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Abstract:

We are by now very used to seeing how analogue 
Lorentzian spacetimes automatically emerge 

from small fluctuations in many different 
physical and mathematical systems.  

But sometimes life gets a little more difficult: 
if the physical or mathematical model is a 
little too complicated one might have to 

move beyond Lorentzian spacetime.



Abstract:

I will explain two (relatively) simple things 
that can happen:

--- Finsler spacetimes ---

--- Rainbow spacetimes ---

Both of these extensions of Lorentzian geometry
seem (in their own way) to be physically relevant. 



Collaboration:
(this project)

Silke Weinfurtner:    Victoria University of Wellington
                        New Zealand

Stefano Liberati:               SISSA / ISAS,   Trieste,  Italy

Finsler spacetimes:     gr-qc/0605121, and in preparation...   
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1 Generic analogue models

By now we have all seen — I’m sure many times — the way in which linearized
fluctuations around some sort of background solution can be viewed as living on an
effective Lorentzian spacetime.

This phenomenon happens in (barotropic irrotational) fluid mechanics, in generic
superfluids, in Bose–Einstein condensates, in many other physical models, in generic
second-order Euler–Lagrange equations, etc. See LRR: Analogue Gravity [1].

The key point is that linearized fluctuations are quite often governed by second-
order hyperbolic PDEs of the form

∂a

(
fab ∂bθ

)
= 0.

As soon as one sees an equation of this form, a Lorentzian geometry automatically
follows from the identification

√
−g gab = fab.

Once your PDE becomes more complicated, you will have to move beyond Lorentzian
geometry.

There are two major ways in which life could become more difficult:

1

Introduction:

If a physical system is governed by  second-order PDEs 
then the linearized fluctuations can very often be 

proved  to be governed by a PDE of the form:

This happens, for instance for:

Barotropic irrotational inviscid fluid mechanics,
Generic superfluids, Bose-Einstein condensates,

Euler-Lagrange equations, etc...
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But as soon as you see the PDE:

Then you extract a Lorentzian spacetime by defining:
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Lorentzian <=> Hyperbolic PDE

Riemannian <=> Elliptic PDE

That’s all...
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This is all very nice, but sometimes the universe 
makes life a little more difficult for us...

Two relatively simple things that can happen:

• Multiple interacting fields;

• Higher-order PDEs.

These two generalizations actually do show up in physically interesting systems. For
example:

• Multiple interacting fields:

– Optics (birefringent media).

– Interacting BECs.

– Complex superfluids.

– Seismic waves (s and p waves).

• Higher-order PDEs:

– BECs beyond the hydrodynamic limit.

– Superfluids beyond the phonon limit.

– Some models with Lorentz violation at high energy.

– Generic curvature-squared models.

In the case of multiple fields one typically writes

∂a

(
fab ∂b

"θ
)

= 0, (1)

where "θ is now a vector of fields and fab is a tensor density that is simultaneously a
matrix in field space. This generalization leads to a specific class of pseudo-Finsler
geometries, and I’ll discuss them in more detail in a few minutes.

In the case of higher derivatives one typically writes

∂a

(
f̂ab ∂bθ

)
= 0,

where f̂ab is now tensor density whose elements are themselves differential operators.
This generalization leads to a specific class of Rainbow geometries, and I’ll discuss
them in more detail in a few minutes.

You could of course do both things simultaneously, and could potentially do even
more complicated things, but let’s take one step at a time.
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These generalizations (complications) actually do 
show up in several physically interesting systems,

for example:
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Here           is now a  vector of fields,

while         is a tensor density that is 
matrix-valued in field space.

This naturally leads to the concept of Finsler 
spacetime...   (details below...)
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In the case of higher derivatives one typically derives: 

where         is a tensor density whose components 
are themselves differential operators...

I’ll soon show how to get a “rainbow spacetime” 
out of this... 

Of course, you could do both, or even worse, 
but one thing at a time...
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2 Pseudo-Finsler geometry based on BECs

In the case of 2 coupled BECs in the hydrodynamic limit, it is by now a relatively
standard result that one may write [5, 6, 7, 8, 9, 10]

∂a

(
fab ∂b

"θ
)

+
1

2

{
Γa ∂a

"θ + ∂a

(
Γa"θ

)}
+ K "θ = 0. (2)

Here we adopt a (3+1)-dimensional “spacetime” notation by writing xa = (t, xi),
with i ∈ {1, 2, 3} and a ∈ {0, 1, 2, 3}. The object fab is a 4 × 4 spacetime tensor
density, each of whose components is a 2 × 2 matrix in field-space — equivalently
this can be viewed as a 2 × 2 matrix in field-space each of whose components is a
4× 4 spacetime tensor density.

By inspection this is a self-adjoint second-order linear system of PDEs. The
spacetime geometry is encoded in the leading-symbol of the PDEs, namely the fab,
without considering the other subdominant terms.

That this is a sensible point of view is most easily seem by considering the usual
curved-spacetime d’Alembertian equation for a charged particle interacting with a
scalar potential in a standard Lorentzian geometry

1√
−g

[∂a − iAa]
( √

−g gab [∂b − iAb] θ
)

+ V θ = 0, (3)

from which it is clear that we want to make the analogy

fab ∼
√
−g gab (4)

as the key quantity specifying the spacetime geometry. In addition

Γa ∼ iAa and K ∼ V − gabAaAb (5)

so that Γa is analogous to a vector potential and K is related to the scalar potential
V (plus corrections) — in a translation invariant background this will ultimately
provide a mass matrix.

Specifically in a 2-BEC system we have

fab =

(
−Ξ−1 −("V Ξ−1)

T

− "V Ξ−1 D − "V Ξ−1"V T

)
, (6)

where

"V
T

=

[
"v

T

A0 0
0 "v

T

B0

]
(7)
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Example: BECs

For 2 coupled BECs in the hydrodynamic limit,
perturbations are governed by:

The matrices         ,       ,     ,  are calculable functions 
of the BEC background...

More details than you could possibly want:

cond-mat/0409639,  gr-qc/0506029,    gr-qc/0510125,
gr-qc/0511105,        gr-qc/0512127,    gr-qc/0512139, 

           gr-qc/0605121     ...



This is a self-adjoint system of 2nd-order linear PDEs.

The spacetime geometry is encoded in the 
“leading symbol”  of the PDEs.

Courant and Hilbert:    The “leading symbol” determines 
the characteristics,  the “signal speed”,  

and so the causal structure.

Eikonal approximation:  Causal structure completely 
determined by leading term in the Fresnel equation:

where

fab
11 =− Ξ−1

11 Va
1Vb

1 + D11h
ab,

fab
12 =− Ξ−1

12 Va
1Vb

2,

fab
21 =− Ξ−1

12 Va
2Vb

1,

fab
22 =− Ξ−1

22 Va
2Vb

2 + D22h
ab.

(15)

It is also possible to separate the representation of fab into field space and position
space as follows

fab =

[
Ξ−1

11 0
0 0

]
Va

1Vb
1 +

[
0 0
0 Ξ−1

22

]
Va

2Vb
2

+

[
0 Ξ−1

12

0 0

]
Va

1Vb
2 +

[
0 0

Ξ−1
21 0

]
Va

2Vb
1 + Dhab.

(16)

Why do we assert that the quantity fab defines a pseudo–Finsler geometry?
(Rather than, say, simply a 2× 2 matrix of ordinary Lorentzian geometries?)

To see the reason for this claim, recall the standard result (Courant) [13] that
the leading symbol of a system of PDEs determines the “signal speed” (equiva-
lently, the characteristics, or the causal structure). Indeed if we consider the eikonal
approximation (while still remaining in the realm of validity of the hydrodynamic
approximation) then the causal structure is completely determined by the leading
term in the Fresnel equation [2, 3]

det[fabkakb] = 0, (17)

where the determinant is taken in field space. (The quantity fabkakb is exactly
what is called the leading symbol of the system of PDEs, and the vanishing of this
determinant is the statement that high-frequency modes can propagate with wave
vector ka, thereby determining both characteristics and causal structure.) In the
2-BEC case we can explicitly expand the determinant condition as

(fab
11kakb)(f

cd
22kckd)− (fab

12kakb)(f
cd
21kckd) = 0. (18)

Define a completely symmetric rank four tensor

Qabcd ≡ f (ab
11 f cd)

22 − f (ab
12 f cd)

21 , (19)

then the determinant condition is equivalent to3

Qabcdkakbkckd = 0, (20)

3Compare to the statement gab kakb = 0 which one obtains for a single field system, and which
leads to the usual notion of Lorentzian spacetime.
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For a 2-BEC system:

Define:

then the determinant condition is equivalent to:

which defines a co-Finsler structure.

Example: BECs
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which now defines the characteristics in terms of the vanishing of the pseudo-co–
Finsler structure

Q(k) = Qabcdkakbkckc, (21)

defined on the cotangent bundle. As explained below, this pseudo-co–Finsler struc-
ture can be Legendre transformed to provide a pseudo–Finsler structure, a Finslerian
notion of distance

ds4 = gabcd dxadxbdxcdxd. (22)

Here the completely symmetric rank 4 tensor gabcd determines the “sound cones”
through the relation ds = 0. It is interesting to note that a distance function of the
form

ds = 4
√

gabcd dxadxbdxcdxd (23)

first made its appearance in Riemann’s inaugural lecture of 1854, though he did
nothing further with it, leaving it to Finsler to develop the branch of geometry
now bearing his name. The present discussion is sufficient to justify the use of
the term “pseudo–Finsler” in the generic 2-BEC situation, but we invite the more
mathematically inclined reader to see the discussion below for a sketch of how much
further these ideas can be taken.

The pseudo–Finsler geometry implicit in (14) is rather complicated compared
with the pseudo-Riemannian geometry we actually appear to be living in, at least as
long as one accepts standard general relativity as a good description of reality.

3 Finsler and co–Finsler geometries

Finsler geometries are sufficiently unusual that a brief discussion is in order — espe-
cially in view of the fact that the needs of the physics community are often somewhat
at odds with what the mathematical community might view as the most important
issues. Below are some elementary results, where we emphasise that for the time
being we are working with ordinary “Euclidean signature” Finsler geometry. For
general references, see [17].

3.1 Basics

Euler theorem: If H(z) is homogeneous of degree n then

zi ∂H(z)

∂zi
= n H(z). (24)
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Co-Finsler:

Lorentzian:

Finsler distance defined by Legendre transform:
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History:

1854:

Riemann’s inaugural lecture at Goettingen

But Riemann never developed the idea...

Left to Paul Finsler in early 20’th century...

But physicists need pseudo-Finsler spacetime,
not Finsler space...



Finsler function: Defined on the “slit tangent bundle” T!=0(M) such that F : T!=0(M)→
[0, +∞) where

F (x, t) : F (x, λt) = λ F (x, t), (25)

and
T!=0(M) =

⋃

x∈M

[
Tx − {"0}

]
. (26)

That is, the Finsler function is a defined only for nonzero tangent vectors t ∈ [Tx −
{"0}], and for any fixed direction is linear in the size of the vector.
Finsler distance:

dγ(x, y) =

∫ y

x

F (x(τ), dx/dτ) dτ ; τ = arbitrary parameter. (27)

Finsler metric:

gij(x, t) =
1

2

∂2[F 2(x, t)]

∂ti ∂tj
. (28)

The first slightly unusual item is the introduction of co–Finsler structure:
co–Finsler function: Define a co–Finsler structure on the cotangent bundle by Leg-
endre transformation of F 2(x, t). That is:

G2(x, p) = tj(p) pj − F 2(x, t(p)) (29)

where t(p) is defined by the Legendre transformation condition

∂[F 2]

∂tj
(x, t) = pj. (30)

Note
∂pj

∂tk
=

∂[F 2]

∂tj ∂tk
= 2gjk(x, t), (31)

which is why we demand the Finsler metric be nonsingular.
Lemma: G(x, p) defined in this way is homogeneous of degree 1.
Proof: Note

zi ∂H(z)

∂zi
= n H(z) (32)

implies

zi ∂

∂zi

[
∂m

(∂z)m
H(z)

]
= (n−m)

[
∂m

(∂z)m
H(z)

]
. (33)

In particular:
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Generalities:

Defined on the tangent bundle (minus the zero vector).



Generalities:

The Finsler metric depends on the direction of 
the tangent vector, but not its magnitude...

Because the metric does not depend on the magnitude 
of the tangent vector, Finsler spacetimes 

are not considered to be “rainbow spacetimes”.

Even the mathematicians say: Curvature computations 
“quickly become mind-numbingly complex”.

Given a metric, you can define curvature...
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metric
non-singular!

Generalities:



• F 2 is homogeneous of degree 2.

• gij is homogeneous of degree 0.

• ∂[F 2]/∂t is homogeneous of degree 1.

• Therefore p(t) is homogeneous of degree 1
and t(p) is homogeneous of degree 1.

• Therefore t(p)p− F 2(t(p)) is homogeneous of degree 2.

• Therefore G(p) is homogeneous of degree 1.

Thus from a Finsler function F (x, t) we can always construct a co–Finsler function
G(x, p) which is homogeneous of degree 1 on the cotangent bundle.

From the way the proof is set up it is clearly reversible — if you are given a
co–Finsler function G(x, p) on the cotangent bundle this provides a natural way of
extracting the corresponding Finsler function:

F 2(x, t) = t p(t)−G2(x, p(t)). (34)

3.2 Connection with the quasi-particle PDE analysis

From the PDE-based analysis we obtain the second-order system of PDEs

∂a

(
fab

AB ∂bθ
B
)

+ lower order terms = 0. (35)

or the equivalent

∂a

(
fab ∂b

#θ
)

+ lower order terms = 0. (36)

We are now generalizing in the obvious manner to any arbitrary number n of
interacting BECs, but the analysis is even more general than that — it applies to
any field-theory normal-mode analysis that arises from a wide class of Lagrangian
based systems [2, 3].

Going to the eikonal approximation this becomes

fab
AB papb εB + lower-order terms = 0, (37)

which leads (neglecting lower order terms for now) to the Fresnel-like equation [2, 3]

det[fab
AB papb] = 0. (38)

8

Generalities:

Finsler <=> co-Finsler.
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PDE analysis:

For a second-order system of PDEs:

Equivalently:

Eikonal approximation:
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But by expanding the n×n determinant (n is the number of fields, not the dimension
of spacetime) we have

det[fab
AB papb] = Qabcd... papbpcpd . . . (39)

where if there are n fields there will be 2n factors of p.
Now define

Q(x, p) = Qabcd... papbpcpd . . . , (40)

and
G(x, p) = 2n

√
Q(x, p) = [Q(z, p)]1/(2n), (41)

then

• Q(x, p) is homogeneous of degree 2n.

• G(x, p) is homogeneous of degree 1, and hence is a co–Finsler function.

• We can now Legendre transform G → F , providing a chain

Q(x, p) → G(x, p) → F (x, t). (42)

Can this route be reversed?

Step 1: We can always reverse F (x, t) → G(x, p) by Legendre transformation.
Step 2: We can always define

gab(x, p) =
1

2

∂

∂pa

∂

∂pb
[G(x, p)2], (43)

this is homogeneous of degree 0, but is generically not smooth at p = 0.
In fact, if gab(x, p) is smooth at p = 0 then there exits a limit

gab(x, p → 0) = ḡab(x), (44)

but since gab(x, p) is homogeneous of degree 0 this implies

gab(x, p) = ḡab(x) [∀p], (45)

and so the geometry simplifies Finsler → Riemann.
This observation suggests the following definition.

Definition: A co–Finsler function G(x, p) is 2n-smooth iff the limit

1

(2n)!
lim
p→0

(
∂

∂p

)2n

G(x, p)2n = Q̄abcd... (46)
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PDE analysis:

Fresnel equation (leading term):
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Co-Finsler function:

PDE analysis:

(Generic to any system of 2nd order PDEs.)
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Generalize this:

exists independent of the direction p in which you approach zero.
Lemma: If G(x, p) is 2n-smooth then

G(x, p)2n = Q̄abcd... papbpcpd . . . , (47)

and indeed
G(x, p) = 2n

√
Q̄abcd... papbpcpd . . .. (48)

Proof: G2n is homogeneous of degree 2n, so (∂/∂p)2nG2n is homogeneous of degree
0. Therefore if the limit

1

(2n)!
lim
p→0

(
∂

∂p

)2n

G(x, p)2n = Q̄abcd... (49)

exists, it follows that

1

(2n)!

(
∂

∂p

)2n

G(x, p)2n = Q̄abcd... [∀p], (50)

and so the result follows.
Special case n = 1: If G(x, p) is 2-smooth then

1

2

∂2

∂pa ∂pb
G(x, p)2 = Q̄ab = gab(x, p), (51)

and co–Finsler → Riemann.
These observations have a number of implications:

• For all those co–Finsler functions that are 2n smooth we can recover the tensor
Qabcd....

• Not all co–Finsler functions are 2n smooth, and for those functions we cannot
extract Qabcd... in any meaningful way.

• But those specific co–Finsler functions that arise from the leading symbol of
a 2nd-order system of PDEs are naturally 2n-smooth, and so for the specific
co–Finsler structures we are physically interested in

Q(x, p)↔ G(x, p)↔ F (x, t). (52)

• Therefore, in the physically interesting case the Finsler function F (x, t) encodes
all the information present in Qabcd....
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• For those co–Finsler functions that are 2n smooth we recover the tensor Qabcd....

• Not all co–Finsler functions are 2n smooth, and for those functions we cannot
extract Qabcd... in any meaningful way.

• But those specific co–Finsler functions that arise from the leading symbol of
a 2nd-order system of PDEs are naturally 2n-smooth, and so for the specific
co–Finsler structures we are physically interested in

Q(x, p)↔ G(x, p)↔ F (x, t).

• Therefore, in the physically interesting case the Finsler function F (x, t) encodes
all the information present in Qabcd....

Special case n = 2: For two fields (appropriate for our 2-BEC system), we can follow
the chain

fab → Q(x, p)↔ G(x, p)↔ F (x, t) (53)

to formally write
ds4 = gabcd dxadxbdxcdxd, (54)

or
ds = 4

√
gabcd dxadxbdxcdxd. (55)

This is one of the “more general” cases Riemann alludes to in his inaugural lecture
of 1854 [14].

This discussion makes it clear that in the hydrodynamic limit the general ge-
ometry in our 2-BEC system is a 4-smooth Finsler geometry. It is only for certain
special cases that the Finsler geometry specializes first to “multi-metric” and then
to “mono-metric” Riemannian geometries.
Special case — non-smooth structures: As a specific example of non-smooth co-
Finsler structures consider for example:

G(x, p) = 2n
√

Q̄abcd... papbpcpd . . . +
√

gab papb, (56)

or even

G(x, p) = 2n

√
Q̄abcd...

1 papbpcpd . . . + 2n

√
Q̄abcd...

1 papbpcpd . . .. (57)

Indeed even if G1(x, p) and G2(x, p) are both n-smooth, their sum need not be n-
smooth.
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3.3 Lorentzian signature Finsler geometries

The distinction between Finsler and pseudo–Finsler geometries has to do with the
distinction between elliptic and hyperbolic PDEs. Elliptic PDEs lead to ordinary
Finsler geometries, hyperbolic PDEs lead to pseudo–Finsler geometries.

Remember that in special relativity we typically define

dγ(x, y) =

∫ y

x

√
gab(dxa/dτ)(dxb/dτ)dτ, (58)

then

• dγ(x, y) ∈ IR+ for spacelike paths;

• dγ(x, y) = 0 for null paths;

• dγ(x, y) ∈ II+ for timelike paths;

The point is that even in special relativity (and by implication in general relativity)
“distances” do not have to be real numbers. This is why physicists deal with pseudo–
Riemannian [Lorentzian] geometries, not (strictly speaking) Riemannian geometries.

Reminder: The physicists’ spacetime metric of general relativity (or even special
relativity) is not a “metric” in the technical sense most commonly used by mathe-
maticians, the physicists’ metric should really be called a “pseudo-metric”, though
even that phrase has unwanted technical connotations — it is probably best to just
refer to the physicists’ metric as a “Lorentzian metric”.

To see how this generalizes in a Finsler situation let us first consider a co–Finsler
structure that is multi-metric, that is:

Q(x, p) = Πn
i=1(g

ab
i papb), (59)

where each one of these n factors contains a Lorentzian signature matrix and so can
pass through zero. Then

G(x, p) = 2n

√
Πn

i=1(g
ab
i papb), (60)

and

G(x, p) ∈ exp

(
iπ#

2n

)
IR+, (61)

where

• # = 0→ G(x, p) ∈ IR+ → outside all n signal cones;

12

3.3 Lorentzian signature Finsler geometries

The distinction between Finsler and pseudo–Finsler geometries has to do with the
distinction between elliptic and hyperbolic PDEs. Elliptic PDEs lead to ordinary
Finsler geometries, hyperbolic PDEs lead to pseudo–Finsler geometries.

Remember that in special relativity we typically define

dγ(x, y) =

∫ y

x

√
gab(dxa/dτ)(dxb/dτ)dτ, (58)

then

• dγ(x, y) ∈ IR+ for spacelike paths;

• dγ(x, y) = 0 for null paths;

• dγ(x, y) ∈ II+ for timelike paths;

The point is that even in special relativity (and by implication in general relativity)
“distances” do not have to be real numbers. This is why physicists deal with pseudo–
Riemannian [Lorentzian] geometries, not (strictly speaking) Riemannian geometries.

Reminder: The physicists’ spacetime metric of general relativity (or even special
relativity) is not a “metric” in the technical sense most commonly used by mathe-
maticians, the physicists’ metric should really be called a “pseudo-metric”, though
even that phrase has unwanted technical connotations — it is probably best to just
refer to the physicists’ metric as a “Lorentzian metric”.

To see how this generalizes in a Finsler situation let us first consider a co–Finsler
structure that is multi-metric, that is:

Q(x, p) = Πn
i=1(g

ab
i papb), (59)

where each one of these n factors contains a Lorentzian signature matrix and so can
pass through zero. Then

G(x, p) = 2n

√
Πn

i=1(g
ab
i papb), (60)

and

G(x, p) ∈ exp

(
iπ#

2n

)
IR+, (61)

where

• # = 0→ G(x, p) ∈ IR+ → outside all n signal cones;

12

Lorentzian
signature:

Remember: In special relativity ----

Even in SR and GR,    “distances” do not 
have to be real numbers...



3.3 Lorentzian signature Finsler geometries

The distinction between Finsler and pseudo–Finsler geometries has to do with the
distinction between elliptic and hyperbolic PDEs. Elliptic PDEs lead to ordinary
Finsler geometries, hyperbolic PDEs lead to pseudo–Finsler geometries.

Remember that in special relativity we typically define

dγ(x, y) =

∫ y

x

√
gab(dxa/dτ)(dxb/dτ)dτ, (58)

then

• dγ(x, y) ∈ IR+ for spacelike paths;

• dγ(x, y) = 0 for null paths;

• dγ(x, y) ∈ II+ for timelike paths;

The point is that even in special relativity (and by implication in general relativity)
“distances” do not have to be real numbers. This is why physicists deal with pseudo–
Riemannian [Lorentzian] geometries, not (strictly speaking) Riemannian geometries.

Reminder: The physicists’ spacetime metric of general relativity (or even special
relativity) is not a “metric” in the technical sense most commonly used by mathe-
maticians, the physicists’ metric should really be called a “pseudo-metric”, though
even that phrase has unwanted technical connotations — it is probably best to just
refer to the physicists’ metric as a “Lorentzian metric”.

To see how this generalizes in a Finsler situation let us first consider a co–Finsler
structure that is multi-metric, that is:

Q(x, p) = Πn
i=1(g

ab
i papb), (59)

where each one of these n factors contains a Lorentzian signature matrix and so can
pass through zero. Then

G(x, p) = 2n

√
Πn

i=1(g
ab
i papb), (60)

and

G(x, p) ∈ exp

(
iπ#

2n

)
IR+, (61)

where

• # = 0→ G(x, p) ∈ IR+ → outside all n signal cones;

12

3.3 Lorentzian signature Finsler geometries

The distinction between Finsler and pseudo–Finsler geometries has to do with the
distinction between elliptic and hyperbolic PDEs. Elliptic PDEs lead to ordinary
Finsler geometries, hyperbolic PDEs lead to pseudo–Finsler geometries.

Remember that in special relativity we typically define

dγ(x, y) =

∫ y

x

√
gab(dxa/dτ)(dxb/dτ)dτ, (58)

then

• dγ(x, y) ∈ IR+ for spacelike paths;

• dγ(x, y) = 0 for null paths;

• dγ(x, y) ∈ II+ for timelike paths;

The point is that even in special relativity (and by implication in general relativity)
“distances” do not have to be real numbers. This is why physicists deal with pseudo–
Riemannian [Lorentzian] geometries, not (strictly speaking) Riemannian geometries.

Reminder: The physicists’ spacetime metric of general relativity (or even special
relativity) is not a “metric” in the technical sense most commonly used by mathe-
maticians, the physicists’ metric should really be called a “pseudo-metric”, though
even that phrase has unwanted technical connotations — it is probably best to just
refer to the physicists’ metric as a “Lorentzian metric”.

To see how this generalizes in a Finsler situation let us first consider a co–Finsler
structure that is multi-metric, that is:

Q(x, p) = Πn
i=1(g

ab
i papb), (59)

where each one of these n factors contains a Lorentzian signature matrix and so can
pass through zero. Then

G(x, p) = 2n

√
Πn

i=1(g
ab
i papb), (60)

and

G(x, p) ∈ exp

(
iπ#

2n

)
IR+, (61)

where

• # = 0→ G(x, p) ∈ IR+ → outside all n signal cones;

12

Lorentzian
signature:

Generalize this to a Finsler structure:

Start with the simple multi-metric case:

3.3 Lorentzian signature Finsler geometries

The distinction between Finsler and pseudo–Finsler geometries has to do with the
distinction between elliptic and hyperbolic PDEs. Elliptic PDEs lead to ordinary
Finsler geometries, hyperbolic PDEs lead to pseudo–Finsler geometries.

Remember that in special relativity we typically define

dγ(x, y) =

∫ y

x

√
gab(dxa/dτ)(dxb/dτ)dτ, (58)

then

• dγ(x, y) ∈ IR+ for spacelike paths;

• dγ(x, y) = 0 for null paths;

• dγ(x, y) ∈ II+ for timelike paths;

The point is that even in special relativity (and by implication in general relativity)
“distances” do not have to be real numbers. This is why physicists deal with pseudo–
Riemannian [Lorentzian] geometries, not (strictly speaking) Riemannian geometries.

Reminder: The physicists’ spacetime metric of general relativity (or even special
relativity) is not a “metric” in the technical sense most commonly used by mathe-
maticians, the physicists’ metric should really be called a “pseudo-metric”, though
even that phrase has unwanted technical connotations — it is probably best to just
refer to the physicists’ metric as a “Lorentzian metric”.

To see how this generalizes in a Finsler situation let us first consider a co–Finsler
structure that is multi-metric, that is:

Q(x, p) = Πn
i=1(g

ab
i papb), (59)

where each one of these n factors contains a Lorentzian signature matrix and so can
pass through zero. Then

G(x, p) = 2n

√
Πn

i=1(g
ab
i papb), (60)

and

G(x, p) ∈ exp

(
iπ#

2n

)
IR+, (61)

where

• # = 0→ G(x, p) ∈ IR+ → outside all n signal cones;

12

3.3 Lorentzian signature Finsler geometries

The distinction between Finsler and pseudo–Finsler geometries has to do with the
distinction between elliptic and hyperbolic PDEs. Elliptic PDEs lead to ordinary
Finsler geometries, hyperbolic PDEs lead to pseudo–Finsler geometries.

Remember that in special relativity we typically define

dγ(x, y) =

∫ y

x

√
gab(dxa/dτ)(dxb/dτ)dτ, (58)

then

• dγ(x, y) ∈ IR+ for spacelike paths;

• dγ(x, y) = 0 for null paths;

• dγ(x, y) ∈ II+ for timelike paths;

The point is that even in special relativity (and by implication in general relativity)
“distances” do not have to be real numbers. This is why physicists deal with pseudo–
Riemannian [Lorentzian] geometries, not (strictly speaking) Riemannian geometries.

Reminder: The physicists’ spacetime metric of general relativity (or even special
relativity) is not a “metric” in the technical sense most commonly used by mathe-
maticians, the physicists’ metric should really be called a “pseudo-metric”, though
even that phrase has unwanted technical connotations — it is probably best to just
refer to the physicists’ metric as a “Lorentzian metric”.

To see how this generalizes in a Finsler situation let us first consider a co–Finsler
structure that is multi-metric, that is:

Q(x, p) = Πn
i=1(g

ab
i papb), (59)

where each one of these n factors contains a Lorentzian signature matrix and so can
pass through zero. Then

G(x, p) = 2n

√
Πn

i=1(g
ab
i papb), (60)

and

G(x, p) ∈ exp

(
iπ#

2n

)
IR+, (61)

where

• # = 0→ G(x, p) ∈ IR+ → outside all n signal cones;

12
• ! = n→ G(x, p) ∈ II+ → inside all n signal cones.

So we can now define

• Spacelike ↔ outside all n signal cones ↔ G real;

• Null ↔ on any one of the n signal cones ↔ G zero;

• Timelike ↔ inside all n signal cones ↔ G imaginary;

• plus the various “intermediate” cases:

“intermediate”↔ inside ! of n signal cones↔ G ∈ i!/n × IR+. (62)

Now this basic idea survives even if we do not have a multi-metric theory. The
condition Q(x, p) = 0 defines a polynomial of degree 2n, and so defines n nested
sheets (possibly crossing in places). Compare with Courant and Hilbert’s discussion
of the Monge cone [13].

That is:

Q(x, p) = 0 ⇔ Q(x, (E, "p)) = 0;

⇔ polynomial of degree 2n in E for any fixed "p;

⇔ in each direction ∃ 2n roots in E;

⇔ corresponds to n [topological] cones.

(These are topological cones, not geometrical cones, and the roots might happen to
be degenerate.)
Question: Should we be worried by the fact that the co-metric gab is singular on the
signal cone? (In fact on all n of the signal cones.) Not really. We have

G(x, p) = 2n
√

Q̄abcd... papbpcpd . . ., (63)

so

gab(x, p) =
1

2

∂2

∂pa ∂pb

(
n
√

Q(x, p)
)

=
1

2n

∂

∂pb

{
Q

1
n−1 Qabcd... pbpcpd . . .

}
, (64)

whence

gab(x, p) =
1

2n
Q

1
n−1 Qabcd... pcpd . . . (65)

+
1

2n

(
1

n
− 1

)
Q

1
n−2

[
Qacde... pcpdpe . . .

] [
Qbfgh... pfpgph . . .

]
,

13
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n
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Q(x, p)
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2n

∂

∂pb

{
Q

1
n−1 Qabcd... pbpcpd . . .

}
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1

n
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Q
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Qacde... pcpdpe . . .
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whence

gab(x, p) =
1

2n
Q

1
n−1 Qabcd... pcpd . . . (68)

+
1

2n

(
1

n
− 1

)
Q

1
n−2

[
Qacde... pcpdpe . . .

] [
Qbfgh... pfpgph . . .

]
,

which we can write as

gab(x, p) =
1

2n
Q−(n−1)/n Qabcd... pcpd . . . (69)

− 1

2n

n− 1

n
Q−(2n−1)/n

[
Qacde... pcpdpe . . .

] [
Qbfgh... pfpgph . . .

]
.

Yes, this naively looks like it’s singular on the signal cone where Q(x, p) = 0. But
no, this is not a problem: Consider

gabpapb =
1

2n
Q−(2n−1)/nQ− 1

2n

n− 1

n
Q−(2n−1)/nQ2, (70)

then

gabpapb =
1

2n

(
1− n− 1

n

)
Q1/n =

1

2n2
Q1/n = 0, (71)

and this quantity is definitely non-singular.

3.4 Summary

In short:

• pseudo-co–Finsler functions arise naturally from the leading symbol of hyper-
bolic systems of PDEs;

• pseudo-co–Finsler geometries provide the natural “geometric” interpretation of
a multi-component PDE before fine tuning;

• In particular the natural geometric interpretation of 2-BEC models (in the
hydrodynamic limit, and before fine tuning) is as a 4-smooth pseudo-co–Finsler
geometry.
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Lorentzian
signature:

In short:

Despite their somewhat abstract mathematical 
character,   Finsler spacetimes are of direct 

physical interest...



Rainbow
geometries:

There is no general widely accepted precise
mathematical definition of what is meant by a 

“rainbow geometry”...

The physicist’s definition is rather imprecise:
“energy dependent metric”?

“momentum dependent metric”?
“4-momentum dependent metric”?

Q:     4-momentum of what? The observer? 
The object being observed?



Rainbow
geometries:

Finsler geometries, with a direction-dependent 
metric that is independent of the magnitude 
of the tangent vector, are not “rainbow”...

To capture the essence of “energy dependence” 
need a metric that depends also on the 

magnitude of the tangent vector....



4 Rainbow geometries

Rainbow geometries are geometries where the metric is allowed to depend on both
position and a suitable cotangent vector — not just the direction of the cotangent
vector as for co-Finsler geometries — but also the length of the cotangent vector:

gab = gab(x, p). (72)

This is somewhat more restrictive than merely saying you have a metric gAB(x, p)
defined on the cotangent bundle (as opposed to saying that you have a metric defined
on the manifold), since while the value of the rainbow metric depends on position in
the 2n-dimensionalco tangent bundle, viewed as a tensor the rainbow metric is still
a tensor on the n dimensional manifold itself. Formally:

gAB(x, p) =

[
gab(x, p) 0

0 0

]
. (73)

Another formal possibility, useful primarily because it is non-degerate is

gAB(x, p) =

[
gab(x, p) 0

0 gab(x, p)

]
. (74)

Either of these models will serve as a (possibly preliminary) mathematical charac-
terization of the notion of a “rainbow geometry”, but the physical content of such a
formalism is unclear.

What we shall now do is to build up a physical model, that we will use to flesh
out these ideas, in a hopefully “natural” manner.

4.1 Rainbow spacetime in Bose–Einstein condensates

Linearizing the GP equation

∂tn +∇
[(

n0!
m
∇θ

)
+ (n · v)

]
= 0; (75)

∂tθ + v ·∇θ +
Û

! n = 0. (76)

Here we have defined a differential operator Û by

Û n =

(
U − !2

2m
D̂2

)
n, (77)
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Rainbow metric <=> metric on the co-tangent bundle 
that factorizes over the base manifold:

Physical interpretation left  ambiguous for now....
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           co-tangent bundle “2n” dimensions.)



4 Rainbow geometries

Rainbow geometries are geometries where the metric is allowed to depend on both
position and a suitable cotangent vector — not just the direction of the cotangent
vector as for co-Finsler geometries — but also the length of the cotangent vector:

gab = gab(x, p). (72)

This is somewhat more restrictive than merely saying you have a metric gAB(x, p)
defined on the cotangent bundle (as opposed to saying that you have a metric defined
on the manifold), since while the value of the rainbow metric depends on position in
the 2n-dimensionalco tangent bundle, viewed as a tensor the rainbow metric is still
a tensor on the n dimensional manifold itself. Formally:

gAB(x, p) =

[
gab(x, p) 0

0 0

]
. (73)

Another formal possibility, useful primarily because it is non-degerate is

gAB(x, p) =

[
gab(x, p) 0

0 gab(x, p)

]
. (74)

Either of these models will serve as a (possibly preliminary) mathematical charac-
terization of the notion of a “rainbow geometry”, but the physical content of such a
formalism is unclear.

What we shall now do is to build up a physical model, that we will use to flesh
out these ideas, in a hopefully “natural” manner.

4.1 Rainbow spacetime in Bose–Einstein condensates

Linearizing the GP equation

∂tn +∇
[(

n0!
m
∇θ

)
+ (n · v)

]
= 0; (75)

∂tθ + v ·∇θ +
Û
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Example:     BEC beyond the hydrodynamic limit...

...keeping the “quantum pressure” term...

Linearized GP:

Differential operator:



where [12, 1]

D̂2 =
1

2

{
(∇n0)2 − (∇2n0)n0

n3
0

− ∇n0

n2
0

∇+
1

n0
∇2

}
. (78)

The differential operator D̂2 accounts for the first-order correction obtained from lin-
earizing the quantum potential term. Note the tilde notation indicates a differential
operator. We have also used

v =
!
m
∇θ0, (79)

which gives the background velocity for the irrotational field. To combine the two
coupled equations for the quantum fluctuations in the phase and density, it is im-
portant to note that we can rearrange (73) to make n the subject. That is

n = ! Û−1 [∂tθ + v ·∇θ] = ! Û−1 Dθ

Dt
, (80)

where Dθ/Dt is the “advective derivative”.
The problem here is the differential operator Û , but there are two interesting

limits where the commutation relation takes a simpler form. In the hydrodynamic
approximation the differential operator Û → U(t, x) and we get the usual Lorentzian
geometry.

This situation changes significantly if one instead considers a localized wavepacket
with wavenumbers centered on k and adopts the eikonal approximation. In this
approximation

D̂2 → −
k2

2n0
; Û → U(t, x) +

!2k2

4mn0
. (81)

We use equation (77) to eliminate n completely in our equations of motions, by
substituting it into equation (72). That yields a single equation for the perturbed
phase

∂a

(
f̂ab ∂bθ

)
= 0 (82)

, where we have introduced the matrix f̂ab with differential-operator-valued entries:

fab =




− Û−1 −Û−1vj

− viÛ−1 n0
m δij − viÛ−1vj



 . (83)

(The indices a, b run from 0 to d whereas i, j run from 1 to d for the spatial
coordinates only). Now as argued above in many situations of physical interest, the
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Quantum 
pressure:

This 2nd-order differential operator comes from 
linearizing the so-called “quantum pressure”...

In the EOM it is suppressed by 2 powers of hbar...

Hydrodynamic/acoustic limit <=> ignore this term.

Eikonal approximation: 
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differential operator Û can be usefully approximated by a function — for instance
in the “hydrodynamic limit” where the “quantum pressure” is neglected one has
D̂2 → 0 so that Û → U . (See, for instance, [12, 1], and the discussion above.)
Beyond the hydrodynamic limit, consider the eikonal limit applied to a localized
wavepacket with wavenumber centered on k and position centered on x where (as
discussed above) Û can usefully be approximated by a function

Û → Uk(t, x) = U(t, x) +
!2k2

4mn0
,

which we shall conveniently abbreviate by writing Uk.
Let us without further ado invoke such an approximation so that the elements of

the matrix f̂ab can be treated as (possibly momentum dependent) functions, rather
than differential operators:

f̂ab → fab
k = U−1

k




− 1 −vj

− vi n0Uk
m δij − vivj



 . (84)

Adopting

c2
k =

n0Uk

m
(85)

we have

f̂ab → fab
k = R−1

k




− 1 −vj

− vi c2
k δij − vivj



 . (86)

If we additionally require that there exists an (inverse) metric tensor gab such that

fab ≡
√
−g gab, (87)

where g is the determinant of the metric tensor gab, then the connection is formally
made to the field equation for a minimally coupled massless scalar field in a curved
space-time

1√
−g

∂a

(√
−g gab ∂bθ

)
= 0. (88)

Note that in the eikonal approximation the k dependence hiding in Uk will make
this a momentum-dependent metric, a so-called “rainbow metric”. It is only in
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geometries:
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operator. We have also used

v =
!
m
∇θ0, (79)

which gives the background velocity for the irrotational field. To combine the two
coupled equations for the quantum fluctuations in the phase and density, it is im-
portant to note that we can rearrange (73) to make n the subject. That is

n = ! Û−1 [∂tθ + v ·∇θ] = ! Û−1 Dθ

Dt
, (80)

where Dθ/Dt is the “advective derivative”.
The problem here is the differential operator Û , but there are two interesting

limits where the commutation relation takes a simpler form. In the hydrodynamic
approximation the differential operator Û → U(t, x) and we get the usual Lorentzian
geometry.

This situation changes significantly if one instead considers a localized wavepacket
with wavenumbers centered on k and adopts the eikonal approximation. In this
approximation

D̂2 → −
k2

2n0
; Û → U(t, x) +

!2k2

4mn0
. (81)

We use equation (77) to eliminate n completely in our equations of motions, by
substituting it into equation (72). That yields a single equation for the perturbed
phase

∂a

(
f̂ab ∂bθ

)
= 0 (82)

, where we have introduced the matrix f̂ab with differential-operator-valued entries:

fab =




− Û−1 −Û−1vj

− viÛ−1 n0
m δij − viÛ−1vj



 . (83)

(The indices a, b run from 0 to d whereas i, j run from 1 to d for the spatial
coordinates only). Now as argued above in many situations of physical interest, the
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differential operator Û can be usefully approximated by a function — for instance
in the “hydrodynamic limit” where the “quantum pressure” is neglected one has
D̂2 → 0 so that Û → U . (See, for instance, [12, 1], and the discussion above.)
Beyond the hydrodynamic limit, consider the eikonal limit applied to a localized
wavepacket with wavenumber centered on k and position centered on x where (as
discussed above) Û can usefully be approximated by a function

Û → Uk(t, x) = U(t, x) +
!2k2

4mn0
,

which we shall conveniently abbreviate by writing Uk.
Let us without further ado invoke such an approximation so that the elements of

the matrix f̂ab can be treated as (possibly momentum dependent) functions, rather
than differential operators:

f̂ab → fab
k = U−1

k




− 1 −vj

− vi n0Uk
m δij − vivj



 . (84)

Adopting

c2
k =

n0Uk

m
(85)

we have

f̂ab → fab
k = R−1

k




− 1 −vj

− vi c2
k δij − vivj



 . (86)

If we additionally require that there exists an (inverse) metric tensor gab such that

fab ≡
√
−g gab, (87)

where g is the determinant of the metric tensor gab, then the connection is formally
made to the field equation for a minimally coupled massless scalar field in a curved
space-time

1√
−g

∂a

(√
−g gab ∂bθ

)
= 0. (88)

Note that in the eikonal approximation the k dependence hiding in Uk will make
this a momentum-dependent metric, a so-called “rainbow metric”. It is only in
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Eikonal
approximation:

Phase velocity:

Metric:



the acoustic/hydrodynamic limit that the k dependence of Uk vanishes, so that the
“rainbow metric” reduces to an ordinary Lorentzian metric.

It is worth reiterating the assumptions used in making the above analogy. The
theory resulting from linearized quantum fluctuations leads to a “free” field theory —
that is, the modes of the field θ are non-interacting. Since we are using a linearized
theory, the back-reaction of the quantum fluctuations on the condensate mode is
neglected; this is equivalent to assuming the metric tensor is an externally-specified
classical quantity.

We further note that while the present analogy only holds for massless scalar (spin
zero) particles, in general, it is possible to modify the formalism to include massive
minimally coupled scalar fields at the expense of dealing with a more complex BEC
configurations, e.g., a two-component BEC [5, 6, 7, 8, 9, 10].

4.2 Acoustic metric for phononic modes
and rainbow metrics for trans-phononic modes

Assuming either the eikonal or hydrodynamic limits, the dynamics of θ is given by
classical quantity gab, and with equation (84) and (87) it is possible to show the form
of the metric tensor is

gab ≡
(

n0

ck

) 2
d−1

[
−(c2

k − v2) −vj

−vi δij

]
, (89)

where we have introduced the quantity

c2
k =

n0

m
Uk =

n0U(t, x)

m
+

!2k2

4m2
. (90)

If one neglects the quantum pressure term by taking D̂2 n→ 0 in (77), equivalent to
a low-momentum approximation for small k, this reduces to the usual expression for
the local — in general time-and-space-dependent — speed of sound in the condensate:

c2
k → c2 =

n0U(t, x)

m
. (91)

Within this limit we simplify equation (89) to

gab ≡
(n0

c

) 2
d−1

[
−(c2 − v2) −vj

−vi δij

]
. (92)

This is known as either the hydrodynamic or acoustic approximation — in this case
all collective excitations behave as sound waves with the usual linear dispersion form
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discussed above) Û can usefully be approximated by a function
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Eikonal
approximation:

EOM:

This analysis requires a “separation of scales” 
between the wave-vector of the perturbation 

and the scale on which the background varies....



Dispersion 
relation:

Another approach is to start straight from 
the dispersion relations....

Consider a fluid at rest,    in very many cases the 
dispersion relation can be written in the form:

ω = c k — the quanta of excitations are thus phonons. An interesting consequence
of Bogoliubov theory in Bose condensates is that in general the excitation spectrum
displays nonlinear dispersion, being linear (i.e., phononic) for low |k| and becoming
quadratic (i.e., free-particle like) at large |k|. When the nonlinear dispersion (90)
is incorporated into analogue models of gravity it is equivalent to breaking Lorentz
invariance [1, 16]. For the general case, where we do not want to be restricted to
the phononic region, we must retain the momentum-dependent “rainbow metric” of
equation (89). Since each mode is propagating with a speed depending on k, we get
in the eikonal approximation

ck(t, x)2 = c(t, x)2 + ε2
qpk

2, (93)

with

εqp =
!

2m
. (94)

The dispersion relation in the eikonal limit is,

ωk(t, x) = ck(t, x) k =
√

c(t, x)2 k2 + ε2
qpk

4, (95)

and hence violates “acoustic Lorentz invariance”. This is not surprising at all, since
we know the quasi-particles become “atom-like”, and so non-relativistic, at high
momentum.

The usual line of argument is that the smallness of εqp makes it possible to
neglect the second order term in the dispersion relation for low-energy excitations,
where εqpk ! c. However, it is important to realise that the propagation speed
can be a function of time, c = c(t, x), and hence if c(t, x) → 0 then one is dealing
with a system that eventually violates Lorentz invariance at all energy scales. There
are no theoretical or experimental restrictions to prevent U(t, x) ∝ c(t, x) becoming
arbitrarily small. In the specific cases we are interested, we run into exactly this
situation and therefore a more subtle analysis is required, as to whether the the
acoustic metric (92) is an sufficient approximation, or whether we have to use the
more sophisticated concept of a rainbow metric (89).

ω2 = F (k)

19

for some possibly nonlinear function F(k)...

Eg: BECs (acoustic and post-acoustic), ripplons,  
gravity waves (fluid mechanics), etc, etc ...

(2nd-order in time; arbitrary order in space...)
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[1] C. Barceló, S. Liberati and M. Visser, “Analogue gravity,” Living Rev. Rel. 8
(2005) 12 [arXiv:gr-qc/0505065].
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Dispersion 
relation:

Rewrite as:

Pick off components:

Momentum dependent metric depending on phase velocity.



Dispersion 
relation:

Dispersion relation approach is physically transparent...

Only weakness:   Conformal factor left unspecified...

(This is a standard side-effect of the geometrical 
quasi-particle approximation,

cf geometrical acoustics,
cf geometrical optics.) 



Rainbow
geometries:

In analogue spacetimes it is now clear that the 
momentum in the “rainbow metric” should 

be the momentum of the quasiparticle 
under investigation...

In other contexts,    eg DSR 
--- distorted special relativity ----

it might be useful to consider a metric 
that depends on the 4-momentum 

of the observer..



Conclusions:

Analogue spacetimes are a good way of providing 
clean and interesting physical models for both 

Finsler spaces and “rainbow spacetimes”...

The extremely abstract mathematics of Finsler geometry 
now has some direct relevance to physics....

We also now have a well-controlled physical model
 that can help us sharpen our notion of what exactly 

a “rainbow spacetime” can and should be...






