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Some of the features we encountered in looking at
sound in a vortex flow are really generic features of
the fact that vorticity is a specific example of dealing
with multiple interacting fields.

Linearize in the (by now) usual fashion...
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Linearized EOM (fluctuations):

Massage this a little to make it more palatable...
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[space-time and

field
Define: leld space...]

Antisymmetric in field space [AB]...
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Finally define:

This “potential” or “mass matrix” is symmetric in (AB).
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Note the presence (depending on the particular
field of interest) of combinations of 2nd order, |st order,
and Oth order termes.

The general situation may correspond to multiple
metrics, and the causal structure is best investigated
using the theory of characteristics...
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Symbol of the PDE...

Normal cone:

Locus of the normals to the characteristic surfaces.

It may be remarked that the present state of the theory

of algebraic surfaces does not permit entirely
satisfactory applications to the questions of reality of
geometric structures which confront us here...
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Monge cone: ray cone, characteristic cone, null cone

(TS b )

Envelope of the set of characteristic surfaces through “q”.

The “Monge cone” is dual to the “normal cone”.
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There are numerous physical examples where
we have direct experimental/observational evidence
for acoustic metrics, up to and including acoustic

horizons

Main examples:
acoustics and/or surface waves
Laval nozzles)
acoustic apparent horizons
stellar coronal outflow
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Laval nozzle:
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Oscillating bubbles:

Bubble experiments
often achieve supersonic
collapse --- Mach 5+

(bubble surface)

(apparent horizon)

Apparent horizon
lasts for less than a
sound crossing time...
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Spherically symmetric flow constant density fluid.
R(t) is the bubble radius:

The acoustic metric is:

There is a nasty approximation hiding here,
but qualitative physics is OK...
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The solar wind is subsonic as it emerges from the surface.

As it moves out, the plasma density drops,
and so does the speed of sound.

The solar wind goes supersonic in the upper reaches
of the photosphere.
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Gas cloud with

Symmetric free fall (approximate), onto a
central object of mass M:

lgnore (for simplicity) corrections due to back-pressure.

Infall velocity exceeds speed of sound when:

Note “ 7!
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lgnoring back-pressure, the geometrical
acoustics metric for Bondi--Hoyle accretion is:

These “acoustic horizons” (aka “sonic points”) are of
direct observational interest in astrophysics...

Replacing sound speed by light speed, the metric above
is in fact identical to the Schwarzschild solution of
general relativity in Painleve--Gullstrand coordinates.
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In short, there are no end of physical situations where we
know that “acoustic metrics” are useful.

Futhermore there are many situations in which we have
direct observational evidence of the existence of
““acoustic horizons’’.

And now for something completely different:
More on why the GR community is so interested....
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There is a small quantum mechanical
leakage from the horizon --- Hawking radiation.

Hawking temperature depends on “surface gravity’’ and
“signal speed” (sound/ light/ whatever...)

Need an apparent horizon that is “long lived” compared to

the timescale determined by surface gravity.
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Hawking radiation has to do with QFT in the
presence of a horizon --- and does not care
about the dynamics that set up the horizon.

Hawking radiation is pure kinematics:
How do quantum modes react to
the presence of a horizon!?

Very roughly speaking:
negative energy quantum fluctuations fall in,
positive energy quantum fluctuations escape...
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Astrophysical black holes are too heavy
(implies low Hawking temperature).

Primordial black holes might be suitable,
if (when?) we can find any....
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Laval nozzle:
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Acoustic black holes based on BECs are technologically
interesting for two specific reasons:

the speed of sound is low (mm/sec),

the condensate temperature is extremely low,
as low as one nano-Kelvin,

The interest in BEC dumb holes is not “fundamental’’.



Condensate cloud
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‘Singularity’

<— -

Black hole horizons Outcoupled ‘atom
| laser beam’
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Under favourable conditions might get

Compare to

and
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“Analogue models” for curved spacetime can be very
useful for guiding physical intuition in general relativity.

The “acoustic metric” describing sound in a flowing
fluid is perhaps the simplest of the “analogue models™.

A “draining bathtub” vortex can be set up to exhibit
both a horizon and an ergo-surface.
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Can we construct an acoustic geometry
that mimics Kerr spacetime in detail?
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This is the external force required to maintain the vortex.

For zero external force:
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Calculating external force and
decomposing into angular and radial pieces:



In Boyer--Lindqui

In the plane:

This is conformal
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st coordinates:

y flat, but not obviously so.

Adopt new coord

inates:
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This gives two equations: 2
Eliminate

Differential equation:
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Fix boundary conditions:

Define;
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This is now in “acoustic form’’:

Pick off the coefficients:
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This has the advantage of being completely explicit,
albeit a trifle messy!
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Ergo-surface:

Horizon:

The Kerr equator can [in principle] be exactly
simulated by a very specific vortex.

This is not likely to be experimentally feasible.
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The coordinates were not useful?

simple “analogue models” that
generate fully general geometries...
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| hope by now you are convinced that analogue models
are multi-directionally useful...

They are useful for both theorists and experimentalists,
and serve to build strong cross-connections between
otherwise disparate fields.
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And | cherish more than anything else the
Analogies, my most trustworthy masters.

They know all the secrets of Nature, and they
ought least to be neglected in Geometry.
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