following a
sequence of preliminary results. The proof of Theorem 1.2 for |A| < 10 is given in the next section.

Lemma 6.1. Let M be a 4-connected matroid with a clonal pair {«, 8}. Assume that |E(M)| > 13. Then there
is an element e of E(M) — {«, B} such that, for some My in {M, M*},

(i) Mq\eis (4,4, S)-connected; or

(ii) Mq\e is sequentially 4-connected and if Z1 is a sequential 3-separating set of M1\e with |Z1| > 5, then
there is a sequential ordering of Z1 that begins («, B8, z3, za, z5) where M1 \e has {«, 8, z3} as a triad and
{a, B, z3, z4} as a circuit, and z5 € cl’,@,l\e({a, B.23,24}) — cl*Ml\e({a, Bh.

Proof. Assume that (i) does not hold. By Theorem 5.5, there is an element e of E(M) — {«, B}
such that, up to duality, M\e is sequentially 4-connected. Then M\e is not (4, 4)-connected. Thus,
by Lemma 2.3, M/e is (4,4)-connected. Hence M/e is not sequentially 4-connected. Let Z; be
a 3-separating set in M\e with at least 5 elements and having a sequential ordering that be-
gins (z1, 22, 23, 24, 25). Let Z = {z1, 22, 23, 24, z5}. Then, by Lemma 2.16, we may assume that ei-
ther (z1,22) = («, B), or |{o, B} N{z1,22,23,24}| < 1. Now {z1,22,23} is a triad of M\e. Clearly
Z4 € cl,(\j;)\e({z1,zz, z3}). We show next that

6.1.1. [{r, B} N {z1,22, 23}| # 1.

Assume that [{a, B} N{z1, 22, z3}| = 1. Then, from above, |{c, B} N{z1, 22, 23, z4}| = 1. By symmetry,
we may assume that z; = «. Thus {«, z», z3} is a triad of M\e. Hence {8, z2, z3} is also a triad of M\e.
Suppose z4 € clyne({@, 22, 23}). Then {«, 23, 23,24} and {B, z2, 23, 24} are circuits of M\e. Thus M\e
has {«, B, z2, z3} as a circuit, so

rM\E({avﬁszaz?)}) +r[>t/[\e({a9ﬁ"z27z3}) - |{a7 :3722523}| <3+2_4:15
that is, Ame({a, B,22,23}) < 1; a contradiction. Hence z4 € cl*,\‘,,\e({a,zz,23}). Thus M*|{«, B, z2,
z3,24,e} = U3z 6. Hence, by Theorem 2.23, as M*|{B, z2, z3, z4, e} = U3 5, there is an element f of
{z2, 23, z4, e} such that M*\ f is internally 4-connected. Hence M/ f is (4,4, S)-connected; a contra-

diction. We conclude that (6.1.1) holds.

6.1.2. (z1,22) = (, B).
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Assume this does not hold. Then, by (6.1.1), {«, B} N {z1,22,23} =0D. If z4 € cl*M\e({z1,zz, z3}), then
M*|{z1, z2, 23, 24, e} = U3 5 and so, by Theorem 2.23, there is an element f of E(M) — {«, 8} such
that M/f is (4,4, S)-connected; a contradiction. We may now assume that z4 € clype({21, 22, 23}).
Then, by [12, Theorem 5.1], for some x in {z1, z2, z3}, the matroid M/x is (4,4, S)-connected. This
contradiction establishes that (6.1.2) holds.

Now consider the sequential ordering («, 8, z3, z4, z5) of Z;. Certainly {«, 8, z3} is a triad of M\e.

6.1.3. 24 ¢ clip (. B. 23)).

Assume that z4 € cl’,(/,\e({a,ﬂ,23}). Then {«, B, z3, z4} has rank 2 in M*/e. Hence {«, 88, z3, z4, €}
is a rank-3 set P in M*. Suppose z5 € cly\e({or, B, 23, 24}). Then z5 € CIL*/Q({a,ﬂ,23,Z4}), S0 z5 €
oy ({a, B, z3, 24, €}). Hence zs € cl}y«(P) — P. Thus, by Lemma 2.18, M*/z5 is (4,4, S)-connected,
so M\zs is (4,4, S)-connected and (i) holds; a contradiction. We may now assume that z5 €
cl,’f,,\e({a,ﬁ,23,z4}). Then {w, B, z3, z4,z5} has rank 2 in M*/e, so M*{«, B, z3, 24, z5, e} = U3 6. By
Theorem 2.23, for some f in {z3, z4, z5, e}, the matroid M/f is (4,4, S)-connected; a contradiction.
We conclude that (6.1.3) holds.

By (6.1.3), z4 € clm\e({er, B, 23}) and, since M has no triangles, {«, B, z3, z4} is a circuit of M.

6.14. 5 € cly\ (o, B, 23, 24}) — clyp  (for, B)).

Assume that zs € clyne({or, B, 23, 24}). Then M|{«, B, 73, 24, 25} = U3 5. As {a, B, 23, e} is a cocircuit
of M, we have e cl*,{,,({a,,B,Z3,Z4,25}). Thus, by Lemma 2.18, M/e is (4,4, S)-connected; a contra-
diction. We deduce that z5 ¢ clyne ({@, B, 23, 24}). Hence zs € cl*,v,\e({oz, B,z3,24}). If z5 € cl*M\e({ot, B,
then («, B, z3, z5, z4) is a sequential ordering of Z. Thus we can interchange the labels on z4 and zs
and thereby obtain a contradiction to (6.1.3). We deduce that (6.1.4) holds and, hence, so does the
lemma. O

As well as being used to establish Theorem 1.2 when |A| > 11, the next lemma is frequently used
in the proof of Theorem 1.2 for |A] < 10.

Lemma 6.2. Let M be a 3-connected matroid having a 3-separation (A, B). Assume that there is no triangle or
triad of M that contains two or more elements of A. Let N be the clonal replacement of B by {«, B} and assume
that N is 4-connected having at least seven elements. Let e be an element of A. Then M\e is 3-connected and
rn(A —e) =rn(A). Furthermore:

(i) If e exposes a 3-separation in M\e and N\e is sequentially 4-connected, then there is a flower @ =
({a, B}, A1, A2) in N\e, where Ay & fclne({ar, 8}) and Az & fclne ({a, B)).

(ii) Ife exposes a 3-separation in M*\e and r(N) = 4, then there is a flower ({«t, 8}, A1, A2) in N /e for some
Aj and Ay, where 1y /e (A1) =2, Tnje(A2) =2, A1 € felnje({a, B)), Az € felnje({ar, B)), and

I_lN/e({as ﬂ}7 A]) = |_|N/e(Als AZ) = I_IN/e(A27 {a7 ﬂ}) = 1

(iii) If e exposes a 3-separation in M*\e, and r(N) > 5 and |E(N)| > 10, then one of the following holds.
(a) Some element x of E(N) — {«, 8} does not expose a 3-separation in M1\x for some M1 € {M, M*}.
(b) There is a 3-separation (U, V) in N/e, where rye(U) > 3, rnse (V) > 3, and either {«, B} € U or
{a, B} C V.
(c) |[E(N)| =10and thereis a copaddle ({o, B}, A1, A2) in N /e for some Ay and A, wherery/e(A1) =2,
rN/e(AZ) =2, \A1| =3, and |A2| =4.

Proof. First observe that, as N is 4-connected, ry(A —e) =ry(A) =r(N), otherwise {e, «, B} is a triad
of N. We show next that M\e is 3-connected. Assume it has a 2-separation (X, Y). Then, without
loss of generality, |X| > |Y Ue| > 3. Thus (X,Y Ue) is a 3-separation of M and r(Y Ue) =r(Y) + 1.
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Moreover, r(X Ue) =r(X) + 1. This is immediate if |Y| > 3; if |Y| =2, then Y Ue is a triad and again
it holds.

Now assume that |(Y Ue)N A|=1. Then A —e C X. Now N|A = M|A, so ry(A —e) =rpy(A). Thus
rv(X) =rpy (X Ue); a contradiction. Hence |[(Y Ue) N A| > 2.

Suppose BN X =@. Then X C A, so Y Ue D B. By the construction of N, we have ry({a, B}U (AN
(YUe)+rvX) —r(N)=ry(BUAN (Y Ue))) +ry(X) —r(M) =Arp(X) =2; a contradiction to the
fact that N is 4-connected.

Next let |B N X| = 1. Then, by uncrossing, Ay (Y Ue U B) = 2. Replacing (X,Y Ue) by (X — B,
Y Ue U B) and using the previous paragraph, we get that Ay (X — B) = 2. This is a contradiction since
IX| > 1Y Uel, so |X| > [E9"17 > 4 and |X - B| > 3.

We may now assume that [BN X| > 2. As [AN (Y Ue)| > 2, an application of uncrossing implies
that Ap(B U X) = 2. Then, replacing (X,Y Ue) by (XU B, (Y Ue) — B), we get the contradiction that
({o, BJU(XNA),AN(Y Ue)) is a 3-separation of N unless |AN (Y Ue)| = 2. Consider the exceptional
case. We have |[ANX|=]A|—22>3.1f [BN (Y Ue)| > 2, then, by uncrossing, Ay(BUY Ue) = 2.
Replacing (X,Y Ue) by (X —B,BUY Ue) and arguing similarly to the above, we get that N has a
3-separation; a contradiction. Now suppose |[BN (Y Ue)| =1. Then Y Ue is a triad of M containing
two elements of A; a contradiction. We conclude that M\e is 3-connected.

Let My € {M, M*}. By Lemma 4.11, we may assume that the clonal replacement of B by {«, 8}
in M* is N*. If M; = M, set N; = N, while if M; = M*, set Ny = N*. Now suppose that M;\e has a
3-separation that is exposed by e. Choose such a 3-separation (R, G) to minimize

min{|[(A —e)NR

(A—e)NG

,IBNR|,|BNG|}.

)

Suppose first that this minimum is 0. If R or G, say R, contains A —e, then, by Lemma 4.6, e € clp, (R),
so (RUe, G) is a 3-separation of M1; a contradiction. Hence [RN(A —e)| and |GN (A —e)| are positive.
Suppose R or G, say R, contains B. Then G € A —e and so, by Lemma 4.9, An;\e(G) = Ap;\e(G) = 2.
Hence (G, (RN A) U {«, B}) is a 3-separating partition of Ni\e. Now |R N A| > 1, otherwise (G, R) =
(A —e, B) and (G, R) is not exposed. Thus (G, (RN A) U {w, B}) is a 3-separation of Nq\e.

Assume that (G, (RN A) U {«, B}) is a sequential 3-separation of Nqi\e. Then either G or (RN A) U
{a, B} is sequential in Np\e. In the first case, by Corollary 4.10, G is sequential in M1\e, contradicting
Lemma 2.15. Thus G is not sequential in Ni\e, and so (RN A) U {«, B} is sequential in Nq\e. Choose
a sequential ordering (z1, 22, ...,2) of (RN A) U {«, B} with the least j such that {z1,23,...,2;} 2
{a, B}. We may assume that {o, B} ={zj_1, z;}. Suppose first that j < 3. The choice of j then implies
that j = 2. Thus, by Lemma 4.9, for all i in {3,4,...,k}, we have

2=xnpne(GU(zi, zig1. ... z}) = Ampe (G U Zis Zig1s - 2zk)).

Thus (G, R) = (A — e, B); a contradiction. Hence we may assume that j > 4, in which case, RN A
is not a subset of fcl({a, B}). If My =M, then ({z1,22,...,2zj-2}, {o, B}, {Zj41,Zj42, ..., Zk} UG) is a
flower in N\e and (i) holds.

Next assume that My = M* and r(N) > 4. As G is not sequential in N*\e, it is not sequential in
N/e, s0 rnse(G) > 3. Thus if r(N) =4, then rye((R N A) U{a, B}) =2, so {a, B} = {z1,22}; a con-
tradiction. Hence we may assume that r(N) > 5. As RN A is not a subset of fcl({«r, 8}), we have
rN/e((RNA) U {a, B}) >3 and so (iii)(b) holds.

Now assume that (G, (R N A) U {«, B8}) is not sequential in Ni\e. Then Ni\e is not sequen-
tially 4-connected, so we may assume that M; = M*. Furthermore, ry/.(G) > 3 and rn/((R N A) U
{o, B}) = 3, so r(N) > 5 and (iii)(b) holds. Hence we may suppose that min{|(A —e) N R|,|[(A—e)N
G|,|BNR|,|BNG|} is positive.

Assume next that min{|(A —e) N R|,|[(A—e)NG|,|BNR|,|BN G|} =1. Suppose |BNR|=1. Then
I(A—e)NR|,|BNG|>2,50 iyne((A—e)NR)=2and ((A—e)NR,BUG) = (R,G). But (A—e)NR
avoids B, contradicting the choice of (R, G). Hence |B N R| > 1. By symmetry, |[BN G| > 1, and then
[((A—e)NR[,|(A—e)NG| > 1.
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We may now assume that

min{|(A—e)NR

.|[(A—e)nG|,IBNR|,|BNG|} >2.
Let Ay =(A—e)NR and Ay = (A —e) N G. Then, by uncrossing, each of A1 and A; is 3-separating in
Mj\e and hence, by Lemma 4.9, in Nq\e. Thus @ = ({«, 8}, A1, A2) is a flower in Nqp\e.

Suppose that A; or Ay is a subset of fcly\e({o, B}). If Aj U Ay C fcly,\e({er, B}), then there is a
sequential ordering («, 8, y1, Y2, ..., ¥x) of E(N1\e). By symmetry and relabelling, we may assume
that {yx_1, yx} € Az. Then, by uncrossing, there is a sequential ordering («, 8, z1, 22, ...,2;) of A1 U
{cr, B}. Such a sequential ordering also exists if A1 € fcln,\e({ar, B}) but Ay & fcly,\e({er, B}). Using
this sequential ordering, we have, by Lemma 4.9, that, for all i € {1, 2,...,1},

2 :)\Nl\e(AZ Uiz, zZit1, ... ,Zl}) kal\e(Az Uiz, zit1, - .- ,Zl}).

Since |Ay| > 2, it follows by uncrossing that G U (A U {z;, zi+1,...,21}) = G U {zi, Zi+1, ..., 2z} is
3-separating in M1\e. Thus (G, R) = (A — e, B); a contradiction. Hence neither A; nor A, is a subset
of fcly,\e({ar, BY). We conclude that if My =M, then (i) holds. This finishes the proof of (i).

We may now assume that M; = M* and r(N) > 4. Without loss of generality, we may also as-
sume that |A1] < |Az|. Since A1 € fclyse({a, B)), we have ryje({or, B} U A1) = 3. If ryje(A2) > 3, then
r(N) > 5 and (iii)(b) holds. Therefore we may assume that rn/e(A2) = 2. If r(N) =4, then a sym-
metrical argument shows that ry/e(A1) = 2. Furthermore, if @ is a paddle or copaddle in N/e, then
r(N/e) € {2,4}. But r(N/e) = 3. Thus |_|N/e({oz,ﬂ}, A) = |—]N/e(A1,A2) = |_|N/e(A2, {a, 8}) =1, and
(ii) holds.

Now assume that r(N) > 5 and |E(N)| > 10. Suppose |[E(N)| > 11. Then, as ry(A2 Ue) =3 and
Ay Ue avoids o and B, it follows by Theorem 2.23 that there is an element y of Ay Ue such that
N\y is internally and hence sequentially 4-connected. If y does not expose a 3-separation of M\y,
then (iii)(a) holds. If y does expose a 3-separation of M\y, then, by applying (i) with y =e, we get
that N\y has a flower ({«, 8}, Y1, Y2) with |Yq| > |Y3]. As |[E(N\y)| > 10, we have |Y{| > 4. Then the
3-separation (Y1, {o, B} U Y2) contradicts the fact that N\y is internally 4-connected.

We may now suppose that |E(N)| = 10. Then |A1| € {2,3} as |A1] < |Az]. Since N has no triads,
rNse(A1) = 2. Thus, as r(N) > 5, the flower @ is a copaddle in N/e. If |A{| =2, then r,”;,/e({a,ﬂ} U
A1) =2 and so Aq C fcn\e({a, B}); a contradiction. Thus |A{| =3 and so (iii)(c) holds. O

Corollary 6.3. Let M be a 3-connected matroid having a 3-separation (A, B). Assume that there is no triangle
or triad of M that contains two or more elements of A. Let N be the clonal replacement of B by {«, B} and
assume that N is 4-connected. Let e be an element of A such that either

(i) N\e is internally 4-connected and |E(N)| > 10; or
(ii) N\eis (4,4, S)-connected and |E(N)| > 13; or
(iii) N\e is sequentially 4-connected, |E(N)| > 13, and every 5-element sequential 3-separating set Z of
N\e contains {«, B} and has a sequential ordering («, B, z3, z4, z5) with {«, B,z3} as a triad and
{a, B, z3, 24} as a circuit, and zs € cl*N\e({oz, B.z3,24}) — clﬁ\e({a, BD.

Then e does not expose any 3-separations in M\e.

Proof. In each of (i)-(iii), N\e is sequentially 4-connected and |E(N)| > 10. Thus, by the last lemma,
M\e is 3-connected and ry(A —e) =ryn(A). Assume that e exposes a 3-separation of M\e. Then, by
the last lemma again, N\e has a flower ({c, 8}, A1, A2) for some A7 and A, where neither Ay nor A;
is contained in fcly\e({or, B}). We may assume that |Az| > |A1]. Then |A3| > 4. Thus (A1 U {a, B}, A2)
is a 3-separation of N\e. Hence if N\e is internally 4-connected, we obtain a contradiction. We deduce
that the corollary holds when (i) occurs. Now assume (ii) or (iii) holds. Then |E(N)| > 13. As |Ay| >
|A1], we deduce that |Az| > 5. We show next that
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6.31. A > 3.

Assume the contrary. Then |A1| =2 and |A,| > 8. If A, is sequential, then, for some element z
of A,, we have (A1 U {a, B} Uz, Ay —z) as a 3-separation of N\e with |A1 U {«,B}Uz|,|A2—2| =5
and A, — z sequential avoiding {c, 8}. This contradicts the hypothesis governing N\e. Thus A; is non-
sequential. Hence A7 U {«, B} is sequential. By Lemma 2.16, A U {cr, 8} has a sequential ordering of
the form (e, B, x, y) so A1 C fcly\e({@r, B}); a contradiction. Thus (6.3.1) holds.

As |A1] > 3, we have |A;|, |A1 U{a, B}| = 5. Since A; avoids {«, 8}, the choice of N\e means that
A, is non-sequential. Thus A; U {«, B} is sequential in N\e having a sequential ordering of the form
(a, B,23,24,...,2y) for some n > 5. Again we obtain the contradiction that Ay C fcly\e({a, B}). O

Theorem 6.4. Let (A, B) be a non-sequential 3-separation in a 3-connected matroid M. Suppose that B is
fully closed, A meets no triangle or triad of M, and if (X, Y) is a non-sequential 3-separation of M, then
either A C fcl(X) or A C fcl(Y). If |A| > 11, then A contains an element whose deletion from M or M* is
3-connected but does not expose any 3-separations.

Proof. By Lemma 4.13, the clonal replacement, N, of B by {«, 8} is 4-connected. Since |A| > 11, we
have |E(N)| > 13. Thus, by Lemma 6.1, N has an element e not in {«, 8} such that, for some M; in
{M, M*}, the matroid Mj\e satisfies one of the connectivity conditions 6.1(i) or (ii). Because M has
no triangles or triads having at least two elements in A, it follows by Corollary 6.3 that e does not
expose any 3-separations in Mq\e. O

7. Proof of Theorem 1.2 when |A| <10

The proof of Theorem 1.2 for |A| < 10 is given at the end of this section, and is an amalgamation
of three lemmas. The third of these lemmas requires one additional preliminary which we state and
prove first.

Lemma 7.1. Let M be a 3-connected matroid having a 3-separation (A, B). Assume that there is no triangle
or triad of M that contains two or more elements of A. Let N be the clonal replacement of B by {«, B} and
assume that N is 4-connected. If |[E(N)| > 11 and X is a 5-element rank-3 subset of E(N) that avoids at least
one element in {«, 8}, then there is an element x of X — {«, B} such that x does not expose any 3-separation
in M\x. In particular, ife € E(N) — {«, B} and Y is a 4-element cosegment of N\e that avoids at least one
elementin {«, B}, then there is an element y in (Y — {«, B}) Ue such that y does not expose any 3-separation
in M*\y.

Proof. By Theorem 2.23, there is an element x in X — {&, 8} such that N\x is internally 4-connected.
It follows by Corollary 6.3(i) that x does not expose any 3-separation in M\x. O

Lemma 7.2. Let (S, E(M) — S) be a non-sequential 3-separation in a 3-connected matroid M. Suppose no
triangle or triad of M contains more than one element of S. If r(S) < 3, then S contains an element e such that
M*\e is 3-connected and e does not expose any 3-separations of M*.

Proof. Clearly ry(S) = 3. Moreover, cl(E(M) — S) # E(M). Take e in S — cl(E(M) — S). Then M has no
triangle containing e. Let (X, Y) be a non-minimal 2-separation or an exposed 3-separation of M/e.
Then, without loss of generality, we may assume that |X N (S —e)| > 2. Hence X spans S —e in M/e,
so we may assume that X contains S —e. Thus Y C cl(E(M) — S), so ry(Y Ue) =rpy(Y) + 1. Hence
(XUe,Y) is a 2- or 3-separation of M. This contradiction establishes the lemma. O

Lemma 7.3. Let M be a 3-connected matroid having a 3-separation (A, B). Suppose that there is no triangle
or triad of M that contains two or more elements of A. Let N be the clonal replacement of B by {«, B} and
assume that N is 4-connected. If |[E(N)| > 8, and either r(N) = 4 or r*(N) = 4, then there is an element in
E(N) — {«, B} whose deletion from M or M* does not expose any 3-separations.
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Proof. By Lemma 4.11, we may assume that r(A) = 4. Suppose that every element f of E(N) — {«, B}
exposes a 3-separation in each of M\ f and M*\f. Since N is 4-connected, N\{«, 8} is connected.
Assume first that N\{«, 8} is 3-connected. If there is no element y € E(N) — {«, 8} such that
N\{«, B}/y is 3-connected, then, by [7, Theorem 2.5], N\{c, 8} has a triangle; a contradiction. There-
fore there is such an element y. By Lemma 6.2(ii), there is a flower ({«, 8}, P1, P2) in N/y where
|_|N/y(P1, P3) = 1. Hence (P1, Py) is a 2-separation in N\{«, 8}/y, contradicting the choice of y.
Thus N\{«, B} is not 3-connected.

We may now assume that N\{«, 8} is not 3-connected. Suppose first |[E(N)| > 9. Then N\{«, 8}
has a 2-separation (X,Y). Since r(N) =4, we may assume that r(X) =2 and r(Y) = 3. Since N
has no triangles, X is a series pair in N\{«, 8}. Let X = {y, z}. By Lemma 6.2(ii), there is a flower
({et, B}, P1, P2) in N/y, where ry;y(P1) =2 =1n/y(P2), and

|_|N/y({a7 ﬂ}s P]) = |_|N/y(P]a PZ) = |_|N/y(P27 {av ﬂ}) =1

As z ¢ cly((P1UP3)—2) and N has no triangles, |(P1UP;)—2z| <4 and so |E(N)| < 8; a contradiction.
Thus if r(N) =4 and |E(N)| > 9, then the lemma holds.

Now suppose that |E(N)| = 8. Since N\{«, B8} has rank 4 and 6 elements, its dual N*/{«, B8} has
rank 2 and 6 elements. Therefore, as N\{«, 8} is connected, but not 3-connected, and it contains
no triangles, it is not difficult to check that N*/{«, 8} has at least one non-trivial parallel class
and any such parallel class has exactly two elements. If N*/{«, 8} has exactly one non-trivial par-
allel class {z, 7'}, then N*/{«, B}\z is isomorphic to U, 5 and so N\{«, B}/z is isomorphic to Uss.
But, by Lemma 6.2(ii), E(N) — {«, 8, z} is the union of two segments in N\{«, 8}/z; a contradiction.
Since r*(N) =4, it now follows by Lemma 4.11 that, up to isomorphism, N/{«, B} is either (a) the
6-element rank-2 matroid with exactly three non-trivial parallel classes, {x,x'}, {y,y’}, and {z,7'},
or (b) the 6-element rank-2 matroid with exactly two non-trivial parallel classes, {y, y’} and {z, Z'},
where E(N) — {«, B} = {x,X',y,y’, z,Z}. In the analysis of (a) and (b), we freely use the consequence
of the following observation. If N contains a 5-element rank-3 subset, then N is not 4-connected and
so, for all a € E(N), the matroid N/a contains no 4-element segment.

First assume that (a) holds. Then, as N has no triangles, {«, 8, x, X'}, {@,8,y,y’}, and {«, B, z, 2}
are circuits in N. Furthermore, as N is 4-connected, this implies that none of {y, y’,z,2'}, {x,x',z,2Z'},
and {x,x,y,y’} are circuits in N. Consider N/z. By Lemma 6.2(ii), there is a flower ({c, B}, P1, P2)
in N/z, where ry/;(P1) =2 =rn/;(P2) and neither Pq nor P, is contained in fcly/ ({o, B}). If
|cly/z(P1) — Z/| =3, then Z’ € P, and so, as Z’ € cly/-({a, B}), it follows that P, C fcly, ({o, B});
a contradiction. Thus |cly,;(P1) — Z'| # 3 and, similarly, |cly/z(P2) — Z’| # 3. Hence, without loss
of generality, we may assume that |P1| =3 with z’ € Py, and |Py| =2 with cly/;(P2) N (P1 —2)
empty. If P1 = {x,x',7'}, then, as N has no triangles, {x,x,z,Z'} is a circuit in N; a contradiction.
Thus |P1 N {x,x'}| <1 and, similarly, |P; N {y, y'}| < 1. So, without loss of generality, we may assume
that Py = {x,y,Z'}. Then {x,y,z, 2’} is a circuit in N. Now consider N/x. In N/x, both {X',«, 8} and
{y,z,2'} are triangles. Therefore, («, 8,%',y’,y,z,2') is a sequential ordering of E(N) —x in N/x. But
then N/x has no flower ({«, 8}, P}, P}), where P} ¢ fcly,x({cr, B}) and P}, ¢ fely x({cr, B}), contradict-
ing Lemma 6.2(ii). Thus (a) does not hold.

Now assume that (b) holds. Since N has no triangles, {«, 8,y,y’} and {«, B,z 2z} are circuits
in N. Therefore, as N is 4-connected, neither {x,x’, z,z'} nor {x,x’,y,y’} is a circuit in N. Consider
N/x. By Lemma 6.2(ii), there is a flower ({«, B}, P1, P2) in N/x, where ry/x(P1) =2, rn/x(P2) =2,
P & fely/x({a, B, and Py & fcly/x({or, B}). Therefore, as either |P1| =3 or |P| =3, N/x has a tri-
angle T C {x',y,y’,z, 2'}. Since neither {x,x’,z,7'} nor {x,x,y,y’} is a circuit in N, this triangle is
neither {x', z, 2} nor {x', y, y’}. Furthermore, if {x, y, ', z} is a circuit in N, then {x, y, y’} is a triangle
in N/z. But {«, 8,7’} is also a triangle in N/z and so («,8,Z,x',x,y,y’) is a sequential ordering of
E(N) —z in N/z. Thus there is no flower ({«, 8}, P, P}) in N/z, where P} ¢ fcly/;(fer, B}) and P} &
fcly/z({er, B}), contradicting Lemma 6.2(ii). Hence {x, y, y’, z} is not a circuit in N and so T #{y, y’, z}.
Similarly, T ¢ {{y,y'.Z'},{y.2,2},{y’, z, Z}}. Therefore ¥ € T and, without loss of generality, we may
assume that T = {X, y, z} and so {x, x/, y, z} is a circuit in N. But then («, 8,2, y', x, X', y) is a sequen-
tial ordering of E(N) —z in N/z and so there is no flower ({c, 8}, P, P}), where P} ¢ fcly/,({a, B})
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and P, ¢ fely/z({a, BY). This last contradiction to Lemma 6.2(ii) implies that (b) does not hold. This
completes the proof of the lemma. O

Lemma 7.4. Let M be a 3-connected matroid having a 3-separation (A, B). Suppose that there is no triangle or
triad of M that contains two or more elements of A. Let N be the clonal replacement of B by {«, B} and assume
that N is 4-connected. Let e be an element of E(N) — {«, B} such that N\e is sequentially 4-connected. If

(I) r(N) =5and |E(N)| € {10,11,12}; or
(I r(N) =6and |E(N)| € {11,12}; or
() r(N) =7 and |E(N)| =12,

then there is an element in E(N) — {«, 8} whose deletion from M or M* does not expose any 3-separations.

Proof. Suppose that |[E(N)| > 10 and every element f of E(N) —{«, B} exposes a 3-separation in each
of M\ f and M*\ f. By Lemma 6.2, there is a flower ® = ({«, 8}, P1, P3) in N\e with the property
that neither P1 nor P; is a subset of fcly\e ({&, 8}). The proof of the lemma is partitioned into three
parts depending on which of (I), (II), and (III) holds. Furthermore, each part is partitioned into three
cases depending on whether @ is (i) a paddle, (ii) a copaddle, or (iii) []({e, B}, P1) =[](P1, P2) =
NP2 {a. B = 1.

(I)r(N) =5 and |E(N)| € {10, 11, 12}.

(i) @ is a paddle. Since @ is a paddle,

5=r(N\e) =r({a, B}) +r(P1) +r(P2) — 4.

Therefore, r(P1) + r(P2) = 7. Since neither Py nor P; is contained in fcly\e({c, 8}), it follows that
r(P1) >3 and r(P3) > 3. Thus we may assume that r(P1) =3 and r(P) = 4. Since e ¢ cl(P1 U{«, 8}),
the set cl(P1 U {w, B, e}) has rank 4, so its complement is a cocircuit of N. In N\e, this complement
contains a cocircuit C*. Since N has no triangles and N\e is 3-connected, it follows by Lemma 2.8
that C* contains an element y € P, such that y ¢ cl(P1 U {«, B,e}) and N\e/y is 3-connected.

Consider N/y. By Lemma 6.2(iii), either (a) N/y has a 3-separation (R, G), where ry/y(R),
rn/y(G) = 3, and, without loss of generality, {o, 8} € R; or (b) [E(N)| =10 and there is a copaddle
({, B}, A1, Az) in N/y, where rn/y(A1) =2 =rn;y(A2), and |Aq]| =3, and |Az| =4.

Since y ¢ cl(Pq U {«, B}), we have ry,y(P1 U {a, B}) =3 and P1 U {«, B} contains no triangles in
N/y. If (b) holds, then ry,y({or, B} U A1) =4 =rn/y({ar, B} U A2), and so, as either |[P1 N Aq1| > 2 or
|[P1 N Az| > 2, we have ry,y(P1 U {a, B}) =4; a contradiction. Thus we may assume that (a) holds. As
r(N/y) =4, it follows that rn/y(R) =7n,y(G) = 3. Since rn/y (P1U{a, B}) =3 =1,y (P2 —Y), it follows
that (P U {«, B}, P — y) is a 3-separation in N\e/y. Moreover, as {«, 8} < cl(P2), we have that
{a, B} S cljvesy (P2 —y). If [RNPq| > 1, then, by replacing (R, G) by a closure-equivalent 3-separation,
we may assume that Py U{c, B} C R. If |[RN P1| =0, then, by replacing (R, G) by a closure-equivalent
3-separation, we may assume that Pq U {«, 8} € G. We deduce that, by interchanging R and G if
needed, we may assume that P; U {&, 8} € R. As N/y\e is 3-connected, it follows by Lemma 2.21
that e e cly/y(R —e) or e € cly;y(G —e). Now y ¢ cl(P1 U {a, B,e}) and e ¢ cl(P; U {a, B}) so, by
Lemma 2.2, e ¢ cly/y(P1 U {a, B}). But clnsy(P1 U {@, B}) =cln/y(R —€) so e ¢ cly/y(R — e). Hence
e ecly/y(G—e) so e ecly/y(P> —y) and therefore e e cly(P3); a contradiction. It now follows that @
is not a paddle.

(ii) @ is a copaddle. If |P1| =2, then Py C fcl({«, B}); a contradiction. Therefore, as N contains no
triangles, it follows by symmetry that r(P1) > 3 and r(P3) > 3, so r(P1) +r(P2) > 6. But, as @ is a
copaddle,

5=r(N\e) =r({a, B}) +1(P1) +1(P2) —2
=r1(P1) +r1(P3).

This contradiction implies that & is not a copaddle.
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(iii) [, B}, P1) =[1(P1, P2) =[](P2, {, B = 1. Since P; ¢ fcl({e, B}) and P, ¢ fel({a, B)), it

follows by Lemma 3.1 that P; and P, are both sequential. Furthermore, as
5=r(N\e) =r({a, B}) +r(P1) +1(P2) — 3,

we have r(Pq) +r(P2) = 6. Without loss of generality, we may assume that r(P3) € {2, 3}. The analysis
of (iii) is partitioned into two subcases depending on the rank of P.

In the analysis of the two subcases, we constantly consider matroids obtained from N by
contracting an element. The next result helps us avoid considering of the possibility arising via
Lemma 6.2(iii)(c) when |E(N)| = 10.

7.4.1. Suppose that |E(N)| = 10. Let a be an element of E(N) — {c, B} such that N\e/a contains a triad avoid-
ing o and B. Then there is no copaddle of the form ({«, B}, A1, A2) in N/a, wherery q(A1) = 2,TN/a(A2) =2,
|A1] =3, and |Ay| = 4.

If there were such a copaddle, then, as N\e/a contains a triad T, the complement of T in N\e/a
has rank 3. But a simple check shows that either |[A; — (T Ue)| >2 or |A; — (T Ue)| > 2, and so, as
|_|N/a({a, Bl,A1)=0= |_|N/ﬂ({a, B}, Az), the complement of T in N\e/a has rank 4; a contradiction.
Thus (7.4.1) holds.

(iii)(@) r(P2) = 2. As N has no triangles, it follows that |P;| =2 and r(P1) = 4. The next result is
used frequently in this subcase.

7.4.2. Let a € Pq such that either

(i) a ¢ cl({a, B,e} U Py); or
(ii) a ¢ cl({a, B} U Py) and Py — a contains a triad in N\e/a.

Suppose that N /a\e is 3-connected. If N /a contains a 3-separation (R, G), where ry /q(R) =3 =1n/q(G), and
{a, B} C R, then P, C G.

Suppose that N/a has such a 3-separation (R,G) and assume that it is chosen to maximize
[P, N R|. If [P N R| =0, then (7.4.2) holds, so we may assume that |P, N R| > 1. Then, as N
has no triangles and a ¢ cl(P, U {a, B}), it follows that ry/({ct, B} U (R N P2)) = 3. The choice of
(R, G) now implies that {o, B} U P2 S R. As 3 =rn/({ar, B} U P3) <7 n/a(R —e) <1nja(R) =3, it fol-
lows that ({r, B} U P2, P1 —a) and (R —e, G Ue) are closure-equivalent 3-separations of N/a\e. By
Lemma 2.21, e e cly/qa({a, B} U P2) or e € cly/q(P1 — a). The latter does not occur as e ¢ cl(Pq). Thus
e ecly/({a, B}UP2) so e e cl({a, B}U P Ua). But e ¢ cl({ar, B} U P2). Hence a € cl({a, B}U Pa Ue). As
this contradicts (7.4.2)(i), it follows that (7.4.2)(ii) holds. Then, since P; —a contains a triad of N\e/a,
Lemma 2.22 implies that e € cly/q(P1 — a), which we already eliminated. Thus (7.4.2) holds.

Let (z1,23, ..., zx) be a sequential ordering of Py in N\e, where k > 5 as |E(N)| > 10. Since N has
no triangles, {z1, z2, z3} is a triad.

74.3.z4 € cl({z1, 22, z3)).

Assume the contrary. Then z4 € clI*({z1, 22, z3}) and so zs € cl({z1, 22, 23, 24}) since r(Pq) = 4. If
[E(N)| > 11, then, as {z1, z2, z3, z4} is a 4-element cosegment in N\e avoiding « and B, the lemma
holds by Lemma 7.1. Thus |E(N)| =10 and so k = 5. Since e ¢ cl(P, U {«, 8}), the set cl(P, U {«, B, e})
has rank 4, so its complement is a cocircuit of N. In N\e, this complement contains a cocircuit C*.
Since N has no triangles, it follows by Lemma 2.8 that C* contains an element a such that a ¢
cl(P2 U{a, B,e}) and N\e/a is 3-connected. Then z5 # a since z5 € cl(Py U {«, B, e}).

Consider N/a. Since {z1, z2, 23, z4} —a is a triad in N\e/a, it follows by Lemma 6.2(iii) and (7.4.1)
that N/a contains a 3-separation (R, G), where ry/q(R) =3 =rn/q(G), and {a, 8} € R. By (7.4.2), we
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may assume that P, € G. Since ry((P1 — z5) U {a, B}) =5, we have ry,q((P1 — {z5,a}) U {a, B}) = 4.
As ry/q(R) =3, it follows that |G N (P1 — {z5,a})| > 1. Similarly, [RN (P1 — {z5,a})| > 1.

Now consider zs, which is in cl({z1, z2, z3, z4}). By closure-equivalence, z5 € cly({or, B} U P2). As N
has no triangles, it follows by the choice of a that ry/ ({t, 8, z5}) =3 =rn/a(P2 Uzs). Hence as z5 € Z
for some Z in {R, G}, we get rn/q(Z) > 4; a contradiction. Thus (7.4.3) holds.

Now suppose that zs5 € cl({z1, z2, z3, z4}). Since r(P1) = 4, we have k > 6 and so |E(N)| > 11.
Thus, by Lemma 7.1, there is an element x in {zy, z, z3, 24, z5} such that x does not expose any
3-separation in M\x. Thus zs ¢ cl({z1, 22, 23, 24}), SO z5 € cI*({z1, 22, 23, z4}). If zg or z7 exists, then
26,27 € cl({z1, 22, 23, 24, z5}) as r(P1) =4.

The next result is used twice in the rest of the analysis of this subcase.

7.4.4. Suppose that |E(N)| = 10. Let a be an element of {z1, z2, z3}. Then there is no copaddle of the form
({et, B}, A1, Ap) in N/a, where rnq(A1) =2 =TNja(A2), |A1] =3, and |Az| = 4.

Assume such a copaddle exists. Since {z1, z2, z3, z4} — a is a triangle in N/a, this set is contained
in A1 or Ay. Now e, z5 ¢ cly/a({1, 22, 23, 24} — ). Furthermore, if cly/q({z1, 22, 23, Z4} — a) contains an
element p of P, then p € cly\e(P1), so fcly\e({or, B}) 2 P2; a contradiction. Hence P, U {zs, e} avoids
cInsa({z1, 22, 23, 24} — a) and so is contained in Aj. But ry/q(P2 Uzs) = 3; a contradiction. Thus (7.4.4)
holds.

7.4.5. There is an element a of {z1, z2, z3} such that a ¢ cl({«, B, e} U P3).

As z5 € cl*({z1, 22, 73, z4}), it follows by Lemma 2.10 that [|({e, 8} U P2, {z1,22,23}) <1 and so
[T, B, e} U Py, {z1, 22, z3}) < 2. Thus such an element a certainly exists.

For the element a just found, by Lemma 2.13, N\e/a is 3-connected. By Lemma 6.2(iii) and (7.4.4),
N/a has a 3-separation (R, G), where ry/q(R) =3 =1n/q(G).

Suppose that zg exists. Then zg € cly\e({or, B} U P). Since N has no triangles and a is in
a triad in N\e avoiding {«a, B, z¢} U Py, it follows that zs ¢ cln/a({or, B}) and zg ¢ cly;q(P2). By
closure-equivalence and (7.4.2), we may assume that {o, 8} € R and P, € G. Now the rank of
(P1—a)—cln/({er, B}UP2) in N/a is 3. If [(P1 —a) —clnja({or, B} U P2)] C R, then ry/q(R) > 4; a con-
tradiction. So |[(P1 —a) —cly/qe({or, B}UP2)ING| > 1. Similarly, [[(P1 —a) —cly/e({a, BYUP2)INR| > 1.
But then neither zg € G nor zg € R; otherwise ry/q(G) > 4 and ry/q(R) > 4, respectively. Thus zg does
not exist, in which case, |P1| =5 and so |E(N)| = 10.

7.4.6. For some Q1 and Q> such that {Q1, Q2} = {{«, B8}, P2},
[(Q1,P1—2z5)=1 and ry(QqU(P1—25))=4.

By Lemma 6.2(iii) and (7.4.2), we may assume that Q1 € R and Q, C G. Either |({z1, 22, z3, 24} —
a) N R| =2 or |({z1,22,23,24} —a) NG| > 2, so we may assume that |({z1,z2,23,24} —a) N R| > 2.
Therefore, as rn/q(R) = 3, it follows that rn/(Q1 U ({21, 22, 23,24} —a)) =3 and so ry(Qq U (P1 —
z5)) =4. Thus [](Q1, P1 — z5) = 1. Hence (7.4.6) holds.

Since 1(Q1 U (P1 —z5)) =4 and N\e is 3-connected, Q2 U z5 is a triad in N\e. We now consider
N/zs. Since (Q1 U Q2, P1 — z5) is a 2-separation in N\{e, z5} and N has no triangles, it follows by
Lemma 2.5 that N\e/zs5 is 3-connected. Now, since {z1, z, z3} is a triad in N\e/z5, we may assume
by Lemma 6.2(iii), (74.1), and (7.4.2) that N/zs has a 3-separation (X,Y), where ry/;(X) =3 =
n/zs(Y); Q2 € X; and Q1 C Y. If {21, 2, z3} C X, then ry/;;(X) > 4; a contradiction. So [{z1, z2,z3} N
Y| > 1. Similarly, [{z1, 22,23} N X| > 1. Since Q2 U z5 is a triad in N\e and N has no triangles, z4 ¢
cln/zs(Q1). Therefore z4 ¢ Y, otherwise ry;,5(Y) > 4. Thus z4 € X and so z4 € cly,z5(Q2) otherwise
N/zs(Q2 Uz4) =3 and we obtain the contradiction that ry,,5(X) > 3 since X also meets the cocircuit
{z1,22, 23, e} of N/zs. Noting that [ |y (Q2, P1 —zs) € {0, 1}, we break the rest of the analysis into two
parts depending on the value of [|y(Qz2, P1 — z5).
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First assume that []y(Q2, P1 — z5) = 1. Then ry(Q2 U (P1 — z5)) = 4. Since N\e is 3-connected,
Q1 Uzs is a triad in N\e. Therefore, as N has no triangles, z4 ¢ cly/z;(Q2); a contradiction. Thus
[n(Q2, P1 —2z5) #1.

Now assume that []y(Q2, P1 — z5) = 0. Then, as ry/z5(X) =3 and N has no triangles, we have
Hz1,2z2,23} N X| =1 and |{z1,22,23} N Y| = 2. Letting {u,u’} = {z1,22,23} NY, we have ry(Q; U
{u,u’}) =3 since ry/z(Y) =3 and Qp U {zs,e} is a cocircuit of N. Let w = {z1,25,z3} — {u,u'}. If
uecy(QiUQyUe), then, as ry(Q1 U {u,u’}) =3, it follows that u’ € cly(Q1 U Q3 Ue). But then
{w, 24, z5} is a triad in N; a contradiction. So u ¢ cly(QqU Q3 Ue) and, similarly, u’ ¢ cly(Q1 U Q2 Ue).

For {v, v’} = {u,u’}, consider N/v. By Lemma 2.13, N\e/v is 3-connected. By Lemma 6.2(iii) and
(74.4), N/v has a 3-separation (U, V), where ryn;,y(U) =3 =rnyv(V). Since v ¢ cIn(Q1 U Q2 Ue),
it follows by (7.4.2) that we may assume Q; C U and Q1 C V. Say |U N {v', w, z4}| > 2. Then
r((UN{v',w,z4}) Uv) > 3. Since [](Q2, P1 — z5) =0, it follows that r(U U v) > 5, so ry/y(U) > 4; a
contradiction. Therefore |V N {v/, w, z4}| > 2. But {v/, w, z4} is a triangle of M/v, so we may assume
that {v/, w,z4} C V. If z5 € V, then ry;y(V) > 4; a contradiction. Thus zs € U and Qa Uzs =U —e.
Since N\e/v is 3-connected and since Q; U zs is a triad in N\e and therefore in N\e/v, it fol-
lows, by Lemma 2.22, that e € cly/v(U — e). Thus e € cIy(Q2 U {v, z5}). As v was arbitrarily chosen
in {u,u’}, we have that e € cly(Q2 U {u,z5}) and e € cly(Q2 U {u’, z5}). If e € cly(Q2 U z5), then
Q2 U {e, z5} is 3-separating in N; a contradiction. Thus e ¢ cly(Q2 U z5) and so u € cly(Qz U {e, z5})
and u’ e cly(Qz U{e, z5}). Therefore ry(Qa U (Py —w)Ue) =4 as z4 € cly;z5(Q2). But then Q; Uw is
a triad in N; a contradiction. This completes the analysis of (iii)(a).

(iii)(b) r(P2) = 3. Since r(Py) = 3, we may assume without loss of generality that |Pq| > |P3|. As
|[E(N)| € {10, 11, 12}, this implies that |P1| > 4. Let (z1, z2, ..., zx) be a sequential ordering of Py in
N\e. Since N has no triangles and r(P1) = 3, it follows that {z1, z2, z3} is a triad of N\e and z4 €
cme({z1, 22, z3}). If k > 5, then, as r(P1) = 3, we have z5 € cIy\e({21, 22, 23, 24}). But then |[E(N)| > 11
and so, by Lemma 7.1, there is an element x in {z1, z2, z3, Z4, z5} such that x does not expose any
3-separation in M\x; a contradiction. Thus k = 4. Similarly, if (y1, y2,..., y1) is a sequential ordering
of Py in N\e, then {y1, y2, y3} is a triad, 3 <I<4, and y4 e cly\e({y1, y2, y3}) when [ =4.

7.4.7. There is an element a of {z1, z2, z3} such that a ¢ cl(P, Ue).

Since [](P1, P2) =1, it follows that [](P1, P2 Ue) < 2. Thus such an element a certainly exists.

For this element a, by Lemma 2.13, N\e/a is 3-connected. By Lemma 6.2, either N/a has a
3-separation (R, G), where ry,(R),7n/q(G) > 3, and, without loss of generality, {c, 8} C R; or
|[E(N)| =10 and there is a copaddle ({«, 8}, A1, A2) in N/a, where ry/q(A1) =2 =rnja(A1), [A1] =3,
and |Ay| =4. By (7.4.1), since {y1, y2,y3} is a triad of N\e/a avoiding {«, 8}, the second possibility
does not occur. Thus r(N/a) =4, so0 rn/a(R) =3 =1n/a(G).

By our choice of a, if X € P, U{a, B}, then ry/q(X) =7(X). If {y1, y2,y¥3} SR, then ry/e(R) > 4; a
contradiction. If {y1, y2, y3} € G, then, as {y1, y2, ¥3} is a triad in N\e/a, it follows by Lemma 2.22
that e e cly/q(G — e). Since P C cln/q(G), it follows by (7.4.7) that ry/q(G) > 4; a contradiction. Thus
[RN{y1,y2,y3}l =1 and |GN{y1, y2, y3}| = 1. If [RN(P1—a)| > 2, then, as ry/o({r, BYU(P1 —a)) =3
and {y1, Y2, Y3} is a triad in N\e/a, we have ry/,(R) > 4. Thus |G N (P1 —a)| > 2 and, by closure-
equivalence, we may assume that P —a C G.

7.4.8. The element y4 does not exist.

If y4 exists, then, as P, U {«, 8} contains no triangles in N/a, it follows that y4 € G; otherwise,
rN/a(R) = 4. If y4 ¢ cl(Pq), then y4 ¢ cln/q(P1 — a). As {y1,y2,y3} is a triad of N\e/a, it follows
that ry/q(G) > 4; a contradiction. Thus y4 € cl(P1). But y4 and z4 are distinct, and so P1 Uy, is a
5-element rank-3 set in N, contradicting Lemma 7.1. Hence (7.4.8) holds.

Assume that |R N {y1,¥y2,y3}] =2 and consider N\e. By our choice of a, as ry,({e, B} U
(R N {y1.y2,y3})) = 3, we have rye({o, B} U (R N {y1,¥2,y3})) = 3. Since ry(cl(P1) U (G N
{y1,¥2,y3}) =4, it follows that {«, B} U (RN {y1, y2,y3}) is 3-separating in N\e. In particular,

({a, B}, cl(PD) U (G N {y1, 2, ¥3}). RN{y1. ¥2. ¥3})
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is a flower in N\e. Also |_]N({C\l, B}, RN{y1,y2,y3}) =1. Thus ({«, B}, cl(P1) U(GN{y1,Yy2,¥3}),RN
{y¥1,¥y2,y3}) is a flower in N\e of the form analyzed in (iii)(a).

We may now assume that |G N {yq, y2, y3}| =2. Let RN {y1,y2,y3} ={v} and GN{y1,y2,y3} =
{u, u’}. Since ry\e/a(G — e) =3, it follows that {c, 8, v} is a triad in N\e/a, and therefore a triad in
N\e. Furthermore, as

3 :rN/a((P1 —a)u {u, u’}) :TN(P1 U {u, U/}) -1,

rn(P1U{u,u’}) =4 and so []y(P1,{u,u’}) = 1. Since |cly({c, B, v}) N{u,u’}| <1, we may assume
that u ¢ cl({«, B, v}).

Consider N/u and note that u’ € cly/y(P1). Since {z1, 22,23} is a triad in N\e/u, it follows by
Lemma 6.2(iii) and (7.4.1) that there is a 3-separation (U, V) in N/u where ry;,(U) =3 =ry/u(V),
and {o, B} C U.

We show next that

7.4.9. {o, B, v} is not a triangle in N /u, the element e ¢ cly,, ({o, B, v, u'}), and e ¢ cly (P UW).

Since u ¢ cly({«, B,v}) and N has no triangles, {o,8,v} is not a triangle in N/u. If e €
cnue, B, v, u'}), then e € ciy({a, B, v, u,u’}). This implies that e € cly({or, B} U P2) and so, as
{a, B}U P3 is 3-separating in N\e, it is 3-separating in N; a contradiction. Thus e ¢ cly/u ({c, B, v, u'}).
Lastly, if e € cly/y (P1Uu’), then e € cly(P1U{u, u’}). But then {e, 8, v} is a triad in N; a contradiction.
Thus e ¢ cly/u(P1 Uu’) and (7.4.9) holds.

If v eU, then, as ry/u(U) =3, we have U C cly,y({r, B, v}). Therefore {z1, 3,23} C V. By (7.4.9),
e ¢ cyu({a, B, v}), so e ¢ U. Thus e € V. But then, by (7.4.9), e ¢ cln/u(P1), so rnu(V) > 4; a con-
tradiction. Hence v € V. If {z1, 23,23} C U, then ry/,(U) > 4; a contradiction. Also, if {z1,23,23} C V,
then, as {«, B, v} is a triad in N\e, we have that v ¢ cly/y(P1), so ry/u(V) > 4; a contradiction. It now
follows that |U N{zq, 22,23} > 1 and |V N{z1, 23, z3}| > 1. Since {v,u,u’} is a triad in N\e, we have
rvu({a, B, z4}) =rn({a, B, z4}). As N has no triangles, this implies that ry/, ({ct, 8, 24}) =3, 50 24 ¢ U;
otherwise, ry/y(U) > 4. Therefore z4 € V. If u’ € V, then ry,, (V) >4 as rn((P1 N V) U {u,u’, v}) =5.
This contradiction implies that u’ € U.

Assume |V N {z1,22,23}| = 2. Then ry/u(V N P1) =3 as ry(V N Py) =3, and so rypu(V) > 4;
a contradiction. Thus |V N {z1,23,z3}l =1 and so |U N {z1,22,23}| = 2. If v’ ¢ clyu({cx, B}), then
rn/u(U) > 4; a contradiction. Therefore u’ € cly/y({or, 8}). Consider N\e. Since N has no triangles,
it follows that

Mo B} {u.u'}) =r(fe. BY) +r({u.v'}) —r(fe. B.u.u'})
=2+42-3=1.

Furthermore, r(P; U v) =4 and so {«,B,u,u’} is a 3-separation in N\e. It now follows that
({a, B}, {u,u'}, Py U V) is a flower in N\e of the form analyzed in (iii)(a). This completes the anal-
ysis of (iii)(b) and therefore completes the analysis of (I).

(M) r(N) =6 and |E(N)| € {11,12}.

(i) @ is a paddle. Since @ is a paddle,

6 =r(N\e) =r({a, B}) +1(P1) +1(P2) — 4.
Thus 8 =r(P1) + r(Py) < |P1| 4+ |P2] <9, so either Py or P, is independent. Also, as neither P1 C
fcl({«, B}) nor P, C fcl({«, B}), we have r(P1) > 3 and r(P;) > 3. Without loss of generality, there are

two possibilities to consider: either r(P1) =3 and r(Py) =5; or r(P1) =r(P3) =4.
If r(P1) =r(P3) =4, then we may assume that P; is independent. Then, as «, 8 € cl(P3),

rne(P1) =|P1| = r(N\e) +1(P2 U {a, B}) =2.
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Thus P; is a 4-element cosegment of N\e that avoids « and $. Hence, by Lemma 7.1, that there is an
element y in Py Ue such that y does not expose any 3-separation in M*\y; a contradiction.

We may now assume that r(P1) =3 and r(P;) = 5. Consider N/e. By Lemma 6.2(iii), N/e has
a 3-separation (R, G), where ry/(R),n/(G) > 3, and R or G contains {c, 8}. Since e ¢ cl(Pq1 U
{a, B}), we have ryse(Pq U {o,B}) =3 and Pq U {a, B} contains no triangles in N/e. Therefore,
as |P; U {a, B} > 5, we may also assume by switching to a closure-equivalent 3-separation that
Py U{a, B} € R and so G C P;. Since N is 4-connected, e ¢ cI*(R). Therefore, by Lemma 2.1, e € cl(G).
Then e € cl(Py), so P is 3-separating in N; a contradiction. We conclude that & is not a pad-
dle.

(ii) @ is a copaddle. Since neither P1 nor P; is a subset of fcl({ct, 8}), we have |Pq[, |P2| > 3. Also,
as N has no triangles, r(P1),r(P3) > 3. Thus, as

6=r(N\e) =r({a, B}) +r(P1) +r(P2) -2,

r(P1) =r(Py) = 3. If |P1| > 5, then, by Lemma 7.1, there is an element x € Py such that x does
not expose any 3-separation in M\x. Thus, by symmetry, we may assume that |Pq[, |P3| < 4. But
|[E(N)| € {11,12} and so |P1| = |P2| = 4. Now, by Lemma 3.1, either Py or P; is sequential. Without
loss of generality, we may assume that P, is sequential. Let (y1, y2, ¥3, y4) be a sequential order-
ing of P;. Since N has no triangles, {y1, y2, 3} is a triad in N\e. Now, as [](P1, P2) =0, we have
[1(P1, P2 Ue) <1, and so there is an element a € P1 — cl({«, B} U P3) such that a ¢ cl(P2 Ue).

Consider N/a and note that, as a is either in a triad or a quad of N\e, it follows by Lemma 2.13
that N\e/a is 3-connected. Furthermore, we have

I_lN/a({a’/S}s P] _a) :I_IN/a(Pl —a, PZ) :l_IN/a(P27{anB}) =0.

By Lemma 6.2(iii), we may assume that N/a has a 3-separation (R, G), where ry/q(R),n/q(G) = 3,
and {«,B} C R. As P; —a is a triangle of N/a, we may also assume that either P; —a C R or
Py —a € G. Suppose that P; —a C R. Then ry/q(R) =4, and so RN {y1, y2, y3} is empty; otherwise,
rN/a(R) > 5 and so ryq(G) < 2; a contradiction. Thus {y1, ¥2, ¥3} € G so {y1, ¥2, y3} spans G in N/a.
By our choice of a, we have that e ¢ cly/q(G — e). Therefore, as N/a\e is 3-connected, it follows by
Lemma 2.21 that e € cly/q(R —e). Hence {y1, y2, y3} is a triad in N; a contradiction. Thus P1 —a C G.
If [RNP2|=|GN P3| =2, then rn/q(R), n/q(G) > 4; a contradiction as (R, G) is a 3-separation in N/a.
Therefore either [RN P2| >3 or |GN Py| > 3. But, as N has no triangles and a ¢ cl(P3), any 3-element
subset of P, is independent in N/a. Therefore either ry/q(R) > 5 or rn/q(G) > 5; a contradiction. Thus
@ is not a copaddle.

(iii) [ (@, B}, P1) =[1(P1, P2) =[|(P2, {@, B}) = 1. By Lemma 3.1, both Py and P, are sequential.
Furthermore, as

6=r(N\e) =r({a, B}) +r(P1) +1(P2) -3,

r(P1) +r(P2) =7, and so we may assume that r(Py) € {2, 3}.

Before partitioning (iii) into two subcases depending on the rank of P,, consider P;, where i €
{1,2}. Let |Pj| =k, and suppose that 3 <k < 5. Let (z1,22,...,2¢) be a sequential ordering of P;.
Since N has no triangles, it follows that {zi, z3, z3} is a triad in N\e. If z4 € cl*N\e({z1,zz,Z3}), then
{z1, 22, 23, z4} is a 4-element cosegment in N\e avoiding @ and B, so the lemma holds by Lemma 7.1.
Thus, if k > 4, then z4 € ClN\e({Zl, z2,z3}). If z5 € ClN\e({Z],Zz,Zg,, z4}), then {z1, 22,23, 24,25} is a
5-element rank-3 subset of E(N) avoiding @ and B, and so the lemma holds by Lemma 7.1. Therefore,
if k=5, then z5 cl’,i,\e({z1,zz, z3, 24)).

(iii)(@) r(P2) =2. Since N has no triangles, |P2| =2 and so |Pi| € {6,7}. Let (z1,22,...,2)
be a sequential ordering of Py. Then, from above, {z1,z3,z3} is a triad in N\e, the element
z4 € cdpe({z1,22,23}), and z5 € cl’,ﬁ,\e({z1,zz,Z3,Z4}). Now ry\e(P1) = 5. Thus if k =6, then zg €
clﬁ\e({zl, 22,23, 24, 25)). Moreover, if k = 7, then either zg € clﬁ\e({zl, 22,23,24,25)) and z7 €
ClN\e(Pl —2Z7); OT Zg € ClN\e({Z1, Z2,23,24, Z5}) and Z7 € Cl;i]\e(Pl —Z7).
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To maintain symmetry, let {Q1, Q2} = {{«, B}, P2}. First suppose that k =6. Then |E(N)| =11 and
so, by (I) of the lemma, which we have already proved, it suffices to show that there is an element a
of E(N) — {«, B} such that N/a is sequentially 4-connected. We assume no such element exists.

74.10. Letk € {1,2}. If Q U z; is a triad in N\e for some i € {5, 6}, then Q; U z; is not a triad in N\e, where
je{5,6}—i.

To show this, suppose that Qj Uz; is a triad for some k and i. Let p € Q. If QU z; is a triad in
N\e where i # j, then, by circuit elimination, {p, zs, zg} is a triad in N\e. But Q1 U Q> is a circuit of
N\e and [(Q1 U Q2) N{p, z5, z6}| = 1, contradicting orthogonality. Hence (7.4.10) holds.

7411. There is an element a of {z1, z2, z3} such that a ¢ cly(Q1 U Q2 U {z;, e}), where i is chosen in {5, 6} so
that if a triad of the type described in (7.4.10) exists in N\e, then Q1 U z; or Q; U z; is a triad of N\e.

By Lemma 2.10(ii), []({z1, 22,23}, Q1 U Q2) =0, so [|({z1, 22,23}, Q1 U Q2 U {z;, e}) < 2. Hence
there is such an element a in {z1, z2, z3}.

Consider N/a and note that, by Lemma 2.13, N\e/a is 3-connected. As N/a is not sequentially
4-connected, it has a non-sequential 3-separation (R, G). Since N/a has {z1, z2, z3, z4} — a as a circuit,
we may assume that either {z1, z, 23,24} —a C R or {z1,22,23,24} —a CG.

7.412. Neither Q1 U Q2 CRnor Q1 U Q3 CG.

Assume that Q1 UQy C R. Then G —e C Py —a. If {z1,22,23,24} —a C R, then |G| <3; a
contradiction as (R, G) is non-sequential. Therefore {z1, 23, z3,2z4} —a € G. By Lemma 2.21, either
eeclyia(R —e) or e eclyg(G —e). If e e clya(G —e), then e e cl(P1), and so (P1, {a, B} U Py) is
a 3-separation of N; a contradiction. Therefore e € cly/q(R —e) so (RUe, G —e) is a non-sequential
3-separation of N/a. Since (z1, z2, z3, 24, 25, Zg) is a sequential ordering of P in N\e, it follows that

({21, 22,23, 24} — a, 25, 26, {ot, B} U P3)

is a 3-sequence in N/a\e. By [5, Lemma 5.8], ({z1,22,23,24} — a,z6,25,{er, 8} U Py) is also a
3-sequence of N/a\e. Thus G — e is sequential in N/a\e and therefore, as e € cly/q(R — e), we deduce
that G — e is sequential in N/a; a contradiction. So Q1 U Q2 € R and, by symmetry, Q1 U Q € G;
that is, (7.4.12) holds.

By Lemma 2.12 and (7.4.12), we may now assume that Q; C R and Q, C G. Furthermore, without
loss of generality, we may also assume that {z1, z, z3, z4} —a C R. Then, by Lemma 2.10, ry/q(R) > 4.
Since |G| > 4, we have |G N {zs,z6}| > 1. If |G N {zs5, z6}| = 2, then ry/q(G) > 4, contradicting the fact
that (R, G) is a 3-separation of N/a. So |G N {z5,zs}| =1, and G — e is a triad in N\e/a and therefore
a triad in N\e. Let {s} = RN {zs5, zs} and {g} = G N {zs, z5}.

By Lemma 2.21, either e € cly/q(R —e) or e € cln/q(G —e). If e € cly/q(R — e), then, arguing as in
the proof of (7.4.12), we get that G — e is sequential; a contradiction. So e € cly/q(G —e). If Q1 Us is
a triad in N\e, then, as e e cly/q(G — e), we have Qq Us is a triad in N; a contradiction. Therefore,
Q1 Us is not a triad in N\e. Since Q; U g is a triad in N\e, it follows by (7.4.10) that Q, Us is not
a triad in N\e. Thus, by the choice of a in (7.4.11), a ¢ cIyn(Q1 U Q2 U {g, e}). Since e ¢ cly(Q U g), it
follows that e ¢ cly/q(Q2 U g); a contradiction as Q2 U g =G —e. It now follows that we may suppose
that k=7.

Assume that zg € Cl*N\e({Z1,Zz,23,Z4,25}) and z7 € cly\e(P1 — z7). Consider N/zs and note that,
by Lemma 2.11, N\e/z5 is 3-connected. By Lemma 6.2(iii), N/zs has a 3-separation (R, G), where
TN/z5(R),TN/zs(G) > 3, and R or G contains {c, 8}. Furthermore, as ry;z;(Q1 U Q2 U z7) = 3, we may
assume that Q1 U Q2 Uz7; C R. By Lemma 2.21, either e € cly/z; (R —e) or e e cly/z (G —e). If e e
cIn/zs (G —e), then Q1 U Q3 is 3-separating in N; a contradiction. Therefore e € cly/z5(R — e). As
{z1,22, 23} is a triad in N\e/zs, it follows by Lemma 2.22 that |{z1, 22, z3}NR| > 1 and so ry/z;(R) > 4.
If zg € R, then ry/;;(R) > 5; a contradiction as ry,,5(G) > 3 and (R, G) is a 3-separation of N/zs. Thus
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z6 € G. Now |G N {z1, 22, 3, Z4}| < 2, otherwise ry/;;(G) > 4; a contradiction as ry/z;(R) > 4. But this
implies that G —e is a triad in N\e/z5 and so, by Lemma 2.22, e € cln/z; (G — e); a contradiction.

Now assume that zg € cly\e({z1, 22, 23, 24, z5}) and z7 € cl’,‘\,\e(Pl —z7). If zg € cl(Q1 U Q3), then,
by interchanging the roles of zg and z7 in the analysis of the previous paragraph, we deduce that zs
does not expose any 3-separation of M*\zs. Thus we may assume that zg ¢ cl(Q1 U Q3). Furthermore,
z6 ¢ cl({z1, 22, 23, z4}); otherwise N has a 5-element rank-3 set that avoids o and B, and so the
lemma holds by Lemma 7.1.

The next assertion holds because [|({z1, 22,23}, Q1 U Q2 U {z7,€}) < 2.

7.413. There is an element a of {z1, z2, z3} such thata ¢ cly(Q1 U Q2 U {z7, e}).

For the element a just found, by Lemma 2.13, N\e/a is 3-connected. By Lemma 6.2(iii), there is a
3-separation (R, G) of N/a such that ry/a(R),rn/a(G) > 3, and R or G contains {«, 8}. Furthermore,
we may assume that either {z1, z2, 23,24} —a C R or {z1,22,23,24} —a C G.

7.4.14. Neither Q1 UQ2 S Rnor Q1 U Q2 CG.

Assume that Q1 U Q; C R. By Lemma 2.21, e e cly/q(R —e) or e e cln/q(G —e). If e e cln/a(G — @),
then, as G — e € P; —a, we have that Qi U Q; is 3-separating in N; a contradiction. Thus
e eclnna(R —e). If {z1,22,23,24} —a C R, then (z5,25,27} =G —e, so G —e is a triad in N\e/a.
But e € cly/q(R —e). Thus G is a triad in N/a, and therefore a triad in N; a contradiction. So
{z1,22,23,24} —a S G. If zs € G or z5 € G, then zs € cln/a(G) or zs € cly/a(G), respectively, and so
we may assume that {z5,zg} € G. In this instance, R —e € Q1 U Q3 U z7 and so, by (7.4.13) and
Lemma 2.2, e ¢ cly/q(R — e). This contradiction implies that zs, zg € R. But then, as zg ¢ cl(Q1 U Q2),
we have ry/q(R) > 5; a contradiction as rn/q(G) > 3. Hence Q1 U Q> ;t_ R and so, by symmetry, (7.4.14)
holds.

By Lemma 2.12 and (7.4.14), we may now assume that Q; € R and Q, € G. Furthermore, we
may also assume that {z1, 23, 23,24} —a € G. Thus, by Lemma 2.10, rn/q(G) > 4. If zs € G or z5 € G,
then zg € cly/q(G) or zs € cly/q(G), respectively, and so we may assume that {zs,z¢} € G. In this
instance, z7 € R; otherwise ry,q(G) > 5, contradicting the fact that ry/q(R) > 3. Therefore R — e C
Q1UQ2Uz; and so, by (7.4.13), e ¢ cly/q(R — e). By Lemma 2.21, this implies that e € cly;q(G —e)
which, in turn implies that Q; Uz is a triad in N/a and therefore a triad in N; a contradiction.
Thus z5,zg € R. As zg ¢ cl(Q1 U Q2) and {z1, z2, z3, e} is a cocircuit of N containing a, it follows that
25,26 ¢ Cln/a(Q1U Q2) and zs ¢ cln/a(Q1 U Q2 Uzg). Thus ry/a(R) > 4; a contradiction as ry/q(G) > 4.
This completes the subcase when r(P;) = 2.

(iii)(b) r(P2) = 3. Let (z1, 22, ..., zx) be a sequential ordering of P;. Since r(P3) =3, it follows that
|P3| >3 and r(P1) = 4. Therefore, by the set-up prior to (iii)(a), k € {5, 6}, and {z1, z2, z3} is a triad in
N\e; z4 € cly\e ({21, 22, 23}); and z5 € cl}i,\e({zl, 22,73, 24}). Moreover, if k = 6, then zg € cly\e(P1 — Z6).
Now let (y1, y2,...,y) be a sequential ordering of P,. By the set-up prior to (iii)(a), [ € {3, 4}, and
{¥1,¥2,y3} is a triad in N\e. Also y4 € cIy\e({y1, y2, y3}) if | =4. Without loss of generality, we may
assume that Pq is closed. Thus if y4 exists and belongs to cl(Py), then k =5 and we relabel y,4 as zg.
Hence we may assume that y4 ¢ cl(Pq).

Noting that [7]({e, B}, {z1, 22, 23, z4}) € {0, 1}, we partition (iii)(b) into cases depending on the
value of [|(fa, B}, {z1. 22, 23, z4}). First assume that

Mo, B), (21, 22, 23, 24)) = 1.

Then r({«, B, z1, 22, 23, za}) = 4. Consider N/zs and note that, by Lemma 2.11, N\e/zs is 3-connected.
Furthermore, observe that, as N has no triangles, {z1, z2, z3, z4} contains no triangles in N/z5 and, if
Y4 exists, {y1,Y2,¥3, Y4} contains no triangles in N/zs. By Lemma 6.2(iii), N/z5 has a 3-separation
(R, G), where ry/z5(R), Tn/25(G) =23 and o, B € R.

74.15. |{y1,y2, y3} NR| #3.



J. Oxley et al. / Advances in Applied Mathematics 47 (2011) 463-508 499

If {y1,Yy2,y3} N R| =3, then, by closure-equivalence, we may assume that E(N) — {e, z1, z2,
23,25} € R. Thus ry;z5(R) > 4, so {z1, 22,23} € G, otherwise ry/,5(R) > 5; a contradiction. But then
both R — e and G — e contain a triad in N\e/z5, contradicting Lemma 2.22. Hence (7.4.15) holds.

7416. |{y1,y2, y3} NR| #2.

Suppose that [{y1, ¥2, y3}NR| = 2. If |{z1, 22, z3, z4} N R| > 3, then, by closure-equivalence, we may
assume that Py —z5 C R, and so rn/z5(R) > 5; a contradiction. Thus [{z1, 22, 23, 24} NG| > 2. Therefore,
as R and {«, B} U P, are 3-separating sets in N/zs\e, it follows by uncrossing that R N ({«, B} U P3)
is a 3-separating set R’ in N/zs\e. Let G’ = E(N) — (R"Uz5 Ue). Then (R’,G’) is a 3-separation of
N/zs\e. Since rn/z (R') > 3 and 1/, (G") > 4, it follows that ry/z5(R") =3 and ry/z5(G) = 4.

If y4 exists, then y4 € G’, otherwise y4 € R’ and ry/;5(R’) > 4. But then, as y4 ¢ cl(P1), we have
that y4 ¢ cly;z5(P1) and so rN/ZS(G’) > 5; a contradiction. Thus we may assume that y4 does not
exist.

Since y4 does not exist, |R’| = 4. Furthermore, as z5 ¢ cly(R’), we have that R’ is 3-separating in
N\e and []y(R' N Py, {a, B}) = 1. It now follows that ({e, B}, (G’ Uzs) —e, R — {c, B}) is a flower in
N\e of the form analyzed in (iii)(a). Hence [{y1, ¥2, ¥3} N R| # 2; that is, (7.4.16) holds.

7417. |{y1,y2, 3} NR| # 1.

Suppose that |{y1, y2,y3} N R| = 1. If |{z1, 22, z3, 24} N R| > 3, then, by closure-equivalence, we
may assume that {z1, 23, 23,24} € R and so rn/z (R) > 5; a contradiction. So |{z1, 22, 23,24} N R| < 2.
If |{z1,22,23,24} N G| > 3, then, by closure-equivalence, we may assume that {zi,z3,23,24} C G
and zg € G if zg exists. Assume that y, does not exist or if it exists, then y4 € G. If R —e =
{a, B} U ({¥1,y2,¥3} N R), then R —e is a triad in N\e/zs5. But {z1, z2,z3} is a triad in N\e/z5 and
{z1, 22, z3} € G. This contradiction to Lemma 2.22 implies that y4 exists and y4 € R. But {«, 8, y4} is
not a triangle in N/zs, and so rn/z;(R) > 4. Since rn/z; (G) > 4, we have another contradiction. Thus
Hz1,22,23,24} NG| < 2, so0 |{z1,22, 23,24} N R| =2 = |{z1, 22, 23, 24} N G|, in which case, ry,;;(R) =4
and rn/z(G) = 3.

If z4 € R, then {«, B, z4} is a triangle in N/zs and so {«, B, z4, z5} is a circuit in N. But this implies
that ry({z1, 22, 23, z4, @, B}) = 5; a contradiction as, by assumption, ry({z1, 22, 23, z4, &, 8}) = 4. Thus
z4 € G. Since rn/z;(G) = 3, it follows that (G N {y1, y2,¥y3}) Uz4 is a triangle in N/zs. If y4 exists,
then, as {a, B, y4} is not a triangle in N/zs, it follows that y4 € G, otherwise y4 € R and ry/z5(R) > 5.
But then ry/z(G) > 4; a contradiction. So y4 does not exist and, similarly, zg does not exist. It now
follows that

({a. BYU (RN {z1, 22, 23}), (G N {21, 22, 23, 24}) U {¥1. ¥2. ¥3})

is a 3-separation of N\e/zs. If z5 € cIy({er, B} U (RN {z1, 22, z3})), then cl({«, B} U (P1 — z5)) is a hy-
perplane in N. But ry({e, B} U (P — z5)) = 4; a contradiction. Thus zs5 ¢ cly ({o, B} U (RN {z1, 22, z3})),
so ry({o, B} U (R N {z1, 22, 23})) = 3. In particular, {«, B} U (R N{z1, 22, z3}) is 3-separating in N\e.
Since [y ({a, B}, RN{z1, 22, z3}) =1, it now follows that ({o, B}, RN{z1, 22, z3}, (G N{z1, 22, 23, 24}) U
{¥1,¥2,¥3,25}) is a flower in N\e of the form analyzed in (iii)(a). Hence |{y1,y2, y3}| # 1; that is,
(7.4.17) holds.

7418. |{y1,y2,y3} NR| #0.

Suppose that [{y1,y2,y3} N R| =0. If {z1,22,23} € G, then ry/,5(G) > 5; a contradiction. Thus
{z1,22,z3} N R| > 1. If {z1,22,23} C R, then each of R — e and G — e contain a triad in N\e/zs,
contradicting Lemma 2.22. Therefore |{z1, 23,23} NG| > 1, and s0 rn/z; (R) =3 and ry/;5(G) =4.

If z4 € R, then, as rn/z (R) =3 and {z1, 3, z3} is a triad in N/zs5, we have z4 € cly/z;, ({@, B}). Since
{a, B, z4} is not a triangle in N, it follows that {«, B, z4, z5} is a circuit in N. But ry({«, 8, 21, 22,
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73, 24}) =4 and so ry({a, B} U P1) = 4; a contradiction. Thus z4 ¢ R, and so z4 € G. Since ry/z(G) =4,
we have z4 € cIn/z; ({y1, ¥2. y3D).

Assume that zg exists. If zg € cly/z; ({or, B}), then zg € cly({a, B, z5}). But zg ¢ cIy({o, B}), s0 z5 €
cIy({a, B, z6}); a contradiction. Thus zg ¢ cln/zs ({r, B}). Therefore, if zg € R, then ry/z(R) > 4; a
contradiction. So zg € G. But then either ry,,;(G) > 5 or ry/z, ({24, z6}) = 2; a contradiction. Therefore
zg does not exist. On the other hand, if y4 exists, then, as {y1, y2, y3} € G, we may assume that
y4 €G.

If |{z1,22,2z3} NG| =2, then R — e is a triad in N\e/zs. But {y1, y2, y3} is also a triad in N\e/zs
and {y1, ¥2, y3} € G — e, contradicting Lemma 2.22. Thus |{z1, z3, z3} N R| = 2. Since z5 ¢ cly ({c, B} U
(P1 — z5)), it follows that ry({c, B} U (R N {z1, z2, z3})) = 3. Therefore, {c, B} U (R N {z1, 22, z3})
is 3-separating in N\e. Since [|y({c, B}, R N {z1,22,23}) =1, it now follows that ({o, 8},R N
{z1,22,23}, GUZzs) is a flower in N\e of the form analyzed in (iii)(a). Hence (7.4.18) holds.

It follows from (7.4.15)~(7.4.18) that [ |({e, B}, {21, 22, 23, z4}) # 1.

Now assume that [|({«, B}, {z1, 22, 23, z4}) = 0. By Lemma 2.10(i), we have the following result.

7.419. There is an element a of {z1, z2, z3} such that a ¢ cly({«, B, e} U Py).

Consider N/a. By Lemma 2.13, N\e/a is 3-connected and so, by Lemma 6.2(iii), there is a
3-separation (R, G) of N/a such that rn/q(R),"n/q(G) >3 and «, B € R. We may assume that ei-
ther {z1,22,23,2z4} —a C R or {z1,22,23,24} — a C G. Suppose that {z1,z2,23,z4} — a C R. Then,
as [1({e, B}, {21, 22,23, 24}) = 0, we have ry/q(R) > 4. Therefore ry/q(R) =4 and ry/q(G) = 3. If
{y1,¥2,¥3} N R| > 1, then ry,(R) > 5; a contradiction. Thus {yq,y2,¥3} € G. If z5 € G, then
rN/a(G) > 4; a contradiction. Therefore z5 € R, and so G — e C cly/q(P2 U {«, 8}). By Lemma 2.21,
either e € cly/q(R —e) or e € cly/a(G —e). If e € cly/a(G — e), then e e cly/o({@, B} U P3). But then
e e cly({ae, B,a} U Py), and so, as e ¢ ciy({o, B} U P2), we have a € cly({«, 8, e} U Py), contradict-
ing (7.4.19). Thus e € cly/q(R — e), and so {y1, y2, y3} is a triad in N/a and therefore a triad in N; a
contradiction. Therefore {z1, z, 23,24} —a C G.

74.20. |[RN{y1, y2, y3}| #3.

Suppose |R N {y1,y2,y3}| = 3. Then ry,(R) =4 and so zs € G. By Lemma 2.21, either e
cly/a(R —e) or e e clysa(G —e). If e e cly/q(R — e), then e € cly/q({a, B} U P2), contradicting our
choice of a. Thus e € cly/a(G —e). But then {y1, y2, y3} is a triad in N/a and therefore a triad in N; a
contradiction. Hence |R N{y1, ¥2, y3}| # 3; that is, (7.4.20) holds.

74.21. |[RN{y1,y2, y3} #2.

Suppose |[RN{y1, ¥2, y3}| = 2. If y4 exists, then y4 € G otherwise, by closure-equivalence, we may
assume that {y1, ¥2, ¥3} € R; a contradiction. Therefore, as P, U {«, 8} and R — e are 3-separating
sets in N\e/a, it follows by uncrossing that {«, 8} U (R N {y1, ¥2, ¥3}) is a 3-separating set in N\e/a.
Since the complement of {&, 8} U (RN {y1, y2, y3}) has rank at least 4, it follows that ry\e/q({or, B} U
(RN {y1,y2,y3})) =3, which in turn implies that ry\e({or, B} U (RN {y1, ¥2, y3})) = 3. Thus {«, B} U
(RN {y1,y2,y3}) is 3-separating in N\e, and so ({«, B8}, P1 UG, RN {y1,y2,y3}) is a flower in N\e.
Moreover, [|y({a, B}, RN {y1,y2.¥3}) =1, so it is a flower of the form analyzed in (iii)(a). Hence
I[RN{y1,y2, y3}| # 2; that is, (7.4.21) holds.

74.22. |[RN{y1, y2,y3}| #0.

Suppose |R N {y1,y2,y3}| =0. Then {y1,y2,¥3} € G, and so we may assume that y4 € G if y4
exists. Moreover, ry/q(G) =4 and ry,q(R) = 3. If z5 € G, then rn/q(G) > 5; a contradiction. So z5 € R.
Also, if zg exists, then zg ¢ R, otherwise ry/q(R) > 4 as zg ¢ cIn/a({a, B}). Thus if zg exists, then
z6 € G. It now follows that R — e is a triad in N\e/a. But {y1, y2, y3} is also a triad in N\e/a and
{y¥1,¥2,¥3} € G — e, contradicting Lemma 2.22. Hence (7.4.22) holds.



J. Oxley et al. / Advances in Applied Mathematics 47 (2011) 463-508 501

It follows from (7.4.20)-(7.4.22) that we may assume |R N {y1, y2,y3}| = 1. Suppose |_|N/a(G n
{y1,¥2,¥3},P1 —a) =0. Then ry;(G) > 4, and so rn/q(G) =4 and rn/(R) = 3. If z5 € R, then
rN/a(R) > 4; a contradiction. If zs € G, then ry/,(G) > 5; a contradiction. Therefore |_|N/a(G n
y1,¥2, 31, P1—a) > 1.

Assume that zs5 € G. Then, by closure-equivalence, we may assume that if zg exists, it is in G.
Suppose that either y4 does not exist, or y4 exists and y4 € G. Then {o, 8} U (RN {y1,y2,¥y3}) is
a triad in N\e/a. Now, by Lemma 2.21, either e € cly/q(R —e), or e € cly/q(G — e). Our choice of
a implies that e € cly/a(G —e) and so {c, B} U (RN {y1,y2,y3}) is a triad in N/a and therefore a
triad in N; a contradiction. Thus we may assume that y4 exists and y4 € R. But then ry/q(R) > 4; a
contradiction as rn/q(G) > 4. Hence z5 € R and so ry/q(R) =4 and ry/q(G) = 3.

7.4.23. Neither zg nor y4 exists.

If zg exists, then zg € G; otherwise ry/(R) > 5 as {«, B, zg} is not a triangle in N. But then zs €
CcIn/a(G N {z1,22,23,24}) as TN/a(G) = 3. So {z1, 22,23, 24, 26} is a 5-element rank-3 subset of E(N)
in N avoiding o and g, contradicting Lemma 7.1. Thus zg does not exist.

If y4 exists, then y4 € G; otherwise ry/q(R) > 5. But then, as ry/,(G) = 3, it follows that (G N
{¥1,¥2,¥3}) Uys is a triangle in N/a and so, by our choice of g, is a triangle in N; a contradiction.
So y4 does not exist, and (7.4.23) holds.

Since the element of RN {y1, y2, ¥3} is a coloop of R in N\e/a, it follows that {«, 8, zs} is a triad
in N\e/a. Thus {«, B, z5} is a triad in N\e. Since N is 4-connected, this implies that

74.24. {«, B, z5, e} is a cocircuit in N.
7.4.25. In N, there is no 4-element rank-3 subset of {«, B} U {y1, y2, ¥3} that includes « and B.

Suppose that C is such a subset. Then C is a circuit in N and hence in N\e/a. The element of
{o, B, ¥1, Y2, y3} — C is a coloop of this set in N\e/a. Thus C is 3-separating in N\e/a. The choice of
a implies that C is 3-separating in N\e. Let C — {«, 8} = {c1,¢2} and P, — {c1,c2} =d. Suppose C is
not a cocircuit in N\e. Then cly\e(P1Ud) N C is non-empty. If o € cly\e(P1Ud), then g € cly\e(P1Ud)
and so, as N\e is 3-connected, it follows that C  cly\e(P1Ud); a contradiction. Thus, without loss of
generality, we may assume that c; € cIy\e(P1Ud). Since N\e is 3-connected, c1 ¢ cIy\e(P1Ud). It now
follows that («, B, c1, c2, d) is a sequential ordering of P> U{c, 8} in N\e. But then P; C fcly\e({o, B));
a contradiction. Hence C is a cocircuit in N\e and hence in N\e/a.

If [CN(GN Py)| =1, then rn/(G) > 4; a contradiction. So C = {a, 8} U (G N P3). But then, as
rN/a(G) = 3, it follows that (G —e) U {a, B} has rank 4 in N\e/a and so (RN P3)Uzs, (G—e)U{a, B})
is a 2-separation of the 3-connected matroid N\e/a; a contradiction. Thus (7.4.25) holds.

It follows from (7.4.23) and (7.4.25) that |[E(N)| =11 and r({«, B} U{p, q}) =4 for all distinct p,q €
{y1, ¥2, y3}. Now consider N/zs. We show next that N/zs is sequentially 4-connected. As |E(N)| =11,
it will follow by the dual of (I) of this lemma, which we have already proved, that E(N) — {«, 8}
contains an element x that does not expose any 3-separation in M’\x for some M’ in {M, M*} thereby
completing the proof of the lemma when (II) holds.

Assume that (U, V) is a non-sequential 3-separation of N/zs. Then |U|,|V| >4 and ry/,5(U),
N/zs (V) > 3. Without loss of generality, we may assume that «, 8 € U. Note that, by Lemma 2.11,
N\e/zs is 3-connected.

74.26.|U N {y1, y2, y3}| #3.

Suppose |U N {y1, y2,y3}| = 3. Since |V| > 4, we may assume that {z1, zp, 23,24} € V. But then
each of U —e and V — e contains a triad in N\e/zs, contradicting Lemma 2.22. Thus (7.4.26) holds.

74.27.|U N {y1, y2, y3}| #2.
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Suppose |U N {y1, ¥2,y3}| = 2. Then, as rn/z;({, B, ¥1,y2, ¥3}) =4 and ry/z,({a, B} U {p.q}) =4
for all distinct p, q € {y1, ¥2, y3}, it follows that (U U P,V — P5) is a non-sequential 3-separation of
N/zs. But, by (7.4.26), there is no such 3-separation, and so (7.4.27) holds.

74.28. U N{y1,y2, y3}| # 1.

Suppose that |U N {y1, y2,y3}l = 1. Let {f} =U N {y1,y2,y3} and {g, h} =V N{y1, y2, y3}. As-
sume that |_|N/ZS({g,h}, P1 —2z5) =0. If P; C U, then |V| < 3; a contradiction. If Py C V, then,
as |—|N/ZS({g,h}, Py —z5) =0, we have ry/;;(V) > 5 and so ry;;5(U) < 2; a contradiction. Thus we
may assume that P is not spanned by Py NU or P1NV in N/z5 so |[P1NU|=2=|PyNV]|. Thus
N/zs(U) > 4. Moreover, as |—|N/ZS({g, h}, P1 — z5) =0, we have ry/z, (V) =4, a contradiction.

We may now assume that |_|N/25({g,h}, P1 — z5) = 1. Then {«, B, f} is a triad in N\e/zs. Since
{o, B, f} C U, it follows by Lemma 2.22 that e € cly/,5(U — e). Now Py € U, otherwise |V| < 3. If
P1 CV, then V —e and U — e both contain a triad in N\e/zs, contradicting Lemma 2.22. Thus,
as in the last paragraph, we may assume that [P1 N U|=2=|P; N V|. Then ryn/;;(U) >4 and so
rN/Z5(U) =4 and TN/ZS(V) =3.

Consider z4. If z4 € V, then, as ry,,5(V) =3, we have that {g, h, z4} is a triangle in N/zs. Since
e € cln/z (U —e), it now follows that V is sequential in N/zs; a contradiction. Therefore z4 € U and
{a, B, z4} is a triangle in N/zs as rn/z;, (U) =4. Since (UUe, V —e) is a 3-separation in N/zs and N is
4-connected, (U U{e, z5}, V —e) is not a 3-separation in N. This implies that z5 € cly(V —e). But then
N has a circuit D containing zs such that D — z5s € V — e. But, by (7.4.24), {«, B8, zs, e} is a cocircuit
in N. This contradiction to orthogonality implies that (7.4.28) holds.

74.29.|U N {y1, ¥2, y3}| #0.

Suppose that |[UN{y1, y2, y3}| =0. If {z1, 22, z3} € V, then we may assume that z4 € V, so |U| < 3;
a contradiction. Therefore |{z1, z2,z3} N U| > 1. If {21, z2,z3} C U, then both U —e and V — e contain
a triad in N\e/zs, contradicting Lemma 2.22. Therefore |{z1, 23,23} N V| > 1 and so ry/;;(U) =3 and
rN/Z5 (V) =4.

Suppose z4 € V. Then z4 € cln/z;({y1, ¥2, y3}); otherwise ry/z; (V) > 5. Therefore z4 € cIn({y1, ¥2,
3,25} If z4 ¢ cIN({y1, y2, ¥3}), then z5 € cIy({y1, ¥2, ¥3, z4}) and so N has a circuit consisting of zs
and a subset of {y1, y2, y3, za}. But, by (7.4.24), {«, B, z5, e} is a cocircuit of N, contradicting orthog-
onality. Thus z4 € cly({y1, ¥2, y3}) and so r;‘\,\e({z1,zz, z3,z5}) = 2. Hence ry+({z1, 22, 23, 25, €}) = 3.
By Lemma 7.1, there is an element x in this subset such that x does not expose any 3-separation of
M*\x; a contradiction. Thus we may assume that z4 € U, in which case, as ry/;;(U) = 3, we have that
{o, B, z4} is a triangle in N/zs. Furthermore, |U N {z1, z2, z3}| = 1; otherwise N contains a triangle as
N/zs(U) =3.

Since {y1,y2,y3} is a triad of N\e/z5 and {y1, y2,y3} C V, it follows by Lemma 2.22 that e €
cly/zs(V —e) and e ¢ cly/z5(U —e). Thus e € V and («, B, z4, u) is a sequential ordering of U, where
{u} =U N{z1, z2, z3}; a contradiction. Hence (7.4.29) holds.

It now follows by (7.4.26)-(7.4.29) that there is no non-sequential 3-separation (U, V) of N/zs,
thereby completing analysis of (II).

(M) r(N) =7 and |[E(N)| =12.

It follows from (I) that we may assume that N/f is not sequentially 4-connected for all f €
E(N) —{a, B}.

(i) @ is a paddle. Since @ is a paddle,

7=r(N\e) =r({a, B}) +r(P1) +1(P2) — 4
<2+ (Pl +|P2| —4

=11-4=7.
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Therefore P and P, are independent sets and so, as each is 3-separating in N\e, we have rl’t,\e(Pl) =
2= r,’i,\e(Pz). Without loss of generality, we may assume that |P,| > |Pq]. In particular, |P3| € {5, 6}
and so, by Lemma 7.1, there is an element y in P, Ue such that y does not expose any 3-separation
in M*\y; a contradiction. Hence & is not a paddle.

(ii) @ is a copaddle. Since neither P1 nor P, is a subset of fcl({er, 8}), we have |P1][, |P2| > 3. Also,
as N has no triangles, r(P1),r(P3) > 3. Thus, as

7=r(N\e) =r({a, B}) +r(P1) +1(P2) — 2,

we have r(Pq) +r(P2) =7, and so, without loss of generality, we may assume that r(P;) =4 and
r(Py) = 3. If |Py| =3, then r,’t,\e(Pz U{a, B}) =2, and so P; C fclye({o, B}); a contradiction. Thus
|Py| > 4. If |P3| =5, then, by Lemma 7.1, there is an element x € P5 such that x does not expose any
3-separation in M\x. Therefore |P,| =4, so |P1| = 5. We partition (ii) into two subcases depending
on whether or not Py contains a 4-element circuit.

First suppose that P contains such a 4-circuit Q, and let z be the element in Py — Q. Since
r(Q) =3 and r(P1) =4, it follows that z ¢ cly\e(Q) and so, by Lemma 2.1, z € cl’,i,\e(Pz U, B}).
Therefore Q is 3-separating in N\e. Moreover, as @ is a copaddle, z € cl",{,\e({a, BH. Thus

7.4.30. {«, B, z} is a triad in N\e. In particular, ({c, B, z}, Q, P2) and ({c, B}, Q, P2 U z) are copaddles in
N\e.

Next we show the following.

7.4.31. There is an element a € Q — cly({«, B, z} U Py) such that a ¢ cly(P2 U {z,e}) and a ¢ cly({«, B} U
{z,e}).

Since N\e has ({«, B, z}, Q, P2) as a copaddle, []|({e, 8,2}, Q) = 0. Thus []({e, B,z,€},Q) < 1.
Similarly, as ({«, 8}, Q, P2 Uz) is a copaddle, []((P2 U {z,e}), Q) < 1. Moreover, cly({«, 8,2z} U P2)
contains at most one element of Q. Hence the desired element a exists.

Consider N/a. As a is in a cocircuit of N\e contained in Q, it follows by Lemma 2.13 that N\e/a
is 3-connected. Furthermore,

ﬂN/a({aaﬂaZ}’ Q _a) = |_|N/a(Q —a, P2) = |_|N/a(P25 {aaﬂaz}) =0.

Since N/a is not sequentially 4-connected, it has a non-sequential 3-separation (R, G). By Lemma 2.12,
we may assume that o, 8 € R. As Q —a is a triangle of N/a, we may also assume that Q —a C R or
Q —acCgG.

7432.Q —aZR.

Suppose that Q —a € R. Then G —e C P, Uz. Since N\e/a is 3-connected, it follows by Lemma 2.21
that either e € cly/q(R —e) or e € cly;o(G —e). If e € cln/a(G — e), then e e cIy((G — e) Ua). But
e ¢ cly(G — e); otherwise Q is 3-separating in N. Therefore a € cly(G Ue), so a € cly(P2 U {e, z}),
contradicting (7.4.31). Thus e € cly/,(R — e). Since (R,G) is non-sequential, it now follows that
|[GN P3| >3 and so, as P, contains no triangles in N/a, we may assume that P, C G. But then,
as e € cly/q(R —e), we have e e cly(Py U {a, B}), so P is 3-separating in N; a contradiction. Thus
(7.4.32) holds.

7433.Q —a¢G.

Suppose that Q —a C G. Suppose also that |P, N R| > 3. Then, by closure-equivalence, we may
assume that P, C R. If z € R, then, as |G| > 4, it follows that G = (Q — a) Ue, in which case, G is
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sequential as Q —a is a triangle in N/a; a contradiction. Therefore z € G. If e e cly/q(G — e), then
e e cly(P1) and so P; is 3-separating in N; a contradiction. Therefore, by Lemma 2.21, e € cly/q(R —e)
and e € G. Thus G = (P1 —a)Ue and, as Q1 —a is a triangle of N/a, and Py — a is 3-separating in
N/a, it follows that G is sequential; a contradiction. Thus [P, N G| > 2.

Suppose |P2 N G| > 3. Then, by closure-equivalence, we may assume that P C G, and so z € R
as |R| > 4. By Lemma 2.21, either e € cly/q(R —e) or e € cln/a(G —e). If e € cly/q(R —e), then e €
cIn({ar, B} U P1), and so P is 3-separating in N; a contradiction. If e € cly/q(G — e), then {a, B, z} is
a triad in N/a and therefore in N; a contradiction. Thus we may assume that [P, " R| =2 =|P, NG|,
which implies that ry/q(R),n/a(G) > 4. Since r(N/a) =6, we deduce that ry/q(R) =4 =rn/a(G).
By (7.4.30), {«,B,z} is a triad in N\e, so it is a triad in N\e/a. Therefore ry,(G) > 5 if z€ G, a
contradiction. Thus z € R. But then, as |_|N/a(P2, {a, B,z}) =0, we have ry/(R) =5; a contradiction.
Thus (7.4.33) holds.

It now follows that we may suppose P; contains no 4-element rank-3 subset. In particular, ev-
ery 4-element subset of Py is independent. Since r({c, 8} U P2) =5 and e ¢ cl({«, B} U P3), the
set cl({«, B,e} U Py) has rank 6, and so its complement is a cocircuit C* of N contained in Pj.
Since N has no triangles, it follows by Lemma 2.8 that C* contains an element a € Py such that
a¢cl({a, B,e} U Py) and N\e/a is 3-connected.

Consider N/a. Since P contains no 4-element rank-3 subset, P; —a is a circuit in N/a. Moreover,

I_lN/a({a7/3}s P] _a) :I_IN/a(Pl —a, PZ) :l_IN/a(P27{a713}) =0.

Since N/a is not sequentially 4-connected, it has a non-sequential 3-separation (R, G). By Lemma 2.12,
we may assume that o, 8 € R.

7434.Py —a ¢ R.

Suppose P1 —a C R. Then, as (R, G) is non-sequential, |P, N G| > 3 and so we may assume that
P, € G as P, contains no triangles in N/a. Since N\e/a is 3-connected, it follows by Lemma 2.21 that
either e e cly/q(R —e) or e e cly/q(G —e). If e e cly/q(G —e), then e € cly/a(P2), and so e € cly (P2 Ua).
Since e ¢ cIy(Py), it follows that a € cly(P2 U e), contradicting our choice of a. Thus e € cly/a(R — e).
But then e € cly({or, B} U P1) and so Py is 3-separating in N; a contradiction. Hence (7.4.34) holds.

7435.P1 —a ¢ G.

Suppose P1 —a C G. Then, as (R,G) is non-sequential, [P, N R| > 1. Assume that P, C R.
Then ry/q(R) > 5, and so rys,(R) =5 and ry/q(G) = 3. By Lemma 2.21, either e € cly/iq(R — €)
or e € cly/(G —e). If e e clya(R —e), then e € cIy({a, B,a} U Pp). Since e ¢ cIy({a, B} U Py), it
follows that a € cIy({«, B, e} U P2), contradicting our choice of a. Thus e € cly/(G — e) and so
e € cly(Pq). But then {«, B}UP; is 3-separating in N; a contradiction. It now follows that |[P;NG| > 1,
and so, as P, contains no triangles in N/a, we may assume that |P, N R| =2 = |P3 N G|. Since
|_|N/a(P2, {a, ) =0= |_]N/G(P1 —a, Py), this implies that ry/q(R) >4 and ry,(G) > 5; a contra-
diction as r(N/a) = 6. Hence (7.4.35) holds.

It follows from (7.4.34) and (7.4.35) that we may assume |(P1 —a)NR|=2=|(P1 —a)NG|. If
P, C R, then |G| < 3; a contradiction. So [P, NG| > 1. If P € G, then ry,(G) > 5 and ry/(R) > 4;
a contradiction. Therefore |P, N R| > 1, and so we may assume that [P, N R| =2 = |P; N G|. Now
|cInja(P2 U {a, B}) N (P1 — a)| < 1, otherwise, as N\e/a is 3-connected, E(N) — {e,a} C cly/q(P2 U
{a, B}) contradicting the fact that ry/q(P2 U {o, B}) = 5. Therefore ry/,q(R) > 5; a contradiction as
rN/a(G) > 4. We conclude that @ is not a copaddle.

(iii) [({e, B}, P1) =[1(P1, P2) =[(P2, {t, B}) = 1. Since P; ¢ fcl({er, B}) and P, ¢ fcl({e, BY), it
follows by Lemma 3.1 that P; and P; are both sequential.

Now 7 =r(N\e) = r({«, B}) + r(P1) + r(P2) — 3. Therefore r(P1) + r(P2) = 8. Furthermore, as
|[E(N)| =12, we have |P1|+ |P2| =9. It now follows that either P; is independent or P; is indepen-
dent. Without loss of generality, we may assume that P; is independent. As P; is 3-separating in N\e,
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it follows that rl’t,\e(Pz) = 2. Therefore, if |P,| > 4, then, by Lemma 7.1, there is an element y € P, Ue
such that y does not expose any 3-separation in M*\y. Thus we may assume that |P,| € {2, 3}.

Before partitioning (iii) into two subcases depending on the size of P;, consider Pi. Now |Pq| €
{6, 7}. Let (z1, 22, ..., zx) be a sequential ordering of Pi. Since Py contains no triangles of N\e, it fol-
lows that {z1, z3, z3} is a triad of N\e. If z4 € cl*N\e({z1 ,22,23}), then {z1, z2, z3, z4} is a 4-point coseg-
ment in N\e avoiding @ and $, and so the lemma holds by Lemma 7.1. Thus z4 € cIy\e ({21, 22, 23}).
Since ry\e(P1) = |P1] — 1, it now follows that z; € cl*N\e({z1, ...,zj—q)) forall j>5.

(iii)(a) |P2| =2. In this subcase, |P1| =7 and so r(P;) = 6. Since Py ¢ fcly\e({a, B)), it follows
that both cIy\e(P1) N cln\e(P2) and clyye({r, B}) N cIn\e(P2) are empty. To maintain symmetry, let
{Q1, Q2} = {{, B}, P2}. Now, by Lemma 2.10, r({z1, 22, 23,24} U Q1 U Q2) = 6 and so {zs, zg, z7} is a
triad in N\e.

74.36. Let k € {1,2}. If Qi U z; is a triad in N\e for some i € {5, 6, 7}, then Qi U z; is not a triad in N\e for
each j€{5,6,7} —1i.

Suppose that Qx Uz and Qi U z; are triads in N\e, where i, j € {5,6,7} and i # j. Then Qj U
{z5, z¢, z7} is a cosegment in N\e. In particular, there is a 4-element cosegment in N\e that avoids at
least one element in {c«, 8}. Therefore, by Lemma 7.1, there is an element y in (Qy U {zs, zs, 27, €}) —
{a, B} such that y does not expose any 3-separation in M*\y; a contradiction. Hence (7.4.36) holds.

7.4.37. There is an element a of {z1, z2, z3} such that a ¢ cly({zs, zs, z7,€}) and a ¢ cly (P2 U {«, B, zj, e}),
where i is chosen in {5, 6, 7} so that, if possible, Q1 U z; or Q2 U z; is a triad in N\e.

As [(z1, 22,23}, {25, 26, 27}) = 0, we have []({z1, 22, 23}, {z5, 26, 27, €}) < 1. Furthermore, by
[5, Lemma 5.8] and Lemma 2.10, []({z1,22,23},Q1 U Q2 U z) =0, so []({z1,22,23},Q1 U Q2 U
{zi, e}) < 1. Thus there is such an element a in {z1, z2, z3} satisfying (7.4.37).

Consider N/a and note that, by Lemma 2.13, N\e/a is 3-connected. Since N/a is not se-
quentially 4-connected, it has a non-sequential 3-separation (R, G). By closure-equivalence, either
{z1,22,23,24} —a C R, or {z1,22,23,24} —a C G.

7.4.38. Neither Q1 U Q2 S Rnor Q1 U Q2 CG.

Suppose that Q1 U Q3 € R. Suppose also that {z1, z3, z3,z4} —a € R. Then G = {zs, z6, z7, e} as
|G| > 4. Now a ¢ cIn({zs, z6, 27, €}) and e ¢ cIn({zs, zs, z7}), S0, by Lemma 2.2, e ¢ cly/q(G — e). There-
fore, by Lemma 2.21, e € cly/q(R — e). But then {zs, z, z7} is a triad in N; a contradiction as N is
4-connected.

Now assume that {z1,2z3,2z3,z4} —a € G. Then G — e € Py — a. By Lemma 2.21, either e €
clysg(R —e) or e e clyja(G —e). If e € cly/a(G — e), then e e cly(P1), and so (P1, {a, B} U P2) is a
3-separation in N; a contradiction. Therefore e € cly/q(R — e). Since (z1, 22, 23, 24, 25, 26, 27) i a se-
quential ordering of P1 in N\e, it is easily checked that

({z1. 22,23, 24} — 0, 25, 26, 27, {, B} U P2)

is a 3-sequence in N\e/a. Therefore, by [5, Lemma 5.8], ({z1, 22,23, 24} — 4, Z;, Zj, Z, {&t, B} U P3) is a
3-sequence in N\e/a, where {z;, zj, z} = {zs, z6, 27}. As e € cly/q(R — e), it now follows that G —e,
and therefore G, is sequential in N/a; a contradiction as (R, G) is a non-sequential 3-separation in
N/a. Thus Q1 U Q2 € R and so, by symmetry, (7.4.38) holds.

By Lemma 2.12, (7.4.38), and closure-equivalence, we may assume that Q; C R and Q; € G. We
may also assume that {zq, 23, z3, 24} —a € R. Then, by Lemma 2.10, rn/q(R —e) > 4 and, as |G| > 4,
we have |{zs,z¢,27} N G| > 1. Now |[{z5, zg, z7} N G| # 3, otherwise rn/q(G —e) > 5; a contradiction
as r(N/a) =6. If [{zs,2¢6,27} N G| =2, then ry,e(G —e) > 4 and, by Lemma 2.10, ry/q(R —e) > 5; a
contradiction. Hence [{zs, zs, 27} N G| =1 and |{z5, zg, z7} N R| = 2. Thus |G —e| =3 and rn/q(R) > 5,
so G —e is a triad in N\e/a and hence in N/e. By Lemma 2.22, this implies e € cly/q(G — e).
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Now G —e = Qy Uz; for some j in {5,6,7}. Suppose first that j =i in the selection of a
in (7.4.37). Then a ¢ cIn(P2 U {a, B, z;,e}). As G C {«a, B, z;, e}, it follows that 3 =r1y;q(G) =rn(G),
so e € cly(Q2 U z;). Thus {z1, z2, z3}, which is 3-separating in N\e, is also 3-separating in N; a con-
tradiction. We may now assume that j #i. Then, by (7.4.36), Q1 U z; is a triad of N\e. Thus Q1 U z;
is a triad of N\e/a contained in R — e, contradicting Lemma 2.22. This completes the subcase that
|P2| =2.

(iii)(b) |P2| = 3. Then |P1| =6, so r(P1) =5, and P; is a triad in N\e.

7.4.39. We may assume that there is no triad T in N\e such that T € P, U {z5, zg} and |T N {zs, zg}| > 1.

Suppose there is such a triad T. If |T N P2| =2, then, as P, is a triad in N\e, it follows that P, UT
is a 4-element cosegment in N\e that avoids « and B. Therefore, by Lemma 7.1, there is an element in
P, UT Ue that does not expose any 3-separations in N*; a contradiction. Thus {zs,zg} C T. Let {y} =
T N P,. Since y € Cl?i]\e(l’ﬂ, it follows by Lemma 2.9 that Py Uy and {«, 8} U P1 Uy are 3-separating
in N\e. Therefore ({ct, 8}, P1 Uy, P —y) is a flower in N\e. Furthermore, as [ |({«, 8}, P1) =1 and
y ¢ cl({oe, B} U Py), it follows that [|({e, B}, P1 U y) = 1. Hence ({r, 8}, P1 Uy, P2 — y) is a flower in
N\e of the form analyzed in the previous subcase. Thus (7.4.39) holds.

By Lemma 2.10, [|({z1, 22, z3}, P2 U {a, B}) =0, so [ |({z1, z2, z3}, P2 U{e, B, e}) < 1. From this, we
deduce the following.

7.4.40. There is an element a of {z1, z2, z3} such that a ¢ cly (P2 U {«, B, e}).

Consider N/a. By Lemma 2.13, N\e/a is 3-connected. Also, as (z1, 22,23, 24,25,2¢) iS a se-
quential ordering of Py in N\e, it follows, for each (i, j) in {(5,6), (6,5)}, that ({z1, 2, z3, 24} —
a, z;, zj, {a, B}UPy) is a 3-sequence in N\e/a, where {z;, z;} = {zs, z6}; zj € cl*N\e/a({zl,zz,23, Z4}—a);
and zj € cl’,ﬁ,\e/u(({zl,zz, 73,24} —a) U z;). Now, as N/a is not sequentially 4-connected, it has a non-
sequential 3-separation (R, G). By Lemma 2.12, we may assume that {«, 8} € R. Furthermore, by
closure-equivalence, we may assume that either {z1, z2, 23,24} —a C R or {z1,22,23,24} —a C G.

First assume that {z1, 23, z3, 24} — a € R. Then, by Lemma 2.10, ry/q(R —e) > 4. If [P NR| > 1,
then ry/q(R —e) > 5 as Py is a triad in N\e/a. This implies that ry,(R) =5 and ry/(G) =3, and
so |G N (P2 U{zs,zg})| = 3. But then G —e is a triad in N\e/a and therefore a triad in N\e, contra-
dicting (7.4.39). Thus [P, N R| =0 and so P, C G. Since ry/q(P2 U {z5,26}) =5 and 1y, (R) >4, it
follows that |G N{zs, z6}| < 1. If |GN{z5, z6}| =0, then G = P, Ue, so G —e is a triad in N\e/a. There-
fore, by Lemma 2.22, e € cly/q(G — e), contradicting the choice of a in (7.4.40). It now follows that
|GN{z5,26}| =1, and s0 rn/q(G —e) =4 and rn/q(R — e) =4. Thus G — e is a 4-element cosegment
in N\e/a, and therefore also in N\e. As G — e avoids « and 8, Lemma 7.1 implies that there is an
element y in G Ue that does not expose any 3-separations in M*\y; a contradiction.

We may now assume that {z1, z3, 23,24} —a C G.

7441.P, ¢ R.

Suppose P C R. Then G —e C Py —a. As Py is a triad of N/a, by Lemma 2.22, e € cly/q(R —e).
But then it is easily checked that G is sequential in N/a; a contradiction. Thus (7.4.41) holds.

7.442. P, ¢ G.

Suppose P, C G. Then, by Lemma 2.10, rn/q(G —e) > 5 and so rn/q(G) =5 and ry/q(R) = 3. Since
(R, G) is non-sequential, |R N {zs,z}| > 1. If [R N {z5, z6}| = 2, then rn/(R) > 4; a contradiction. So
I[RN{zs5,z6}| =1 and |G N{z5, zg}| = 1. But then R —e is a triad in N\e/a and P, C G —e is also a
triad in N\e/a, contradicting Lemma 2.22. Thus (7.4.42) holds.

7.4.43. We may assume that |P, N R| = 1.
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Suppose that |P; NR| =2. Let PN R ={x, y} and let P, NG = {z}. Since R —e and P, U {«, B} are
3-separating sets in N\e/a, it follows by uncrossing that their intersection, {«, 8, X, y}, is 3-separating
in N\e/a. Since the triad {z1,z,,z3} of N\e contains g, it follows that {«, B, x, y} is 3-separating
in N\e. Therefore ({o, B}, P1 Uz, P, —z) is a flower in N\e. Also, as [|(fe, 8}, P1) =1 and z ¢
c({x, B}U Py), it follows that [|({er, B}, P1 Uz) = 1. Thus ({«, B}, P1 Uz, P, —z) is a flower in N\e of
the form analyzed in the previous subcase. Hence (7.4.43) holds.

Let P, N R = {x}. By Lemma 2.10, rn/(G —e) >4 and so rn/(R) € {3,4}. If {z5,26} € G, then
R—e={a,B,x} and so R —e is a triad in N\e/a. Therefore, by Lemma 2.22, e € cly/q(R — e), con-
tradicting our choice of a. Thus {zs, zg} ;(_ G. If {z5,z6} S R, then rn/q(R —e) > 5; a contradiction.
Therefore |{zs,z¢} N R| =1. Let {zp} = {z5, z} N R. Since R —e and (P1 —a) U {«, B} are 3-separating
in N\e/a, their intersection, {a, B, zp}, is 3-separating in N\e/a and so is a triad of N\e/a. Thus, by
Lemma 2.22, e € cly/q({a, B, zp}), but e ¢ cly/q((P1 U P2) — zp). Therefore {«, B, zp, e} is a cocircuit in
N/a and so {«, B,zp, e} is a cocircuit in N. Let {p, q} = {5, 6}. Then

7.4.44. zq € cIy((P1 — z4) U (e, B)).

If not, then P, Uz is a cosegment in N\e, so (P2 —x) Uz, is a triad in N\e/a contained in G,
contradicting Lemma 2.22. Hence (7.4.44) holds.

To complete the analysis, we now consider N/z,. Since N/z, is not sequentially 4-connected, it
has a non-sequential 3-separation (R’,G"). Then rn/z, (R),Tn/z,(G') € {3,4,5}. By Lemma 2.12, we
may assume that o, 8 € R’. Since {«, 8, z,} is a triad of N\e, it follows by Lemma 2.14 that N\e/z; is
3-connected. Furthermore, as {«, 8,2, €} is a cocircuit of N and [1(z1, 22, 23, 24}, P2) =0 in N, we
have

7.445. |_|N/zp({21722, 73,24}, P2) =0.
The next result simplifies the remaining analysis.

7.4.46. If |{z1,22,23,24} N G'| > 2 and |P; N R'| =2, then ({«, B}, P1 U (P2 N G'), P2 N R') is a flower in
N\e of the form analyzed in the previous subcase.

To see this, first observe that R" —e and P, U {c, 8} are both 3-separating in N\e/z,. Thus their
intersection, {o, 8} U (P2 N'R’), is also 3-separating in N\e/zp. Furthermore, as r(N\e/zp) = 6 and
N\e/z, ((P1 — zp) U (P2 N G')) =5, we have ry\e/z, ({ar, B} U (P2 N R')) = 3. Therefore ry\e({a, B} U
(P2 NR"Y) =3. As ry\e(P1 U (P2 N G)) =6 and [ (e, B}, P2 N R’) =1, we have that ({oa, 8}, P1 U
(P, NG"),P; NR’) is a flower in N\e of the form analyzed in the previous subcase. Thus (7.4.46)
holds.

If {z1,22,23,24) C R, then, as z; € cl((P1 — z) U {a, B}), we have ry/, (R' —e) > 5. Since (R, G")
is a non-sequential 3-separation of N/z,, this implies that P, € G’. So G’ contains a triad in N\e/z,.
But {z1, 2,23} C R’ is also a triad in N\e/zp, contradicting Lemma 2.22. Thus {z1, 22, 23,24} Z R’.

If {z1,22,23,24} € G/, then |P, N G’| > 1; otherwise, {z1,22,23} € G’ and P, C R/, so {z1, 22, z3}
and P, are triads in N\e/a that contradict Lemma 2.22. Also, |P; N R’| > 1; otherwise, by (7.4.45),
rN/Zp(G/) > 6; a contradiction. Now R’ —e and P, U {«, B} are both 3-separating in N\e/zp, so their
intersection, {a, 8} U (P2 N R’), is also 3-separating in N\e/zp. Thus if |P; N G'| =2, then {&, 8} U
(P2 NR’) is a triad in N\e/z, contained in R’. As {z1, 22, z3} is a triad in N\e/z, contained in G’, we
again contradict Lemma 2.22. Thus [P N G’| =1 and so |P; N R’| =2, in which case, by (7.4.46), N\e
has a flower of the form analyzed in the previous subcase.

By closure-equivalence, we may now assume that |{z1, z2,23,24} " R'| =2 = |{z1, 22, 23,24} N G'|.
Suppose rN/Zp({oz, BYU ({z1, 22, 23,24} N R")) = 3. Then ry({a, B} U ({21, 22, 23, z4}) < 5 so, by (7.4.44),
rn({a, B} U P1) < 5; a contradiction. Thus ryz, ({o, B} U ({21, 22, 23, 24} N R')) = 4. If P, C ', then,
by (7.4.45), rn/z,(G") > 5; a contradiction. If [P, NG'| =2, then [P NR’| =1 and so ry/, (R") > 5 and
rN/Zp(G/) > 4, again a contradiction. The case |P, NG’| =1 and |P, N R’| =2 is covered by (7.4.46).
Lastly, if P, C R, then, by (7.4.45), rn/z,(R’) > 5. Thus ry/z,(R’) =5 and ry;,(G') = 3. But then
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|G'—e|=3 and so G’ —e is a triad in N\e/z,. As P N R’ is also a triad in N\e/zp, we contradict
Lemma 2.22. This completes the argument in subcase (iii)(b), thereby completing the proof of (IlI) and
the lemma. O

Theorem 7.5. Let (A, B) be a non-sequential 3-separation in a 3-connected matroid M. Suppose that B is
fully closed, A meets no triangle or triad of M, and if (X, Y) is a non-sequential 3-separation of M, then
either A C fcl(X) or A C fcl(Y). If |A] < 10, then A contains an element whose deletion from M or M* is
3-connected but does not expose any 3-separations.

Proof. Suppose that |A| < 10. Since (A, B) is a non-sequential, |A| >4 and r(A),r*(A) > 3. If r(A) =3
or r*(A) = 3, then the theorem holds by Lemma 7.2 and its dual. Thus we may assume that
r(A),r*(A) > 4. Now Ap(A) =2, so 2=r(A) +1*(A) — |A|. Hence |A| > 6.

Let N be the clonal replacement of B by {«, 8}. By Lemma 4.13, N is 4-connected, and so, by
Lemma 6.2, M\ f and M*\f are 3-connected for all f in E(N) — {«, B}. As 6 < |A| < 10, we have
8 < |E(N)| < 12. Also, as r(A) > 4 and r*(A) > 4, it follows that r(N) > 4 and, by Lemma 4.11,
r*(N) > 4. If r(N) =4 or r*(N) =4, then, by Lemma 7.3, the theorem holds. Thus we may assume
that r(N),r*(N) > 5, and 10 < |E(N)| < 12.

By Theorem 5.5, N has an element e not in {«, 8} such that N\e or N/e is sequentially
4-connected. By duality, we may assume the former. By combining (I), (II), and (IlI) of Lemma 7.4,
we get the theorem. O
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