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Abstract:    

“Analogue models” for curved spacetime can be very 
useful for guiding physical intuition in general relativity.

The “acoustic metric” describing sound in a flowing 
fluid is perhaps the simplest of the “analogue models”.

A “draining bathtub” vortex can be set up to exhibit 
both a horizon and an ergo-surface.

How close can we get to modelling the actual 
geometry of the Kerr spacetime using a fluid vortex? 



Geometrical acoustics:

In a flowing fluid, if sound moves a distance d!x

in time dt then

||d!x− !v dt|| = cs dt.

Write this as

(d!x− !v dt) · (d!x− !v dt) = c2sdt2.

Now rearrange a little:

−(c2s − v2) dt2 − 2 !v · d!x dt + d!x · d!x = 0.

Notation — four-dimensional coordinates:

xµ = (x0;xi) = (t; !x).

Then you can write this as

gµν dxµ dxν = 0.

With an effective acoustic metric

gµν(t, !x) ∝
 −(c2s − v2) ... −!v

· · · · · · · · · · · · · · · · · · ·
−!v ... I

 .
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Geometrical acoustics:

(Quadratic!)
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Geometrical acoustics:

Sound cones!



Physical acoustics:

Q: How do acoustic disturbances propagate
in a non–homogeneous flowing fluid?

A: If the fluid is barotropic and inviscid, and
the flow is irrotational, the equation of motion
for the velocity potential can be put in the
(3 + 1)–dimensional form

∆ψ ≡ 1√−g
∂µ

(√−g gµν ∂νψ
)
= 0.

• The acoustic metric is:

gµν(t, $x) ≡ ρ

c

 −(c2 − v2) ... −$v

· · · · · · · · · · · · · · · · · · ·
−$v ... I


.

• The underlying fluid dynamics is Newtonian,
non–relativistic, in flat space + time.

• The fluctuations (sound waves) are gov-
erned by a Lorentzian spacetime geometry!

Theorem:   For an irrotational barotropic 
inviscid fluid, linearized perturbations (sound waves,  
phonons) obey the wave equation:

This is a massless minimally coupled scalar that 
“sees” the “acoustic metric”:

1 Introduction

It is by now well-known that the propagation of sound in a moving fluid
can be described in terms of an effective spacetime geometry. (See, for in-
stance, [1, 2, 3, 4, 5], and references therein).

• In the geometrical acoustics approximation, this emerges in a straight-
forward manner by considering the way the “sound cones” are dragged
along by the fluid flow, thereby obtaining the conformal class of metrics
(see, for instance, [5]):

gµν ∝
[ −{c2 − hmn vn vn} −vj

−vi hij

]
. (1)

Here c is the velocity of sound, v is the velocity of the fluid, and hij is
the 3-metric of the ordinary Euclidean space of Newtonian mechanics
(possibly in curvilinear coordinates).

• In the physical acoustics approximation we can go somewhat further:
A wave-equation for sound can be derived by linearizing and combining
the Euler equation, the continuity equation, and a barotropic equation
of state [1, 2, 3, 4]. This process now specifies the overall conformal
factor and the resulting acoustic metric in (3+1) dimensions is (see, for
instance, [5]):

gµν =
(ρ

c

) [ −{c2 − hmn vn vn} −vj

−vi hij

]
. (2)

Here ρ is the density of the fluid. Sound is then described by a massless
minimally coupled scalar field propagating in this acoustic geometry.
(A technical complication arises in that deriving such a simple wave
equation requires the velocity flow "v to be irrotational — no such re-
striction applies in the geometrical acoustics limit [6].)

Now because the ordinary Euclidean space (hij) appearing in these acous-
tic geometries is Riemann flat, 3-dimensional space (given by the constant-
time slices) in any acoustic geometry are forced to be conformally flat, with
3-metric gij = (ρ/c) hij. This constraint places strong restrictions on the
class of (3+1)-dimensional geometries that can be cast into acoustic form.
While many of the spacetime geometries of interest in general relativity can
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Example: Draining bathtub geometry

A (2 + 1) dimensional flow with a sink.

Use constant density, continuity, conservation
of angular momentum:

Implies pressure p and speed of sound cs are
also constant throughout the fluid flow.

The velocity of the fluid flow is

!v =
(A r̂ + B θ̂)

r
.

Streamlines are equiangular spirals.

The acoustic metric is

ds2 = −c2sdt2 +
(
dr − A

r
dt

)2
+

(
r dθ − B

r
dt

)2
.
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Use: constant density, constant sound speed, zero 
torque. (You will need an external force.)
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Physical acoustics: Draining bathtub

The acoustic horizon forms once the radial velocity 
exceeds the speed of sound.

Example: Draining bathtub geometry

Acoustic metric:

ds2 = −c2sdt2 +
(
dr − A

r
dt

)2
+

(
r dθ − B

r
dt

)2
.

The acoustic event horizon forms once the ra-
dial component of the fluid velocity exceeds
the speed of sound, that is at

rhorizon =
|A|
c

.

Supersonic flow sets in outside the event hori-
zon, when the magnitude of the velocity equals
the speed of sound.

rergo−surface =

√
A2 + B2

c
.
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An ergo-surface forms once the speed exceeds the 
speed of sound.



Mimicking Kerr spacetime:

Can we construct an acoustic geometry 
that mimics Kerr spacetime in detail?

There is a fundamental geometrical obstruction:

For simple fluids the spatial slices of the acoustic 
geometry are always conformally flat.

The spatial slices of Kerr are never conformally flat.

The best you can hope for is to consider the 
equatorial slice of the Kerr spacetime.



Most general line vortex:

• What is the most general acoustic metric that can [even in principle] be
constructed for the most general line vortex geometry? This question
should be investigated in both the regimes of geometrical acoustics and
physical acoustics.

• Can the equatorial slice of Kerr then be put into this form? If not, how
close can one get?

We shall now explore these issues in some detail.

2 Vortex flow

2.1 General framework

The background fluid flow [on which the sound waves are imposed] is governed
by three key equations: The continuity equation, the Euler equation, and a
barotropic equation of state:

∂ρ

∂t
+∇ · (ρ #v) = 0. (3)

ρ

[
∂#v

∂t
+ (#v ·∇)#v

]
= −∇p + #f. (4)

p = p(ρ). (5)

Here we have included for generality an arbitrary external force #f , possibly
magneto-hydrodynamic in origin, that we can in principle think of imposing
on the fluid flow to shape it in some desired fashion. From an engineering
perspective the Euler equation is best rearranged as

#f = ρ

[
∂#v

∂t
+ (#v ·∇)#v

]
+∇p, (6)

with the physical interpretation being that #f is now telling you what external
force you would need in order to set up a specified fluid flow.
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Zero radial flow:

2.2 Zero radial flow

Assuming now a cylindrically symmetric time-independent fluid flow without
any sinks or sources we have a line vortex aligned along the z axis with fluid
velocity !v:

!v(r) = vθ̂(r) θ̂. (7)

The continuity equation (3) for this geometry is trivially satisfied and calcu-
lating the fluid acceleration leads to

!a = (!v ·∇)!v = −vθ̂(r)
2

r
r̂. (8)

Substituting in the rearranged Euler equation (16) gives

!f = fr̂ r̂ =

{
−ρ(r)

vθ̂(r)
2

r
+ c2 ∂rρ(r)

}
r̂ . (9)

with the physical interpretation that:

• The external force !fr̂ must be chosen to precisely cancel against the
combined effects of centripetal acceleration and pressure gradient.

• The angular-flow is not completely controlled by this external force,
but is instead an independently specifiable quantity. (There is only
one relationship between fr(r), ρ(r), c(r), and vθ(r), which leaves three
of these quantities as arbitrarily specifiable functions.)

• We are now considering the equation of state to be an output from the
problem, rather than an input to the problem. If for instance ρ(r) and
c2(r) are specified then the pressure can be evaluated from

p(r) =

∫
c2(r)

dρ

dr
dr, (10)

and then by eliminating r between p(r) and ρ(r), the EOS p(ρ) can in
principle be determined.

• In particular, for zero external force (and no radial flow), which ar-
guably is the most natural system to set up in the laboratory, we have

vθ(r)2

c(r)2
= − r ∂r ln ρ(r), (11)

which still has two arbitrarily specifiable functions.
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This is the external force required to maintain the vortex.

For zero external force:
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General radial flow:

• In the geometric acoustics regime the acoustic line-element for this
zero-source/ zero-sink line vortex is

ds2 ∝ − (
c2 − v2

θ̂

)
dt2 − 2vθ̂ r dθ dt + dr2 + r2dθ2 + dz2. (12)

• In the physical acoustics regime the acoustic line-element is

ds2 =
(ρ

c

) [
− (

c2 − v2
θ̂

)
dt2 − 2vθ̂ rdθ dt + dr2 + r2dθ2 + dz2

]
.

(13)

• The vortex quite naturally has a ergosurface where the speed of the
fluid flow equals the speed of sound in the fluid.

• This vortex geometry may or may not have a horizon — this depends
on whether or not the speed of sound c(r) exhibits a zero.

• We shall later see that this class of acoustic geometries is the most
natural for building analogue models of the equatorial slice of the Kerr
geometry.

2.3 General analysis with radial flow

For completeness we now consider the situation where the vortex contains
a sink or source at the origin. (A concrete example might be the “draining
bathtub” geometry where fluid is systematically extracted from a drain lo-
cated at the centre.) Assuming now a cylindrically symmetric time-independent
fluid flow with a line vortex aligned along the z axis, the fluid velocity #v is

#v = vr̂(r) r̂ + vθ̂(r) θ̂. (14)

Wherever the radial velocity vr̂(r) is nonzero the entire vortex should be
thought of as collapsing or expanding.

The continuity equation (3) for this cylindrically symmetric problem is

∇ · (ρ #v) = 0, (15)

and the rearranged Euler equation (4) for a pressure p which depends only
on the radial-coordinate r is

#f = ρ(#v ·∇)#v + c2 ∂rρ r̂. (16)
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Continuity implies:

Figure 1: A simple non-collapsing vortex geometry: The outer red circle
represents the ergosurface where the fluid velocity reaches the speed of sound.
The inner red circle (which need not exist in general) represents a possible
horizon where the speed of sound goes to zero.

At this stage we note that ρ is in general not an independent variable. Be-
cause equation (15) corresponds to a divergence-free field, integration over
any closed circle in the two-dimensional plane yields∮

ρ(r) "v(r) · r̂ ds = 2π ρ(r) vr̂(r) r = 2π k1. (17)

Then provided vr̂ != 0,

ρ(r) =
k1

r vr̂(r)
. (18)

Substituting into the rearranged Euler equation gives

"f =
k1

rvr̂
("v ·∇)"v + c2

s ∂r

(
k1

rvr̂

)
r̂, (19)

where c is a function of ρ, and thus a function of vr̂. This now completely
specifies the force profile in terms of the desired velocity profile, vr̂, vθ̂, the
equation of state, and a single integration constant k1.
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General radial flow:

Calculating external force and 
decomposing into angular and radial pieces:

Figure 2: A collapsing vortex geometry (draining bathtub): The outer circle
represents the ergosurface while the inner circle represents the event horizon.

Calculating the fluid acceleration leads to

(!v ·∇)!v =

{
vr̂(r)∂rvr̂(r)− vθ̂(r)

2

r

}
r̂+

{
vr̂(r)∂rvθ̂(r) +

vr̂(r) vθ̂(r)

r

}
θ̂, (20)

which can be rearranged to yield

(!v ·∇)!v =

{
1

2
∂r[vr̂(r)

2]− vθ̂(r)
2

r

}
r̂ +

{
vr̂(r)

r
∂r[r vθ̂(r)]

}
θ̂. (21)

Finally, decomposing the external force into radial and tangential [torque-
producing directions] we have

fr̂ = !f · r̂ = k1

{
1

rvr̂

[
1

2
∂r[vr̂(r)

2]− vθ̂(r)
2

r

]
+ c2

s ∂r

(
1

rvr̂

)}
, (22)

and

fθ̂ = !f · θ̂ = k1

{
1

r2
∂r[r vθ̂(r)]

}
. (23)
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8With enough effort you can mimic any velocity profile.



The Kerr equator:

In Boyer--Lindquist coordinates:

is a side effect of the well-known conformal invariance of the Laplacian in 2
dimensions. The wave equation in terms of fµν continues to make good sense
— it is only the step from fµν to the effective metric that breaks down.

Note that this issue only presents a difficulty for physical systems that
are intrinsically one-dimensional. A three dimensional system with plane
symmetry is perfectly well behaved as in the case d = 3 above.

4 The Kerr equator

To compare the vortex acoustic geometry to the physical Kerr geometry of a
rotating black hole, consider the equatorial slice θ = π/2 in Boyer–Lindquist
coordinates [19, 20]:

(ds2)(2+1) = −dt2+
2m

r
(dt−a dφ)2+

dr2

1− 2m/r + a2/r2
+(r2+a2) dφ2. (40)

We would like to put this into the form of an “acoustic metric”

gµν =
(ρ

c

) [ −{c2 − gmn vn vn} −vj

−vi gij

]
. (41)

If we look at the 2-d r-φ plane, the metric is

(ds2)(2) =
dr2

1− 2m/r + a2/r2
+

(
r2 + a2 +

2ma2

r

)
dφ2. (42)

Now it is well-known that any 2-d geometry is locally conformally flat, though
this fact is certainly not manifest in these particular coordinates. Introduce
a new radial coordinate r̃ such that:

dr2

1− 2m/r + a2/r2
+

(
r2 + a2 +

2ma2

r

)
dφ2 = Ω(r̃)2 [dr̃2 + r̃2 dφ2]. (43)

This implies (
r2 + a2 +

2ma2

r

)
= Ω(r̃)2 r̃2, (44)

and
dr2

1− 2m/r + a2/r2
= Ω(r̃)2 dr̃2, (45)
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In the       plane:
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Eliminate}

Differential equation:leading to the differential equation

1

r̃(r)

dr̃(r)

dr
=

1√
1− 2m/r + a2/r2

√
r2 + a2 + 2ma2/r

, (46)

which is formally solvable as

r̃(r) = exp


∫

dr√
1− 2m/r + a2/r2

√
r2 + a2 + 2ma2/r

 . (47)

The normalization is most easily fixed by considering the m = 0 = a case, in
which case r̃ = r, and then using this to write the general case as

r̃(r) = r exp

[
−

∫ ∞

r

{
1√

1− 2m/r̄ + a2/r̄2
√

r̄2 + a2 + 2ma2/r̄
− 1

r̄

}
dr̄

]
,

(48)
where r̄ is simply a dummy variable of integration. If a = 0 this integral can
be performed in terms of elementary functions∫

dr

r
√

1− 2m/r
= ln

(√
r2 − 2mr + r −m

)
[r > 2m], (49)

so that

r̃(r) =
1

2

(√
r2 − 2mr + r −m

)
, (50)

though for m #= 0 and general a no simple analytic form holds. Similarly, for
m = 0 and a #= 0 it is easy to show that

r̃(r) =
√

r2 + a2, (51)

though for a #= 0 and general m no simple analytic form holds.
Nevertheless, since we have an exact [if formal] expression for r̃(r) we can

formally invert it to assert the existence of a function r(r̃). It is most useful
to write r̃ = r F (r), with limr→∞ F (r) = 1, and to write the inverse function
as r = r̃ H(r̃) with the corresponding limit limr̃→∞H(r̃) = 1. Even if we
cannot write explicit closed form expressions for F (r) and H(r̃) there is no
difficulty in calculating them numerically, or in developing series expansions
for these quantities, or even in developing graphical representations.
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We now evaluate the conformal factor as

Ω(r̃)2 =
r2 + a2 + 2ma2/r

r̃2
= H(r̃)2

(
1 +

a2

r2
+

2ma2

r3

)
, (52)

with r considered as a function of r̃, which now yields

(ds2)(2+1) = −dt2 +
2m

r
(dt2 − 2a dφ dt) + Ω(r̃)2 [dr̃2 + r̃2 dφ2]. (53)

Equivalently

(ds2)(2+1) = Ω(r̃)2

{
− Ω(r̃)−2

[
1− 2m

r

]
dt2 − Ω(r̃)−2 4am

r
dφ dt

+[dr̃2 + r̃2 dφ2]

}
. (54)

This now lets us pick off the coefficients of the equivalent acoustic metric.
For the overall conformal factor

ρ

c
= Ω(r̃)2 = H2(r̃)

(
1 +

a2

r2
+

2ma2

r3

)
. (55)

For the azimuthal “flow”

vφ = Ω(r̃)−2 2am

r
= −2am

r
H−2(r̃)

(
1 +

a2

r2
+

2ma2

r3

)−1

. (56)

This is, as expected, a vortex geometry. Finally for the “coordinate speed of
light”, corresponding to the speed of sound in the analogue geometry

c2 = Ω(r̃)−2

[
1− 2m

r

]
+ Ω(r̃)−4 16a2m2

r̃2 r2
, (57)

= Ω(r̃)−4

{
Ω(r̃)2

[
1− 2m

r

]
+

16a2m2

r̃2 r2

}
. (58)

The speed of sound can be rearranged a little

c2 = Ω(r̃)−4 H2(r̃)

{[
1 +

a2

r2
+

2ma2

r3

] [
1− 2m

r

]
+

4a2m2

r4

}
. (59)
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This now lets us pick off the coefficients of the equivalent acoustic metric.
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This can now be further simplified to obtain

c2 = Ω(r̃)−4 H2(r̃)

{
1− 2m

r
+

a2

r2

}
, (60)

and finally leads to

ρ = H(r̃)

√
1− 2m

r
+

a2

r2
, (61)

with r(r̃) implicitly a function of r̃.
While r̃ is the radial coordinate in which the space part of the acoustic

geometry is conformally flat, so that r̃ is the “physical” radial coordinate that
corresponds to distances measured in the laboratory where the vortex has
been set up, this particular radial coordinate is also mathematically rather
difficult to work with. For some purposes it is more useful to present the
coefficients of the acoustic metric as functions of r, using the relationship
F (r) = 1/H(r̃). Then we have:

ρ

c
= Ω2(r) = F−2(r)

(
1 +

a2

r2
+

2ma2

r3

)
. (62)

vφ = −2am

r
F 2(r)

(
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r2
+

2ma2

r3

)−1

. (63)

c2 = F 2(r)

{
1− 2m

r
+

a2

r2

} (
1 +

a2

r2
+

2ma2

r3

)−2

. (64)

Then we have

ρ(r) = F−1(r)

√
1− 2m

r
+

a2

r2
, (65)

and the explicit if messy result that

F (r) = exp

[
−

∫ ∞

r

{
1√

1− 2m/r̄ + a2/r̄2
√

r̄2 + a2 + 2ma2/r̄
− 1

r̄

}
dr̄

]
.

(66)
One of the advantages of writing things this way, as functions of r, is that it
is now simple to find the locations of the horizon and ergosphere.

The ergo-surface is defined by c2 − v2 = 0, equivalent to the vanishing of
the gtt component of the metric. This occurs at

rE = 2m. (67)
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This is the “equivalent vortex”!



The Kerr equator:
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This has the advantage of being completely explicit,
albeit a trifle messy!



The Kerr equator:

Ergo-surface:

This can now be further simplified to obtain

c2 = Ω(r̃)−4 H2(r̃)

{
1− 2m

r
+

a2

r2

}
, (60)

and finally leads to

ρ = H(r̃)

√
1− 2m

r
+

a2

r2
, (61)

with r(r̃) implicitly a function of r̃.
While r̃ is the radial coordinate in which the space part of the acoustic

geometry is conformally flat, so that r̃ is the “physical” radial coordinate that
corresponds to distances measured in the laboratory where the vortex has
been set up, this particular radial coordinate is also mathematically rather
difficult to work with. For some purposes it is more useful to present the
coefficients of the acoustic metric as functions of r, using the relationship
F (r) = 1/H(r̃). Then we have:

ρ

c
= Ω2(r) = F−2(r)

(
1 +

a2

r2
+

2ma2

r3

)
. (62)

vφ = −2am

r
F 2(r)

(
1 +

a2

r2
+

2ma2

r3

)−1

. (63)

c2 = F 2(r)

{
1− 2m

r
+

a2

r2

} (
1 +

a2

r2
+

2ma2

r3

)−2

. (64)

Then we have

ρ(r) = F−1(r)

√
1− 2m

r
+

a2

r2
, (65)

and the explicit if messy result that

F (r) = exp

[
−

∫ ∞

r

{
1√

1− 2m/r̄ + a2/r̄2
√

r̄2 + a2 + 2ma2/r̄
− 1

r̄

}
dr̄

]
.

(66)
One of the advantages of writing things this way, as functions of r, is that it
is now simple to find the locations of the horizon and ergosphere.

The ergo-surface is defined by c2 − v2 = 0, equivalent to the vanishing of
the gtt component of the metric. This occurs at

rE = 2m. (67)
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The horizon is defined by the vanishing of c, (note that vr̂ = 0) this requires
solving a simple quadratic with the result

rH = m +
√

m2 − a2 < rE. (68)

These results agree, as of course they must, with standard known results for
the Kerr metric.

From the point of view of the acoustic analogue the region inside the
horizon is unphysical as it corresponds to c2(r) < 0, and an imaginary sound
speed (that is, a region where sound does not propagate). The flow has zero
radial velocity, and zero torque, but is not irrotational. Since by fitting the
equatorial slice of Kerr to a generic acoustic geometry we have fixed ρ(r) and
c2(r) as functions of r [and so also as functions of r̃] it follows that p(r) is
no longer free, but is instead determined by the geometry. From there, we
see that the EOS p(ρ) is determined, as is the external force fr̂(r). The net
result is that we can [in principle] simulate the Kerr equator exactly, but at
the cost of a very specific fine-tuning of both the equation of state p(ρ) and
the external force fr̂(r).

5 Discussion

We have shown that the Kerr equator can [in principle] be exactly simulated
by an acoustic analogue based on a vortex flow with a very specific equation of
state and subjected to a very specific external force. Furthermore we have as
a result of the analysis also seen that such an analogue would have to be very
specifically and deliberately engineered. Thus the results of this investigation
are to some extent mixed, and are more useful for theoretical investigations,
and for the gaining of insight into the nature of the Kerr geometry, than
they are for actual laboratory construction of a vortex simulating the Kerr
equator.

One of the surprises of the analysis was that the Doran [21] coordi-
nates (the natural generalization of the Painléve–Gullstrand coordinates that
worked so well for the Schwarzschild geometry) did not lead to a useful acous-
tic metric even on the equator of the Kerr spacetime. Ultimately, this can
be traced back to the fact that in Doran coordinates the space part of the
Kerr metric is non-diagonal, even on the equator, and that no simple co-
ordinate change can remove the off-diagonal elements. In Boyer–Lindquist
coordinates however the space part of the metric is at least diagonal, and
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The Kerr equator can [in principle] be exactly 
simulated by a very specific vortex.

This needs a very specific external force, 
and a very specific equation of state.

This is not likely to be experimentally feasible.

Somewhat disappointing!



The Kerr equator:

Technical surprise:   

The Doran coordinates were not useful?

(Doran coordinates are the natural extension of 
Painleve--Gullstrand coordinates, which are very 
useful for the “acoustic Schwarzschild” geometry.

The problem lies with the off-diagonal parts of the 
space metric...

For the future:  simple “analogue models” that 
generate fully general geometries...






