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Abstract

An infinitary proof theory is developed for modal logics whose models are coalgebras of polynomial
functors on the category of sets. The canonical model method from modal logic is adapted to construct a
final coalgebra for any polynomial functor. The states of this final coalgebra are certain “maximal” sets of
formulas that have natural syntactic closure properties.

The syntax of these logics extends that of previously developed modal languages for polynomial coal-
gebras by adding formulas that express the “termination” of certain functions induced by transition paths.
A completeness theorem is proven for the logic of functors which haveitlteenbaunproperty that every
consistent set of formulas has a maximal extension. This property is shown to hold if if the deducibility
relation is generated by countably many inference rules.

A counter-example to completeness is also given. This is a polynomial functor that is not Lindenbaum:
it has an uncountable set of formulas that is deductively consistent but has no maximal extension and is
unsatisfiable, even though all of its countable subsets are satisfiable.

1 Introduction

If T : Set— Setis a functor on the category of sets, theh-goalgebras a pair(A, ) with Abeing a set and

a function of the formA — T A. This concept has proven useful in modelling various computational structures

and systems, including data structures (infinite lists, streams, trees), state-based systems (automata, labelled
transition systems, process algebras) and classes in object-oriented programming languages [34, 18, 38, 39,
23, 22]. TypicallyA is thought of as a set aftates anda as atransition structure The T-coalgebras form a
category under a natural notion of coalgebraic morphisn{A, ) — (B, 8) given by a functionf : A— B

that preserves the transition structures in a suitable sense.

Particular importance attaches to the notion dihal (or terminal) coalgebra, which is a coalgeb{@, y)
such that for each coalgeb(a, a) there is exactly one coalgebraic morphism froa) to (C,vy). In the
context of process algebra, the states of a final coalgebra can be thought of as representing all possible “observ-
able behaviours” of processes, because statdgA, o) andy of (B, 8) are “observationally indistinguishable”
precisely when they are identified by the unique morphisms ) and(B, 8) to (C, v).

A final T-coalgebra is unique up to isomorphism, if it exists. Conditions under which it exists, and rep-
resentations of it when it does, have been extensively studied [3, 4, 5, 18, 39, 25, 37]. The principal aim of
this paper is to show how the proof theory of modal logic can give an elegant construction of the final coalge-
bra for anypolynomialfunctor. A functor is polynomial if it can be inductively constructed from the identity
functor and constant-valued functors by forming proddgt x T,A, coproducts (disjoint uniong); A + T2A,
and exponentialsT(A)' with fixed exponent. Polynomial functors can be thought of as being constructed by
these operations from some fixed sets given in advance, and a polynomial coalgebra is a very general kind of
deterministic transition system for which the value of a constant functor is a set of “observable outputs” and an
exponent constitutes a set of “inputs”.

*Corresponding authorrob.goldblatt@vuw.ac.nz. The authors acknowledge support from a Logic and Computation pro-
gramme funded by the New Zealand Institute of Mathematics and its Applications, and thank the referees for their helpful suggestions.



There have been a number of proposals of formal languages and logics for characterising properties of
coalgebras. A desideratum of such logics is that they have a semantic satisfaction wlatigrE ¢, ex-
pressing “formulap is trugsatisfied at stat& in coalgebra A, a)”, that provides a logical characterisation of
observational indistinguishability in the following form:

x is observationally indistinguishable froyn
if, and only if,
for all formulase, A a,XE ¢ iff B,B,Y E .

In other words, observational indistinguishability is identical to logical indistinguishability. If such a logic
exists we say that it, or the functdr, has theHennessy-Milner propertyafter the pioneers of this idea for
process algebra [16, 17].

The first explicit coalgebraic logic with the Hennessy-Milner property was introduced by Moss [32] for a
broadly defined class of functofsthat have final coalgebras. The language involved nwfasitary, allowing
formation of conjunctions of infinite sets of formulas, and was motivated by ideas from modal logic. Finitary
modal languages with the Hennessy-Milner property were subsequently developed for more specific types of
functor, beginning with the work of Kurz [27, 28],dRiger [35, 37] and Jacobs [20] on polynomial functors.

The fundamentatanonical modetonstruction was adapted in [35, 28] to build polynomial coalgebras. This
construction originated in the method introduced by Henkin [15] for proving completeness of first-order logic,
and was adapted to modal logic by Lemmon and Scott [30] and others [8, 31]. The essence of the method is to
define a model whose states are certain “maximal” sets of formulas with special closure properties determined
by the proof theory of the logic, and to show that a formpiia satisfied in this model at a maximaprecisely

wheng € x. The technique was used in [35, 28] to construct final polynomial coalgebras as canonical models,
under the restriction that any constant output set involved in the formatidrigiinite.

In this paper we show that the canonical model method can be used to construcTaduzdebra foany
polynomialT, including those that have infinite constant output sets, such as the set of natural numbers or even
uncountable sets. This is done by developingiéinitary proof theory for dinitary modal language determined
by T. The proof theory is infinitary in the sense that it involves a deducibility reldfigne, interpreted as
“formula ¢ is deducible from the set of formul&$, which may hold concurrently witlh” |- ¢ failing for every
finite I” C I'. So the deduction ap may depend on infinitely many “premisses”. In particular, it may be that
I" is deductively inconsistent, in the sense that L where L is a constant false formula, while at the same
time each finite subset &fis consistent. Proof theories of this kind were developed in [9] for standard modal
logics, and are adapted here to the coalgebraic setting. While the general framework of [9] carries over, there
are a many novel features involved, including the axioms and rules of inference used, and the canonical model
construction itself, which is distinctively coalgebraic.

Our modal language is finitary in the sense that its formulas are finite sequences of symbols. Its syntax
extends that of Biger’'s polynomial language by a new construct expressing assertions about the existence of
transition functions induced by certgiath expressions. This path notion was developed in [35, 37] and then
in [19, 20] and provides a way of representing the internal structure and formation of a polynomial flinctor

We WriteT~pw> S to indicate thap is a path froniT to functorS: such paths exist whenevBris a component
of the formation ofT. Paths induce a partial functigsp : TAo— S Afor each se®, and this composes with
aT-transitiona : A— TAto give a partial functiorpa o @ : Ao— S A pis astate pathif S is the identity
functor, soS A= A, and is arobservation patlif S is a constant functor, s8 A= D for some fixed seb of
observable values. The language of [35, 37] has formyasdr each such observation pgttand eaclt € D.
The formula @)c is true at statex in T-coalgebra A, @) when pa(a(X)) is defined and equal to. There are
also modalities [p] for each state pathp, with a formula jp]¢ being true at stat& wheng is true atpa(a(X)),
provided that the latter is defined. Thuyg¢ expresses the assertion “after the state-transgjona, ¢ will be
true”.

Now if the the output seD associated with an observation patis infinite, then the language of [35, 37]
is unable to express the condition that the transition fungipna is defined, i.e. that there is a “terminating”,
or “halting”, transition induced by. If pa(a(X)) exists, then the formulgjc is true atx for some (indeed for
one)c € D. Thus the requirement thgh(a(X)) be defined is expressed by the disjunction of the infinite set
of formulas{(p)c : ¢ € D}. Hence the condition thgia(a(X)) be undefined is expressed by tlberjunction of
{=(p)c : c € D}. But conjunctions and disjunctions of infinite sets do not exist in a finitary language. This is



the essential reason why the canonical model constructions of [35, 28] were restricted to polynomial functors
formed from finite output sets.

Here this restriction is overcome by extending the syntax to add aat@wicformula (p)| for each path
p, with the semantics

Aa xE (p)l iff a(X)belongs tothe domain qia.

There is a price for this solution: the language remains finitary, but its proof theory becomes infinitary and
its semantics exhibits failures of compactness. This is inevitable and unavoidable as soon as output sets of
observation paths are allowed to be infinite. To see why, consider the set of formulas

{=(p)c:ce D}U{(pPl}.

This set is unsatisfiable, in the sense that there is no state at which all of its members can be simultaneously
true, but each of its finite subsets may be satisfiable wibes infinite. Correspondingly, our proof theory
should make this set inconsistent while allowing all of its finite subsets to be consistent. By the same token, the
deducibility relation should havie-(p)c : ¢ € D} - =(p)l while allowing that{—(p)c : c € D’} }¢ =(p)| for all
finite D’ C D.

The proof theory we develop will indeed fulfik(p)c : ¢c € D} | =(p)| for all observation pathp, as well
as satisfying other “inference rules” built from these by the modalities and the implication connective, such as

{v = [g]-(p)c:ce D}y — [g]-(p).

Our definition of a “maximal” set of formulas will include the requirement of closure under such inference
rules. A canonical -coalgebraAr, a1) will be constructed withAr as the set of all these maximal sets and a
“Truth Lemma” proven, showing that

Ar,at,XE @ iff pex

From this it will follow that(At, at) is a finalT-coalgebra. The explanation for this reveals the naturalness of
using the canonical model construction here. Each btat@ coalgebrdB, 8) determines the “truth set”

{¢ | B,B.bE ¢},

consisting of all formulas that are truelat This truth set proves to be maximal, and hence is itself a member
of A7, i.e. is state of the coalgebtar, at). This defines a map froB to Ar which proves to be the unique
morphism between the coalgebras.

The Truth Lemma says that the truth get A7, at, X E ¢} of a statexin Ar is justx itself. So the states of
the canonical coalgebra are precisely all the truth sets of all states of all coalgebras, and in this sense the final
coalgebra represents “all possible situations”.

A completenestheorem also follows from the Truth Lemma, stating that i$ a semantic consequence of
I (i.e. ¢ is satisfied by any state at whi€hs satisfied), thei |- ¢. Equivalently, ifT" is deductively consistent
(T }£ L), thenl is satisfiable at some coalgebraic state. But these completeness results reduirdeghbaum
propertythat every consistent set of formulas has a maximal extension. We show that this property does hold
under a countably proviso on the set of infinitary inference rules of the kind exemplified above. We characterise
this proviso in terms of the number of paths thiabas, and give examples in Section 7 illustrating the range of
possibilities for this.

Experience with infinitary logic indicates that some such cardinality constraint on completeness is to be
expected (we also give examples of that experience in Section 7). Indeed we show that there are cases of
incompleteness here, by exhibiting a simple polynomial functor for which the Lindenbaum property fails. In
this example ar-coalgebra is any function : A — «®, with R the set of real numbers anad the set of
natural numbers. The associated logic has & séformulas that is deductively consistent but has no maximal
extension and is not satisfiable at any state of Bsgpalgebra. This unsatisfiableis uncountable, and all of
its countable subsetse satisfiable.

Here is an outline of the paper. In the next Section we review the basic coalgebraic theory that will be
used, including the notion dfisimilarity that gives a mathematical formulation of the concept of observational
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indistinguishability, and a characterisation of bisimilarity in terms of the behaviour of path-transitions. Section

3 sets out the formal syntax and semantics of our logic for a polynomial fulictocluding the basic semantic
consequence relatidnk ¢, and confirms that the logic has the Hennessy-Milner property fooalgebras.

Section 4 begins the study of proof theory, introducing axioms and certain inferentially closed sets of formulas
calledtheories Section 5 uses theories to define the deducibility relgtiatetermined byl, and establishes

its main properties, as well as introducing maximal sets and developing their relationships. Section 6 constructs
the canonical coalgebra and shows that it is final. Section 7 studies the Lindenbaum property and completeness
theorems. Section 8 gives the above-mentioned incompleteness example. Section 9 closes the paper with a
discussion of possible generalisations and questions for further study.

2 Coalgebras and paths of polynomial functors

We begin by establishing some notation concerning sets and functions. The identity function of ia set
denoted id. The symbob— will be used for partial functions. Thuk: A —— B means thaf is a function
with codomainB whose domain, Donfi, is a subset oA.

The cartesian produé; x A, of two sets has associatptbjectionsrj : A; x Ao — A for j € {1,2}. The
coproduct A + Ay of Aq, Ay is their disjoint union, with injectivensertionfunctions:j : Aj — Ay + A, for
j € {1,2}. Each element of; + Ay is equal taj(X) for a uniquej and a uniques € A;. Associated with each
insertion; is its partial inverse, thextractionfunctiong; : Ay + A o— Aj havingej(y) = xiff (j(X) = y. Thus
Domej = (jAj, i.e.y € Domgj iff y = ¢j(X) for somex € A;.

The D-th exponentiabf a setA is the setAP of all functions from seD to A. For eachd € D there is the
evaluation-at-dfunctioney : AP — A havingew(f) = f(d).

DeriniTION 2.1 (PoLyNoMIAL FUNCTORS) A functor T : Set— Setassigns a se€f Ato each sef, and a function
Tf: TA— TBto each functionf : A— Bin such a way thalida = idraandT(go f) = Tgo Tf. The
identity functorld has IdA = Aand Idf = f. For each seb, theconstant functoD hasDA = D andDf = idp.
A functorT is polynomialif it can be obtained in finitely many steps from Id gmdconstant functor® with
D # @ by forming product, coproduct, and exponential functors with constant exponents. These operations on
functors are as follows.

e product functorsT; x T, acts on sets b — T1A X T2A, with (T1 x T») f being the functior(xz, x2)
(T1(F)(x), T2(F)(x2)).

e coproduct functorsT; + T hasA — T1A + ToAon sets; while Ty + To) f acts byj(x) = ¢j(T;(f)(X)).

¢ exponential functorsT® hasA — (T AP, while TP(f) acts byg - T(f) o g.

DeriniTiON 2.2 (componenTs) Any functor involved in the formation of is acomponenof T. Formally, the
set comp() of T-components is inductively defined by putting coMipg& {T}if T = Id or T = D; comp(T) =
{T}ucomp(Ty) Ucomp(T2) if T=TyxToorT =Ty + To; and comp(P) = {TP} U comp(T).

It is evident that comfX) is finite and always contains at least Id or some constant fultor

DerniTioN 2.3 (coaLGeBrRAs) A T-coalgebrais a pair(A, a), whereA is a set and is a function of the form
A — TA Ais called thestate seande is called thetransition structure
SinceA can be recovered as Danwe often refer tgA, a) simply asa.

DeriniTioN 2.4 (CoALGEBRAIC MORPHISMS) Let (A, a) and(B,B) be T-coalgebras. A functiorf : A— Bis a
(T-)morphismfrom (A, @) to (B,B) if Bo f =T f o @, i.e. the following diagram commutes:

f
A——B

l lﬁ

TA——TB



The identity function oA is a T-morphism id\ : (A, a) — (A,a). The T-coalgebras and their morphisms
form a category under functional composition of morphisms. An isomorphism in this category is a bijective
T-morphism.

There are many illustrations in the literature (e.g. [34, 18, 38, 39, 23, 22]) showing how data structures and
state-based systems can be presented as coalgebras.

DeriniTION 2.5 (FINAL cOALGEBRA) A T-coalgebralA, «) is final if, for any T-coalgebra(B, 8), there exists a
unigueT-morphism fromB, B) to (A, a).

Thus a finalT-coalgebra is a terminal object in the categoryle€oalgebras, so any two final coalgebras
are isomorphic. There have been several studies of conditiofistbat ensure there is a find@lcoalgebra
[3, 4, 39, 25]. In particular, a final coalgebra exists for all polynomial functors.

DeriniTION 2.6 (1siMuLATION [3] & BisiMiLARITY ) FoOr T-coalgebragA, a) and(B,8) a relationR C Ax Bis a
(T-)bisimulationfrom « to g if there exists a transition structype R— T Ron R such that the projections are
morphisms fromR, p) to @ andg, i.e. the following diagram commutes:

T 2

A< R B

I

TA<— TR——TB
1 Trno

The union of any collection of bisimulations fromto 8 is a bisimulation [39, Section 5]. Hence there is a
largest bisimulation frona to 8, calledbisimilarity, which we denote by-. Two statesx € A andy € B are
bisimilar, x ~ vy, if there exists a bisimulatioR € A x B with (x,y) € R. Bisimilarity is a mathematical
formulation of the notion of observatiorlakhavioural indistinguishability.

DeriniTiON 2.7 (PaTHS) A pathis a finite list (possibly empty) of symbols of the kinds, 2, £1, €2, V. We

. L : . : : p :
write p.q for the associative operation of concatenation of Igdg. The notatioril —» S means thap is a
path from functofT to functorS, defined inductively on the formation @fas follows:

° T~<v>w T, where() is the empty path
q
o Ty X Tzi'vw S, wheneverj € {1, 2} andejw S
€j.q .
e Ty +To—w S, wheneverj € {1, 2} andT,-~9~> S

o TO2 s for everyd € D, wheneveiT —ws S.

It is evident that if there is a path—wS, thenS is one of the components @f. Conversely, ifS € comp(T)
then there exists a path froimto S. Paths can be composed by concatenating Iistl'—iE»Tz ande—EA»Tg,

thenTlfLE‘»Tg. A path TJV)\»S is astate pathif S = Id, and anobservation pathf S = D for some seD.!
Every path can be extended either to a state path or to an observation path.

DeriniTION 2.8 (PATH FUNCTIONS) A path T—PA’) S induces a partial functiopa : TAo— S Afor every setA,
defined by induction on the length pfas follows:

e (a: TA— TAis the identity function igla and is total.

o (mj.p), = Pa o mj, the composition ofr A x T2Al> TjAopi> S A Hencex € Dom (rj.p), iff 7j(X) €
Dompa.

® (&j.p)5 = Pace&j, the composition oT1A+T2Aos—j> TjAopi>SA Hencex € Dom (gj.p) , iff X € Dome;
andej(xX) € Dompa.

1Observation paths and state paths are called “positions” in [37].



e (ew.p)a = Pa o ew, the composition of TA)P 24 TA™, SA Hencef e Dom Eew.p)a iff f(d) e
Dompa.

Concatenation of paths corresponds to composition of functions, in the sensedh@t ga o pa. Note that
if no extraction symbok; occurs inp, thenpa is always a total function. It is the presence of coproducts that
introduces partiality into this theory. [ |

An important role played by paths is to provide a characterizationTobisimulation as a relation that is
“preserved” by the partial functions induced by state and observation pathslfrdm explain this we adopt
the convention that whenever we writé(X) Q g(y)” for some relationQ and some partial functionsandg we
mean thatx € Domf iff y € Domg and if both f(x) andg(y) are defined thekf(x), g(y)) € Q. In particular,
we use this convention for the relatioa™ Proofs of the following results can be found in [12, Section 5].

Tueorem 2.9 Let (A, a) and(B, ) be T-coalgebras.
(1) RS Ax BisaT-bisimulationff x Ry implies
o pa(a(X) = ps(B(y)) for every observation pathf»ﬁ, and
e pa(a(x)) R ps(B(y)) for every state path T Id.
(2) f: A— Bisamorphism frona to 8 iff

e pala(X)) = pe(B(f(X))) for every observation path p, and
o f(pa(a(X)) = ps(B(f(X))) for every state path p.

(3) If f : A—> B is a morphism frona to 8, then for any path £ S,

e a(x) e Dompa iff B(f(x)) € Dompg.

3 Syntax and Semantics of Formulas

We now define a Hennessy-Milner style modal language for a polynomial fuctdrich will remain fixed
throughout the rest of the paper. The language consists of propositional formulas that are “constant”, i.e. there
are no propositional variables.

DeriniTion 3.1 The set oWvell-formed formulagwi(t) @+ is defined inductively to consist of the following:
o I

e (p)l, for every pathT—«pA» S

e (p)c, for every observation pafﬁ—«pMB andce D

e ¢ — y, foreveryyp,y € @7

e [p]y, for every state patm'jw Id andg € ®r.

The connectives, T, V, A, « are defined in the usual way fromand—. In particular-¢ is¢ — L. We also

write (p)1 for the Wit =(p)|.
@7 includes the formulas of the language of [37], which are generated essentially as above but without the

formation of (p)l. Note thatdy may be uncountable, since the sBtsnay be uncountable, afud because
there may be uncountably many pahs



DeriniTION 3.2 (TRUTH AND CONSEQUENCE) The truth relationy, X E ¢ is defined inductively on the formation of
¢, as follows for allT-coalgebragA, a), with x € A:

a, XL

a, XE (p)l iff a(x) e Dompa

a,XF(pc  iff a,xkE (p)l andpa(a(X)) =c

a, Xk [ple Iff a xk (p) impliesa, pa(a(x)) E ¢
a,XEe—oy iff a,XE¢impliesa, xEy

Thuse, X E —¢ iff @, X £ ¢, and similarly the other standard connectives have their usual semantics.
We say thatp istrue at x in a, or x satisfiesp, if a, X E ¢, and thatp isvalid in a, « E ¢, if itis true at all
states inA. The sef{yy € Ot | a, X E ¢} is called thetruth setof x in . A setl’ C @ istrue/satisfiedat x in «,
a,XET, ifa,xEpforallp eT.
Semantic consequence relations are defined by

'Y iff (YXe A a,xET impliesa,XkE ¢
IF'ee iff TEYe forall T-coalgebrag.

Satisfaction of formulas is invariant under the action of morphisms:

Lemma 3.3 Let(A a) and(B,B) be T-coalgebras and f A— B be a morphism from to 8. Then for every
per,a,XE@iff B, F(X) E ¢.
Proof This is proven for alk € A by induction on the construction gf

For any pattp from T we havex(x) € Dom pa iff B(f(X)) € Dom pg, by Theorem 2.9(3), henee x = (p)l
iff 8, £(X) = (p).

If pis an observation path, thgn(a(x)) = ps(B(f(X))) by 2.9(2), sopa(a(X)) = ciff ps(B(f(X))) = c, and
hencen, X E (p)ciff 8, f(X) E (p)c.

If pis a state path, thef(pa(a(X))) = ps(B(f(X))), so assuming the result fgrgivesa, pa(a(X)) E ¢ iff

B, f(Pa((X) ¢ iff B, pa(B(f(X))) E ¢, which leads tax, X |= [ple iff 8, f(X) E [ple.
The cases of the propositional connectives are straightforward. [

Itis a pertinent question as to what makes a formal language appropriate for a given class of coalgebras. We
have stressed the Hennessy-Milner property that logical equivalence of states should coincide with bisimilarity.
That property is already possessed by the language of [37]. But it is desirable also that the language be powerful
enough to allow ffective model-building, and that is why we needed to add the formulas of pype®f course
adding more formulas preserves the property of logically distinguishing states that are not bisimilar, but then
we need to check that it does not also cause some states to be distinguisiaee thisamilar.

Tueorem 3.4 (Hennessy-MiLNer ProperTy) Let (A, @) and(B,B) be T-coalgebras with x A and ye B. The
following are equivalent

(1) x~y

(2) a,xE @ iff B,y E ¢ for everyp € O.
Proof (1) = (2): Let(R p) be a bisimulation fromx to 8 with x Ry The projectionsr; : R— A and
72 : R— B are morphisms so by Lemma 38X = ¢ iff p,(X,¥) E ¢ iIff B,V E ¢.

(1) « (2): If (2) holds, then in particulatr, x E ¢ iff B,y E ¢ for everyp that has no occurrence of a
“halting” formula (p)!, and [37, Proposition 2.8] shows that this igfstient to provex ~ y. But we sketch a
proof anyway.

LetR={{x,y) € Ax B| (2) holdg. Itis enough to show th& is a bisimulation relation, for thefx,y) € R
impliesx ~ y. By Theorem 2.9(1) we need to show that

() pa(a(x) = ps(B(y)), for every observation path, and

(i) pa(a(X) R ps(B(y)), for every state patb.

The property (i) is captured by the fact thatx = (p)c iff 5,y E (p)c, and the property (i) is captured by the
fact thate, X E [ple iff B,y E [Ple. |



4 Axioms, Inference Rules and Theories

By “proof theory” we mean the study of a binary relatibii- ¢, from setd" of formulas to formulag, that is
intended to capture the notion thais deduciblgderivablgprovable from members &fby using certain axioms
and rules of inference. The definitionjefwill depend on the syntactic shape of the formulas involved, together
with basic set-theoretic properties of sets of formulas. We then seek to dotaminessind completeness
results to show thdt is identical to some semantically defined relation, such as the consequence telation
the previous section.

There is more than one approach to defining deducibility relations. Classicéy was often taken to
mean that there is proof-sequencé&om I' to ¢, i.e. a sequence of formulas endinggatwith each member
of the sequence being either a membefl p&n axiom, or derivable from previous members of the sequence
by a rule of inference. This approach works well when all inference rules have finitely many premisses. Then
proof-sequences can be constrained to be finite, and the refai®finitary in the sense that whenevEl- ¢
thenI” ¢ for some finite sef’ C T'. But if there are rules with infinitely many premisses, then proof-sequences
may be transfinite in length, and their analysis requires the arithmetic of infinite ordinals [24].

Working with concatenations of transfinite sequences can be cumbersome. Consequently a more “ax-
iomatic” approach t¢- was developed, using the general theorynofuctive definitionsin which an induc-
tively defined set is given as theast fixed poinbf a monotonic operator on sets [2]. The operator in question
takes each set of formulas to its closure under the relevant axioms and rules of inference. A fixed point of this
operator, i.e. a set of formulas that is closed under the axioms and rules, is cilésyaandr |- ¢ is defined
to hold wheny belongs to every theory extendiiig This results in the sdtp | ' |- ¢} of formulas deducible
fromT being inductively characterised as the least theory exteridigge for example [1, 6] for extensive use
of this kind of formulation of infinitary proof theory.

We will take this approach tp here, adapting a framework for infinitary modal logic developed in [9], but
will also make some use of classical proof-sequences in Section 8. We first discuss axioms, rules and theories
that are particular to our coalgebraic language, and then in the next Section introduce deducibility relations and
“maximal” sets of formulas.

DeriniTioN 4.1 (axioms) The set ofT -axioms Axr, consists of the following formulas.
1. Allinstances of propositional tautologies.
2. (O
For each path—«pA» S1x Sz andj € {1,2}:
3. (P & (pmj)d
For each patﬁ'~?~> SP and alld € D:
4. (P! < (p-ew)!
For each patﬁlfi» S1+ So:
5. [(PL « (p.e)l V (p-g2)l] A =[(p.e1)l A (p.e2)l]
For each observation paihfv)\»ﬁ and allc,d € D such that # d:

6. (p)c — ~(p)d
7. (pd — (PN
For each state pafﬁ—Bw Id and allg, y € @7

8. —[ple — [p]-¢
9. (Ol — —[plL



10. ()T — [p]L

11. [pl(¢ — ¥) — ([pl¢ — [PIY).

These axioms express natural properties of the structure of coalgebras and their path functions. Axiom 3
expresses the fact that the path functipnr()a = 7j o pa is defined precisely whepa is defined, since the
projection functionr; is total. Likewise for axiom 4, as evaluation functions are total. Axiom 5 expresses the
fact that the domain opa is the disjoint union of the domains op.e1)a and (p.e2)a. Axiom 11 is the well
known axiom K (for “Kripke”) from classical modal logic. Axioms 9 and 10 together express the factiijat (
is true precisely whefp].L is not, and could have been presented as the biconditipjiat¢ — [p].L. But each
has its own role to play (in Lemmas 4.11(4) and 6.5 respectively), so it is convenient to separate them.

With similar observations about the other axioms, we are led to the conclusion that

Tueorem 4.2 All T-axioms are valid in all T-coalgebras. [ |

We now begin the study of syntactic closure properties of sets of formulas.

DeriniTioN 4.3 (MopAL cLosURE) A setA of formulas ismodally closedf [p]e € A wheneverp € A andp is
any state path frorfi. Themodal closurd™ of any set of formula$’ is the smallest modally closed set that
extendsl. ThisT™* consists of all formulas of the fordpo]...[pn-1]¢ Whereep € T andpy, ..., pn-1 IS any
finite sequence (possibly empty) of state paths.

Many systems of modal logic have a set of theorems that is modally closeds i theorem then so e,
wheren is any modality of “box” type, like our modalitilp]. Indeed the presentation of such logics usually
has the inference rulgom ¢ infer op, known as the rule of Necessitation, or the “Box rule”. Alternatively, for
finitary logics this rule can be stipulated just for the case ¢ghigtan axiom, and then derived for theorems in
general by using the appropriate version of axiom K (our axiom 11). Here we will achievdttusley taking
the modal closuréx; of the set ofT -axioms and building it in to the notion oftaeory, which we define next.
This will allow certain versions of the Box rule to be derived later (see Lemma 5.4).

DerniTioN 4.4 A setl” € @1 is:

closed under Detachmetit ¢, ¢ — ¥ € A impliesy € A;

atheoryif it includes the modal closurax; of the set of axioms and is closed under Detachment;

negation completé for every ¢ € @7, eitherp e I' or ~¢ € T;

1 -freeif L ¢T.

Lemma 4.5

(1) If T is a negation complete theory, then for every € or,
- wel iff el impliesy eT.
(2) If T"is a L-free negation complete theory, then:

el iff o¢l

oAy el iff oelandy el
evVyel iff oeToryel
peoyel iff (peTifyel).

(3) Every truth set is a negation completefree theory.

Proof (1) and (2) follow by standard arguments, using the fact that all tautologies Ergyimxiom 1.

For (3), observe first that the sEt = {¢ | @ E ¢} of formulas valid in coalgebra contains all axioms
by Theorem 4.2, and is modal closed becauseis true at all states af then so ig pJy for any state path
p. HenceAx; C I'". Then each truth sé¥ | a, X ¢} includesI™™ and hence include&x;; is closed under
Detachment by the semantics @f— ; is negation complete by the semantics—¢f, and is_L-free by the
semantics ofL.

[ |



DeriniTIoN 4.6 Let 2T be the powerset abr, with T € 2°T and® C 2°7 x .

e Aninference ruleor justrule, is a pairZ, ) € 2°T x d1. HereX may be thought of as a setpfemisses
andy as aconclusion

e ['isclosed under the rulex, o) if X C T'impliesp eI, i.e.ifE¢gTorpeT.
e T'is ®-closedif it is closed under every rule belonging %o

e I' is an®-theoryif it is ®-closed and is a theory (i.e. is closed under DetachmentAxpdc I'). In
particular, am-theory is just a theory as in Definition 4.4. [ ]

The functorT determines a special relatioy. € 2%T x @7 that is central to our proof theory and is defined as
follows:

DerintTION 4.7

e For each observation paTh-e» D, I, is the inference rulé{—(p)d | d € D}, (p)1).
e For each state path) [q]Z = {[q]y | ¥ € Z}.

e FOrSU}COT, Yy >X={y—0|0c3).

e R, is the smallest relation (i.e. intersection of all relations) satisfying

— Ip € ®; for all observation pathp;
— if (X, ) € R;, then([q]Z, [g]y) € R, for every state patl;
— if (X, p) € R, then{y — X, — @) € R for everyy € dr.

TueorREM 4.8 (Z, ) € Ry impliesX k ¢.

Proof EachT-coalgebrax has{—(p)d|d e D} E* (p)T for any observation patip. Also, fromX E* ¢
it follows that [g]Z E“ [q]e for all state pathg) andy — X E* ¢ — ¢ for all ¢ € ®t. Thus the relation
{(Z,¢) | Z E* ¢} satisfies the three closure properties definiyg and so include; as the smallest such
relation. HenceX, ) € R impliesX ¢ for all T-coalgebras. [ ]

CoroLLarY 4.9 Every truth set is arR-theory.

Proof If I'is the truth set ok in «, andX c I" with (X, ¢) € %, thene, x | X andX E ¢, SOa, X E ¢ and
¢ € I'. ThusI' is ®;-closed. Bufl" is a theory by Lemma 4.5(3). ]

DeriniTioN 4.10 For each state pafhandA € @, letAp = {¢ | [ple € A}.

This operation is crucial both to the proof theory of the modalit@shd to the construction of a canonifadal
coalgebra.

Lemma 4.11 For anyA C @7, any® C 27 x &1, and any state path p:
(1) If Ais a theory, then so iap.
(2) If (=, ) € ® implies([p]Z, [ple) € R, then ifA is R -closed S0 ig\,.
(3) If Ais negation complete, then soAsg.

(4) If (p)l € A, then ifAis L-free so isAp.
Proof

(1) If ¢ € Az, then[plp € AX C A, and sop € Ap. HenceAx: C Ap. If ¢ — y,¢ € Ap, then
[p]l(e — ¥),[p]e € A. But every instance of axiom 11 is i, so closure ofA under Detachment gives
[ply € A, hencey € Ap. ThusA, is closed under Detachment.
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(2) LetA be ®-closed. Then ikZ,¢) € ® andX C Ap, we get[p]Z C A and{[p]Z, [pl¢) € R, hence
[ple € A. This shows thad,, is % -closed.

(3) If Ais negation complete, then for evepyeither[p]y € A or = [p]y € A. But=[p]e — [p]-¢ € A by
axiom 8, so eithefply € A or [p]-¢ € A, by Detachment. Thus eithere A, or —¢ € Ap, showing that
Ap is negation complete.

(4) If (p)l € A, thenasp)l —» —[p]L € A by axiom 9,-[p]L € A by Detachment, i.d.p]L — L € A.
Thusif L ¢ A, then[p].L ¢ A by Detachment, and so ¢ Ap.
[ |

5 Deducibility and Maximality

We now useg;-theories to define a deducibility relatigpthat will eventually be seen to be identical to the
semantic consequence relatigrior manyT.

DerniTion 5.1 LetI |z ¢ mean thatp € N{A | I' € AandA is an®,-theory i.e. thaty belongs to every
R, -theory extending'.

Since the class ok -theories is closed under intersection, it follows that the{get @1 | I |5 ¢} is the
smallestg-theory extending'.

A number of properties follow directly from this definition, and are left to the reader to check:
LeEmma 5.2
(1) If ¢ eT"U Axr, thenl |5 ¢.
(2) ®;-theories are deductively closed:Iifl; ¢ andTI is itself an®-theory, thenp € T".
(3) (Z.¢) € Ry impliesZ 5 ¢. [

Tueorem 5.3 (Sounpness) If Tl ¢ thenl E ¢.

Proof Supposéd |s ¢ anda, X = I" for someT -coalgebra A, @) andx € A. We need to show, X ¢, so let
A ={y | a,xE ¢} ThenAis an®,-theory by Corollary 4.9. Therefore, sinfec A andI' |5 ¢, ¢ € A. Hence
a, X E . [

Lemma 5.4
(1) Cutrule (CT)If T' |k y forall ¥ € A andA s ¢, thenI' |5 ¢.
(2) Deduction theorem (DT): U {¢} |5 ¢ impliesI' s ¢ — y.
(3) Monotonicity:If I' |z ¢ andI” C A, thenA |5 ¢.
(4) Detachmentlf I' |z ¢ andI' |5 ¢ — ¢, thenl™ |5 y.
(5) f 'k gandl' U {p} |5 L, thenl' |5 L.
(6) If T U{-¢} |k L, thenI |5 .
(7) Boxrule:lf T' |k ¢, then[p]I' |z [ p]g for all state paths p.
(8) Implication rule:lf T' |z ¢, theny - T' =y — ¢.

9) If 2 s ¢, thenl' |5 [p]y for all T € @r.
Proof  (1)—(8) can be proven as in [9], but we give the proof for (7) since our use of thexsas slightly
different to the setup in [9]. Suppose then thgly. To show p|I' s [ ple, let A be an®-theory with[p]I" C A.
ThenI' C Ap. ButAp is an®,-theory by Lemma 4.11, so froinfs ¢ we gety € Ap, hence ply € A.
For (9), ifa s ¢ then[p|@ s [ p]e by the Box rule (7). Bufp|e = @ C T, so therT |5 [ p]¢ by Monotonicity
(3). [ |
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A deducibility relation gives rise to various notions of deductive consistency:

DeriniTion 5.5 A setl” of wffs is
¢ |=-inconsistentf I' |5 L, andfz-consistenbtherwise;
o finitely z-consistentf all finite subsets of” arelz-consistent;

o maximally finitelyz-consistentf it is finitely |=-consistent but has no proper extension that is finitely
lz-consistent;

o maximalif it is a negation complete arfg-consistent®-theory.

Tueorem 5.6 Every truth-set is maximal.

Proof  Any truth set is=-consistent: ifl" = {y | @, X = ¢}, thene, x = T sol' £ L, and thereford |4 L by
Soundness (5.3). It follows from Lemma 4.5(3) and Corollary 4.9 that every truth-setis maximal. =

The most obvious example offginconsistent set is one containing Then next most obvious is one
including{e, —¢} = {¢, ¢ — L} for somey, since any theory containing —¢ will contain L by closure under
Detachment.

Here are the main relationships between the various notions of consistency described in Definition 5.5:

LEmmaA 5.7
(1) If T is finitely|z-consistent, then so is one bfu {¢} andT" U {—¢} for eache.
(2) If T"is negation complete and finitely-consistent, then it is a theory.
(3) I' is maximally finitelys-consistentf it is negation complete and finitefy-consistent.
(4) If T'is maximal, then it is maximally finitefy-consistent and hence is maxima#yconsistent.

(5) An®;-theory isiz-consistentfit is L-free.

Proof  (1)—(4) can be proven as in [9]. For (5), observe thakartheoryI” hasI' |z ¢ iff ¢ € I"in general by
Lemma 5.2. In particulal |4 L iff L ¢ T. |

The following result will be needed in our construction of a final coalgebra.

Lemma 5.8 LetI’ be a maximal set of fs. For each observation path—fw D, if (p)l e I'then(p)d €T for a
unique de D.

Proof Let (p)l € I'. Then )7 ¢ I', asI' is |s-consistent. SincE is R, -closed it is closed under the rule
Ip={{—~(pd|deD},(p)T) sothen(p)d ¢ I for at least onel. Hence p)d € I" by negation completeness.
In factd is unique, for ifd # ¢ € D, then p)c —» —(p)d € T by axiom 6, so f)c ¢ T by closure under
Detachment. [ |

The companion result for state paths is

Lemma 5.9 Let A be a maximal set of ffs. For each state pathJE\» Id, if (p)l €T, thenAp is maximal.

Proof By Lemma 4.11, ad is a negation complet&_-theory, so too i\, and asf)l € T'and L ¢ A,
L ¢ Ap. Butthen by Lemma 5.7(5)\; is |s-consistent. [ |
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A simpler characterisation of maximal sets will now be obtained. Inference rules of th&fomz, y — ¢)
were built into the definition o, and hence o, because they are needed to establish the crucial deduction
property DT (see [9, 9.3.3(4)]). It transpires that for negation complete sets, closure under such implicational
rules can be derived from the other propertieof as we will now see.

Dermniion 5.10 R is the smallest set of inference rules satisfying
e I'p € ®; for all observation pathp;
o if (X,0) € Ry, then({[p]Z, [p]y) € R for every state patip.

Lemma 5.11 Every negation completg; -theory is ang-theory.

Proof Let® be the set of all negation complekg -theories. Definer to be the set of all rule&, ) such
that every member @ is closed unde(Z, ¢). We will show thatg_has the three properties definirg. Hence
R; € R becauser; is the smallest set of rules having these properties. But each mem®as af-closed by
definition of 8, so then isg;-closed, and hence is &g, -theory.

First, 7 € ® becausd p € ®; and every member @ is R -closed. Secondly, suppoég ¢) € %, Then
for any state patlp, to show thaf[p]X, [p]e) € R, take anyA € ® and supposgp|x € A. ThenX C Ap. But
by Lemma 4.11A, is a negation complet®-theory becausa is, soAp € ® and hence\, is closed under
(X, ¢), giving ¢ € Ap, whence ply € A. This proves that any € © is closed unde([ p|Z, [ p]¢), so that rule is
in R.

Thirdly, given(Z, ¢) € ® consider the ruléy — X,y — ¢). If A€ ® andy — ¢ ¢ A, then Lemma 4.5(1),
Y € Aande ¢ A. SinceA is closed unde(Z, ), T ¢ A. Taking ad € Zwith 0 ¢ Awe gety — 6 ¢ AasA is
a theory, soy — X) ¢ A. HenceA is closed under the ruley — X,y — ¢), which thus belongs t®. That
completes the proof of the Lemma. [ |

Cororrary 5.12 T'is maximal if, and only if, it is maximally finitepy-consistent ank; -closed.

Proof  From leftto right holds by Lemma 5.7(4) and the fact tRatc ®; SoR-closure impliesg; -closure.
Conversely, ifl” is maximally finitely|z-consistent an&; -closed, then by (2) and (3) of Lemma 5.7 it is

a negation complete theory, hencesp-theory, so is aR-theory by Lemma 5.11. Moreover ¢ I asI” is

finitely z-consistent, so thel is |z-consistent by 5.7(5). [ |

By similar arguments we can also characterise maximality without reference to the deducibility relation
thus: T" is maximal it it is a negation complete -free R -theory. The formulation of 5.12 is however more
convenient for the completeness theorem to come later.

6 The CanonicalT-Coalgebra

In this Section we will see that every maximal set is a truth set. This is established by constructing a single
T-coalgebraAr, at) whose states are the maximal sets, and showing that each maximal set is the truth set
of itself as a state i\r. Since all truth sets are maximal (Theorem 5.6), this implies that the truth set of any
state in any coalgebra is equal to the truth set of some membder. ot will turn out that(At, a7) is a final
T-coalgebra.

DeriNiTION 6.1 AT = {X C @7 | X is maxima}.

To define the transition structure- we use the proof theory to associate with each ﬂa%?aas a partial
functionaq : At — S Ar which will prove to be equal to the functia, o a1 (see Corollary 6.4 below).
aT itself arises when the construction is applied to the empty path. More precisely, when definiréstime
Lemma 6.2 we show that, q = ga; © @, for all concatenated pathsg, and then pup = ().

The reader may find it helpful to read the statements of Lemma 6.2 and Definition 6.3, and then Corollary
6.4, before coming to the proof of 6.2. A comparison with the canonical coalgebra constructions of [36] and
[21] may be found in Section 9 at the end.
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Lemma 6.2 For each T-component S and each pathBCFS there exists a partial functiom, : At o— S Ay
with Domap = {x € At | (p)l € X}, such that for every path—S?A» U,

Domaypq = Dom (Qa; © ap) = {x € Doma | ap(X) € Domaa, }

andapg = ga; © ap:

At 0# S A
My Oar
UAT

Proof Define Domy, = {x € Ar | (p)l € x} for all pathsT—B\» S. Then definarp(x) for all x € Dome by
induction on the formation of the component funcEras follows.

CASE T—«pA»B: By Lemma 5.8 there is a uniquke D such that p)d € x. Defineap(x) = d.

Casg T—&» Id: Defineap(X) = Xp = {¢ | [ple € X} (see Definition 4.10). By Lemma 5.9, € Ar.

Now for the inductive cases. These follow a similar pattern, in which it is also shown in each case that there is
some path symbd (= 7j or ey or gj) such that

ps = (9 0 p. (6.0)

. . . : pr; .
CaSE T—«p~> S1 x Sy: For j € {1, 2}, make the induction hypothesis & that for the patrT—MJ» Sj, the function
@px - At o— SjAr has been defined. By axiom ){ € xiff (p.7j)] € X, S0 Domap = Domayp;.
Defineap(X) = (apr (X), @pr,(X)). This makes

Xprj = (”J')AT °© @p,

which is equation (6.i) in this case, Whevtq)(AT is the projectior5; At x S;Ar — SjAr.

CASE T—&» SP: By axiom 4, Domrp, = Domapey, for alld € D, whereapey, : At o— S Ar. Defineap(x)(d) =
apey(X) for all d, to obtainap(X) € (S Ar)P = (SP)Ar .

This makesypey, = (€W)a, © @p, Where £\y),, is the evaluation functior§ Ar)® — S Ar.

CASE TJJA» S1 + Sy By axiom 5, Domy,, is the disjoint union of Donyp ., and Donmuyp,,. Defineap(x) =
tjape;(X) for the uniquej € {1, 2} with x € Domayp; -

This makesrp; = (8j)AT o ap, where éj)AT is the extractiorS1 At + SoAr o— SjAr.

This completes the definition af, for anyT~P~> S, with equation (6.i) satisfied appropriately in all the inductive

cases. Then for ea(Su—SA» U we prove the rest of the Lemma by induction on the formatio& afjain. In each
case, ifg = () thenU = S with p.g = pandqa, = idsa, hencexpq andga, o ap are identical as required. In
particular, ifS = Id or D, then we must havg = (), so the result holds as just stated.

The inductive caseS = S1 x S, or SlD or S; + Sy now all follow the same pattern using (6.i): qf# (),

thenq = sr for some symbok and some pathS—sw S'—wU. By induction hypothesis 08’, applied to the

.S
pathsTfM S’—@U, we get

andapq = apsr = a; © @ps. Butthen sincerp s = ()a, © ap by (6.i), we have
Domapg = Dom (ra; © (S)ar © @p) = Dom((S)a, © @p),

andapq = (Sr)a, © ap as required. [ ]
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DeriNiTION 6.3 Letat = ayy, i.e.apfor p= T—Q» T. (At,art) is called thecanonical T -coalgebra

COROLLARY 6.4

(1) Domat = Ar.

(2) For every path T U, Domag = {X € At | a7(X) € Domaa, } andaq = ga; o aT:

Ar — T S TAr
o IQAT
UAr

Proof
(1) Every maximal set contains axiom 2})(, so Domy, = Ar.

(2) Letp=¢{)inLemma6.2. [ |

We can now prove the fundamental result showing that each maximaliset truth set, vizx = {¢ |
aT, X FE ¢}

Lemma 6.5 (Truta LEMMA) a1, X E ¢ iff ¢ € X.
Proof By induction on the structure @f, we show that for alk € Ay, a1, X E ¢ iff ¢ € X:

Case ¢ = L: a1, Xt L andxis L-free.

Case ¢ = (p): at, X (P
iff at1(X) € Dompa; by the semantics ofd)|
iff xe Domap by Corollary 6.4
iff (p)l e x by the definition ofxp.

CasE ¢ = (p)d: (=) If a1, X E (p)d thenaT, X | (p)l andpa,; (a7(X)) = d. Therefore p)| € x, by the previous
casg, andap(X) = d, by Corollary 6.4. Hence, by Lemma 5.8 and the definitiomvpf(Lemma 6.2),
(p)d € x.

(<) If (p)d € xthen ()| € xby axiom 7. By its definition (Lemma 6.2),5(X) = d and thuga, (a1 (X)) =
d, by Corollary 6.4. Sincer, X E (p)l by the previous &sk it follows thataT, X E (p)d.

Now assume the lemma holds #®andy.

Case ¢ = 0 — -
aT,XEO0 -y
iff a7,XE6impliesat,xkE ¢ by the semantics of>
iff 6eximpliesy € x by the induction hypothesis
iff 6—-yex by Lemma 4.5(1).

Case ¢ = [p]y: (=) Supposert, X E [ply. If at,X £ (p)l, then Q)T € X, and so using axiom 1Qp]L € x.
Also L — y is a tautology, s¢p](L — ) € Ax; C x. But by axiom 11

[pI(L — ¥) = ([p]L — [pl¥) € X,

and so by Detachment it follows thigt]y € x.

Otherwiseat, X E (p)l andar, pa; (@1(X)) E . Therefore )| € x andaT, Xp E ¢, aspa; (at(X)) =
ap(X) = Xp by Lemma 6.2 and Corollary 6.4. Henge= x, by the induction hypothesis, and goly' € x.

(&) Supposdply € x. By negation completeness eithg){ € x or (p)l € x. For the former it
immediately follows thatrt, X £ (p)l and thereforert, x E [p]y. For the latterar,x E (p)l and
¥ € Xp € At S0, by the induction hypothesisr, X, = ¢. ButXp = pa;(a7(X)); hencear, X E [ply. =
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Now we are able to show that the canonitatoalgebra is a final object in the categoryletoalgebras. The
reason is natural and conceptually appealing: states can be represented by their truth sets. Arig atate
coalgebraB, 8) has a truth set in this coalgebra that is maximal and therefore a memBgr gthis defines

a mapB — A7 which proves to be the unique morphism between the coalgebras. The proof of that uses the
characterisation of morphisms from Theorem 2.9(2), which is specifiolgmomialfunctors.

TueoreM 6.6 (At, aT) is a final T-coalgebra.
Proof Let(B,B) be anyT-coalgebra. Define

!ﬁ B— At bl—){(p|ﬁ,b|=(p}
Now we show thatg is the unique morphism frogito a-.
o Ig(b) € Ar: 15(b) is atruth set, so is iy by Lemma 5.6.

e !z is a morphism: by Theorem 2.9(2) we need to shmfB(b)) = pa, (at(!s(b))) for observation paths
and s(ps(B8(b))) = pa; (aT(!s(b))) for state paths.

Firstly,
B(b) € Dompg
iff B,bE(p)l by the semantics off|
iff (p)l €'p(b) by the definition of
iff at,!5(b) E (P by the Truth Lemma (6.5)

iff at(!5(b)) € Dom pa; by the semantics ofp).

For observation paths, wh@nb = (p)l:

pe(B(b)) = ¢
iff B,bE (p)c by the semantics offc
iff (p)ce!g(b) by the definition of
iff art,!s(b) E (p)C by the Truth Lemma (6.5)

iff  par(at(lp()) =c by the semantics offc,

so pa(B(b)) = par (at(!5(0))).
For state paths, whehb E (p)!:

¢ €p(Pa(Bb)))
iff B, pe(B(b)) E ¢ by the definition of
iff B,bE[ple by the semantics ofp]e
iff [ple €lp(b) by the definition of }
iff ¢ € ap(lp(b)) by the definition ofrp,

iff ¢ € par(ar(lpb))) by Corollary 6.4
s0 k(pPe(B(0))) = par (a1 (s(0))).

e uniqueness ofgt Let f : B— Ar be a morphism frons to at. Now we need to show e f(b) iff

¢ €lp(b):
¢ €lp(b)
iff B,bEg by the definition of }
iff ar,f(b)Ee by Lemma 3.3
iff e f(b) by the Truth Lemma (6.5) ]
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7 Completeness

“Completeness” of the deducibility relati¢gawith respect to our semantics would state thigtp impliesI'}s ¢.
An equivalent formulation of this assertion is that evergonsistent set is satisfiable at some coalgebraic state
(using Lemma 5.4(6)).

Derintrion 7.1 The functorT is calledLindenbaumnif every |z-consistent set of formulas is a subset of some
maximal set.

Tueorem 7.2 (CompLeteness) If T is Lindenbaum, then following are equivalent:
(D Tke
@ TEe
(3) TE" ¢
Proof
(1)=(2): Theorem 5.3.
(2)=(3): Follows asxt is aT-coalgebra.

(3)=(1): If T ethenl'U{—¢} is z-consistent, by Lemma 5.4(6). Therefore, by the Lindenbaum property, there
exists a maximak 2 I' U {—¢}. By the Truth Lemma (6.5)7, X E I" andaT, X £ ¢, hencd T ¢. =

The Lindenbaum property is in facecessaryas well as sflicient, for completeness to hold. To see this,
supposé’ k ¢ impliesT’ |5 ¢. Then ifI" is }z-consistent, we havgé £ L and hencéd' }£ 1, soa, x | T for some
a, X. Then the truth sy | a, X E ¥} extendd” and is maximal by Theorem 5.6.

Infinitary proof relations often satisfy Lindenbaum and completeness properties only under some cardinality
condition. For instance the predicate lodig,,,, whose formulas admit denumerably long conjunctions and
disjunctions but only finite strings of quantifiers, has a standard proof relation that sdtisfiesiff I' E ¢
for countablel’, but not in general. Indeed [40] cites an example of a negation complete and consistent set
of L, ,-formulas that is unsatisfiable, and gives another that is consistent but has no negation complete and
consistent extensions.

Another well-known example, in the case of languages with finite-length formulasldgic. This con-
cerns first-order languages that include constants for all members of theo$etatural numbers, and whose
proof theory has the-rule

from {p(n) | N € w} infer ¥xg(X).

The completeness theorem totogic in [7] works for countable languages only. Similarly, for our coalgebraic
logic we can derive the Lindenbaum property under a cardinality constraint:

Tueorem 7.3 If R is countable, then evely-consistent subset dfy can be extended to a maximal set.

Proof  Fix an enumeratiokiZo, ¢o) , (X1,¢1), - .., (Zn,¢n) ... Of the countable sex;. Sincex; € R, we
haveX, |z ¢, for all n.
Supposd is s-consistent. Lef\o = I'. Now assume inductively that, is defined and--consistent. If
An k5 ¢n, then let
Any1 = An U {en},

which is|z-consistent becaug®, is, by Lemma 5.4(5). Alternatively\, [£ ¢n. ButZ, | ¢n, S0 in that case by
the cut rule CT there must exisijac X, such thatA, |4 ¢. Let

An+1 = An U {ﬁw} s

which isz-consistent by Lemma 5.4(6).
Next, letA = [Unso An. By construction, for alh, if ¢, ¢ A then—y € A for somey € Zy,.

17



A is finitely |z-consistent — any finite subset afis a subset of soma&,, which is|sz-consistent. More
generally, the union of any chain of finitefy-consistent sets is finitely-consistent, so Zorn’s Lemma applies
to thec-ordered set

{A" C ®1 | A C A" andA’ is finitely |s-consistent

to provide an extension’ of A that is maximally finitelyls-consistent. (Alternatively, by a standard argu-
ment, we could enumerater and use Lemma 5.7(1) to proceed inductively along this (possibly transfinite)
enumeration to build’ as a negation complete finitely-consistent extension a.)

Now for eachn, if ¢, ¢ A’ thengy, ¢ A, SO by construction there existse X, with -y € A € A’, hence
¥ ¢ A’ or else{—y, y} would contradictA” being finitely}=-consistent. This shows that is closed under the
rule (Zn, ¢n) for all n, so is®;-closed. By Corollary 5.12 it follows that the extensidhof I' is maximal. =

The status of the countability af; is clarified by the following results.
THEOREM 7.4

(1) ®; is countable if, and only if, either

(i) T has no observation paths; or
(i) T has countably many paths.

(2) T has no observation paths precisely when it has no constant components.

(3) T has countably many paths precisely when every exponential T-compdnhbas® countable exponent
setE.

Proof

(1) Supposer; is countable. IfT does have an observation path then there is a rule of the fg;nso
R; # @. But for any ruleZ, ) € ®; we have([q]Z, [q]e) € R for all state paths), so there can only
be countably many state paths. Also, there are only countably many rules of the fosu there can
only be countably many observation paths. Since any path can be extended to a state or observation path,
there are then only countably many paths altogether.

Conversely, if (i) holds then there are iig rules, soR; is the countable set. On the other hand if (ii)
holds put® o = {7 | pis an observation pathand inductively

Rne1 = {{[A]Z, [a]e) : (Z,¢) € R andqis a state path
Then, inductively, eaclt , is countable, hence solign.o Rn = R -
(2) T has paths to all its components, so there is an observationfp#thre is a constant component.

(3) A path is a finite list of symbols of the formy, 72, £1, 2, €. SinceT has finitely many components, if
all exponents occurring i are countable, then there are countably many symbols of thedgyin the
list-alphabet, hence countably many finite lists.

On the other hand, if has a componerfBE with E uncountable, then since there exists a ﬂ'a%ﬁ» SE,
the paths include the uncountable collectiprevy | d € E}.
[

Lemma 7.5 If T has no constant components wittifinite constant set, thep is finitary.

Proof If every constant componei of T is determined by #inite setD, then every ruleX, ¢) of the form

I'p has a finite premiss-s&t(this holds vacuously whefi has no constant components, since tign= 2).

But then every rule iR; has a finite premiss set. By standard arguments this implies that the deducibility
relation|s is finitary, i.e. ifI" |z ¢ thenI” |5 ¢ for some finitel” C I'. IndeedI |5 ¢ iff there exists a finite
sequencep,...,¢n = ¢ such that eaclpy; is an axiom, or a member @f, or can be inferred from previous
members of the sequence either by Detachment or by some rulexfrofsee the proof of Lemma 8.1 below

for a similar result). [ |
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CoroLrary 7.6 If |5 is infinitary, then® is countable if, and only if, T has countably many paths.

Proof If T has no observation paths, then it has no constant components at all, hence by Lentmis 7.5,
finitary. Contrapositively, if- is infinitary then it must have observation paths, so the Corollary now follows
from Theorem 7.4(1). |

In the light of these facts, a range of possibilities can be observed:

o If |5 is finitary, thenT is Lindenbaum and sk is complete. For if is finitary, then a set of formulas
iS |s-consistentff it is finitely |=-consistent, and hence the union of any chaik-afonsistent sets is-
consistent. This means that the inductive argument of the proof of Theorem 7.3 still works for transfinite
inductions, and so can work with an enumeratiorrgfof any length. Thus anj:-consistent set can be
shown to have &-maximal extension even whefy; is uncountable.

e Itis possible to hav&; = @, henceT is Lindenbaum, whilebr is uncountable. IfT is constructed from
the identity functor Id by any of the polynomial operations, tAieimas no constant componemshence
no observation paths and no rules of the fafg) soR; = @. For example, ifT = Id®, whereR is the
set of real numbers, thekyy = @ while @t includes the uncountably many formulas{| for all r € R.

Note that if®; = @, then alsa®; = @. In this case in fact every theory is &y -theory, which implies
thatl= is finitary.

e Itis possible to hav&k; countable (and even finite), hen€eas Lindenbaum, whileg;. is uncountable.
For instance, leT = R and putp = () (the only path), Withl'p = (Z, ). Then®; = {1}, since there are
no state paths, whil&.. has the uncountably many rulgp)r — Z, (p)r — ¢) forallr e R.

e T may still be Lindenbaum whesf; is uncountable. This holds i = D" with D any finite set (even
a one-element set). Since the only constant componefitlads a finite constant sef; is finitary by
Lemma 7.5, sd is Lindenbaum as above. But Theorem 7.4 implies #jats uncountable, sincé has
a constant component and an uncountable expdhent

8 Incompleteness

We now present an example to show that the Lindenbaum property and completepesndtil wheng; is
uncountable. In a sense to be explained, this is the simplest possible example of incompleteness.

We have just seen that T has no infinite constant component, theris finitary soT is Lindenbaum
regardless of the size of;. But even ifT has infinite constant sets, then it will still be Lindenbaum provided
that any exponenE of a componensE is countable, for therR; will be countable by parts (1) and (3) of
Theorem 7.4. Thus any potential counter-example to completeness will have to contain at least one infinite
constant component, and at least ameountableexponent. The simplest such case is to t@ke be the
exponential functo™ (any uncountable set would do for the exponent here). In thaflchas the uncountably

many observation patﬁ's—ei\i»a forr € R, and these are all the non-empty paths there are. The only non-trivial
path functions are the (total) evaluation functi@vs: ™ — w.
Now for each seK C R, define a sel'y of wffs by putting

I'x = {(ew)n - =(ew)n|r,se X, r # s, andn € w}.

ThenIy is itself unsatisfiable. To see this, suppose on the contranathak I'r for somea andx. Define
f : R — w by putting f(r) = a(X)(r) = eq(a(X)). Thenf(r) = niff ¢, X E (ev)n, and so from the truth of all
members of r at x we getf(r) # f(s) for allr # s e R. But this impossible, as there is no injective function
fromR to w. Hencely k L.

On the other hand, X is countable thenT'x is satisfiable: take any injective functidn: X — w, put
A = {x}, and leta(x) be any function belonging e that agrees wittf on X. Thena, X E (e¥)n — —(ev)n
forallr # se X. Hencel'x { L for all countableX.

It turns out thatl 'k is z-consistent. To prove this we observe that there is an an infinite analogue of the
principle used in the proof of Lemma 7.5 that finite premiss sets lead to a finitary deducibility relation. If all
premiss sets of the rules fromy. have fewer tham members, where is a regular cardinal, then any instance
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of the relationl” |5 ¢ is witnessed by a proof-sequence of length less thaoI | ¢ impliesI” |k ¢ for some
subsel” of I" with fewer thark members (see [2, 1.3]). In particular, we will sketch below a proof of

Lemma 8.1 ForT =@, if T Iz ¢ thenI” |5 ¢ for some countablé” C T [ |

This Lemma shows that ifr werel=-inconsistent, them” |- L for some countabl&” ¢ I'r. ThenI” C I'x
for some countablX c R, sol'x |z L. But thenl'x L by Soundness, contradicting the satisfiability'gfas
above.

Thus we see thdtz | L butT }£ 1, so completeness fails. This also shows directly why the Lindenbaum
property fails:I'r is |s-consistent but has no maximal extension, or else it would be satisfied at such an extension
in the canonical coalgebkér, at), by the Truth Lemma.

Proof of Lemma 8.1:

Note first that thel ,-rules determined by observation paths all have the fdrfev)n | n € w}, (ev)T)
for somer € R, and so have a countable premiss-set. From this it can be seen {Bapjfe %, thenX is
countable.

Now define al-sequencéo be any sequence offtg of the form(p, | 1 < v), such that is acountable
ordinal and for aljz < v:

e g, eI or
e ¢, isanaxiom; or

e ¢, follows from previous members of the sequence by Detachment, i.e. there.ekistu with ¢, =
(e = @u); or

e ¢, follows from previous members of the sequence by a rule fRgmi.e. there existgX, ¢) € R such
thatX C {¢, | k < u} ande = ¢,,.

Next define a relatiof; by puttingl' | ¢ iff there exists &-sequence as above with = ¢. If A is any maximal
set with[" C A, then the closure properties afensure that every member of evdrysequence belongs to
A. From this it follows thatl” |, ¢ impliesT | ¢. The converse is also true, and is shown by proving that
Ar = {¢ | I' |5 ¢} is anR;-theory withI" C Ar. The proof, whose details are left to the reader, requires the
construction of certaill-sequences by concatenation of other such sequences. The fact that the premiss-set of
each rule ing; is countable is crucial here in allowing all the required sequences to be indexed by countable
ordinals. Then if" |z ¢, the R -theory Ar must contairp, soI’ | .

To complete the proof of Lemma 8.1, suppdse ¢. Then there is &-sequenceyp, | 1 < v) with ¢, = ¢
Putl” =T' N {p, | u <v}. Then(y, | 1 < v) is al”’-sequence showing | ¢, andl” is countable. [ |

9 Comparisons and Questions

As far as we know this is the first paper to develop a systematic infinitary proof theory for finitary formulas in
coalgebraic logic. We have used it to show that the canonical model method can be extended to give a natural
logical construction of final coalgebras for all polynomial functors. The essential new features allowing this
were the “halting formulas”§)| and their associated inference rules. It may be asked whether the technique
can be adapted to other kinds of functor. Relevant to this is the result of [14] that on an abstract level the
existence of a final -coalgebra is equivalent to the existence of a logical system, with a relation of satisfaction
of formulas by coalgebraic states, that has the Hennessy-Milner propertysatdfdormulas (rather than a

proper class of formulas, as can happen if enough infinite conjunctions and disjunctions are permitted).

A different approach to polynomial coalgebraic logic, closer to the classical equational logic of universal
algebra, was introduced in [10, 12]. In this approach the atomic formulas are equations between terms for
algebraic expressions like(a(X)) wherep is a path expressiom; a symbol for transition structures, amxd
a state-valued variable. Boolean combinations of such equations provide a set of formulas whose semantics
fulfills the Hennessy-Milner property. This is a more expressive language than that of the present paper, since
it includes formulas with the same semantics as the constrpyis (p)c and[p]e but also provides syntax
for many other polynomial operations: projections, pairings, insertions, case-analyses, evaluations, lambda
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abstractions, functional applications. It would be of interest to investigate whether there is a suitable proof
theory and canonical model construction for this richer language.

As mentioned in the Introduction, a polynomial coalgebra can be viewed as a very general kind of determin-
istic automaton. Non-deterministic transition systems can be modelled by operations involving the powerset
functor P, where®PA is the set of all subsets &. The “Kripke polynomial” functors are those constructible
by the polynomial operations arfd This class of functors was introduced in [36] and studied further [21].
The full use of the powerset functor prevents there being a final coalgebra, but there is still interest in canonical
models and questions of completeness. The canonical coalgebra constructions in [36] andei2ftpdi the
one given here. Both of those papers consider only finitary deducibility relations for functors that have finite
constant sets. They also take a many-sorted approach to syntax and proof theory, defining a class of formulas of
sortS, and relatior; over the set oS-formulas, for each componeS8tof the main functoiT . RoRiger works
with the setMs of maximally|s-consistent sets @-formulas, and defines certain functians : Ms— S(Mt)
for all T-components. In particular this gives a functio@r : Mty — T(M7) which is taken as the canonical
T-coalgebra. Thus this coalgebra is built oufleformulas, whereas oukr’s correspond tdviig and are built
out of Id-formulas.

Jacobs works algebraically with indexed families of Boolean algebras with operators, each index corre-
sponding to a component df. From these, coalgebras are built using the representation theory of Boolean
algebras. In this approach ultrafilters play the role of algebraic analogues of maximal sets of formulas. Inter-
preted syntactically, it could be said that the approach builds functions of ther§orivis — S(Mgq). Then
the functionrt : Mt — T(Mq) is composed with a certain mdyhg — M+ to give a functionviig — T(Mq)
that serves as a canonidalcoalgebra.

In these terms, our method in Section 6 was to use the internal structlirasofjiven by path§—P~> Sto
build a partial functionyp : Mg o— S Mg, which turn out to bgoa, o, and to derivery : Mig— T Mg from
the case thap is the empty path. It may be possible to take this approach with nondeterministic coalgebras,
modifying our path functions to set-valued functiops : TA— PS A or equivalently to binary relations
Rp € TAX S A to obtain a structural analysis reminiscent of the Kripke relational semantics for classical modal
logic.

It would also be of interest to develop an algebraic analogue of this approach. The construction would be
more complex than Jacob’s, in that it would not be possible to use all ultrafilters of a Boolean algebra when the
formation ofT involves infinite constants sets. Only those ultrafilters that have an infinitary “richness” property
analogous to the..-closure of maximal sets would be admissible. A theory of rich ultrafilters for polynomial
coalgebras has been extensively developed in [10, 11, 13]).

Another related study is the work on Stone coalgebras in [26]. This involves coalgebras whose state-
set carries a Stone-space topology, with the Vietoris functor on Stone spaces being used in Pladdef
Boolean representations of Jacobs [21] are adapted to give a construction of a final coalgebra for each “Vietoris
polynomial functor”. Here it would appear the@mpactnesgeplacesinitenesss the constraint on the constant
sets occurring in functors. A natural line of enquiry then would be to see if our canonical coalgebra construction
could be lifted to this topological setting to give an alternative construction of these final coalgebras. This may
involve topological conditions on path relations, such aspibi@t-image-closureequirement that sets of the
form{y | X R, y} are closed.

Finally, a comment offinitely branchingnon-determinism, which can be modelled by replaghby the
finitary powerset functoP,,, whereP A is the set of all finite subsets & This imposes thanage-finiteness
property that point-image sets | xRKy} are finite. It is known that a final coalgebra exists for any functor
built from polynomial operations ar@é,,. But as far as we are aware there is no known construction, either in
classical modal logic or in coalgebraic logic more generally, that produces canonical models that are image-
finite. Further investigation of this may be worthwhile.

References
[1] Peter Aczel. Infinitary logic and the Barwise compactness theorem. In John Bell, Julian Cole, Gra-

ham Priest, and Alan Slomson, editdPspceedings of the Bertrand Russell Memorial Logic Conference
(Uldum, Denmark, 1971pages 234-277, Leeds, 1973.

21



[2] Peter Aczel. An introduction to inductive definitions. In Jon Barwise, edifandbook of Mathematical
Logic, pages 739-782. North-Holland, 1977.

[3] Peter Aczel and Nax Mendler. A final coalgebra theorem. In D. H. Pitt et al., ed@atsgory Theory and
Computer Science. Proceedings 1983lume 389 ot_ecture Notes in Computer Scienpages 357-365.
Springer-Verlag, 1989.

[4] Michael Barr. Terminal coalgebras in well-founded set thedityeoretical Computer Scienc&l4:299—
315, 1993. Corrigendum in [5].

[5] Michael Barr. Additions and corrections to “Terminal Coalgebras in Well-founded Set Thebingbret-
ical Computer Sciencd 24:189-192, 1994.

[6] Jon Barwise Admissible Sets and Structure3pringer-Verlag, Berlin, Heidelberg, 1975.
[7] C. C. Chang and H. J. KeisleModel Theory North-Holland, Amsterdam, 1973.

[8] M. J. Cresswell. AHenkin completeness theorem foNdtre Dame Journal of Formal Logi®:186—190,
1967.

[9] Robert Goldblatt. A framework for infinitary modal logic. Mathematics of Modalitynumber 43 in
CSLI Lecture Notes, chapter 9, pages 213—-299. CSLI Publications, Stanford, California, 1993.

[10] Robert Goldblatt. What is the coalgebraic analogue of Bifkbwariety theorem?heoretical Computer
Science266:853—-886, 2001.

[11] Robert Goldblatt. Enlargements of polynomial coalgebras. In Rod Downey et al., eBitoceedings of
the 7th and 8th Asian Logic Conferengcpages 152-192. World Scientific, 2003.

[12] Robert Goldblatt. Equational logic of polynomial coalgebras. In Philippe Balbiani, Nobu-Yuki Suzuki,
Frank Wolter, and Michael Zakharyascheyv, editérdyances in Modal Logic, Volume gages 149-184.
King's College Publications, King's College London, 2008w .aiml .net.

[13] Robert Goldblatt. Observational ultraproducts of polynomial coalgebfamals of Pure and Applied
Logic, 123:235-290, 2003.

[14] Robert Goldblatt. Final coalgebras and the Hennessy-Milner progemtyals of Pure and Applied Logic
138(1-3):77-93, 2005.

[15] Leon Henkin. The completeness of the first-order functional calcdtugnal of Symbolic Logicl4:159—
166, 1949.

[16] Matthew Hennessy and Robin Milner. On observing nondeterminism and concurrency. In J. W. de Bakker
and J. van Leeuwen, editordyutomata, Languages and Programming. Proceedings 1@80me 85 of
Lecture Notes in Computer Scienpages 299-309. Springer-Verlag, 1980.

[17] Matthew Hennessy and Robin Milner. Algebraic laws for nondeterminism and concurr@mayal of
the Assaciation for Computing MachineB2:137-161, 1985.

[18] Bart Jacobs. Objects and classes, co-algebraically. In B. Freitag, C.B. Jones, C. Lengauer, and H.-J.
Schek, editorsQbject-Orientation with Parallelism and Persistenpages 83-103. Kluwer Acad. Publ.,
1996.

[19] Bart Jacobs. The temporal logic of coalgebras via Galois algebras. Technical Report CSR-R9906, Com-
puting Science Institute, University of Nijmegen, April 1999.

[20] Bart Jacobs. Towards a duality result in coalgebraic modal |dgliectronic Notes in Theoretical Com-
puter Scienceg33, 2000.

[21] Bart Jacobs. Many-sorted coalgebraic modal logic: a model-theoretic Sthdgretical Informatics and
Applications 35:31-59, 2001.

22



[22] Bart Jacobs. Exercises in coalgebraic specification. In R. Backhouse, R. Crole, and J. Gibbons, edi-
tors, Algebraic and Coalgebraic Methods in the Mathematics of Program Constryat@mame 2297 of
Lecture Notes in Computer Scienpages 237-280. Springer, 2002.

[23] Bart Jacobs and Jan Rutten. A tutorial on (co)algebras and (co)inducBatetin of the European
Association for Theoretical Computer Scienég:222—259, 1997.

[24] Carol R. Karp.Languages With Expressions of Infinite Lengtlorth-Holland, Amsterdam, 1964.

[25] Yasuo Kawahara and Masao Mori. A small final coalgebra theor@imeoretical Computer Science
233:129-145, 2000.

[26] Clemens Kupke, Alexander Kurz, and Yde Venema. Stone coalgebrasoretical Computer Science
327:109-134, 2004.

[27] Alexander Kurz. Specifying coalgebras with modal logiElectronic Notes in Theoretical Computer
Sciencell, 1998.

[28] Alexander Kurz. Specifying coalgebras with modal logitheoretical Computer Scienc260:119-138,
2001.

[29] E. J. LemmonAn Introduction to Modal Logicvolume 11 ofAmerican Philosophical Quarterly Mono-
graph SeriesBasil Blackwell, Oxford, 1977. Written in collaboration with Dana Scott. Edited by Krister
Segerberg.

[30] E. J. Lemmon and Dana Scott. Intensional logic. Preliminary draft of initial chapters by E. J. Lemmon,
Stanford University (later published as [29]), July 1966.

[31] D. C. Makinson. On some completeness theorems in modal I@gitschrift fur Mathematische Logik
und Grundlagen der Mathematik2:379-384, 1966.

[32] Lawrence S. Moss. Coalgebraic logidnnals of Pure and Applied Logi®6:277-317, 1999. Erratum
in [33].

[33] Lawrence S. Moss. Erratum to “Coalgebraic Logi®dnnals of Pure and Applied Logi©9:241-259,
1999.

[34] Horst Reichel. An approach to object semantics based on terminal co-algstath@matical Structures
in Computer Scien¢&:129-152, 1995.

[35] Martin RdRiger. From modal logic to terminal coalgebras. Technical Report MATH-AL-3-1998, Tech-
nische Universit Dresden, 1998.

[36] Martin RoRiger. Coalgebras and modal logiElectronic Notes in Theoretical Computer Scienga,
2000.

[37] Martin RoRiger. From modal logic to terminal coalgebrasieoretical Computer Scienc260:209-228,
2001.

[38] J. J. M. M. Rutten. A calculus of transition systems (towards universal coalgebra). In Alban Ponse,
Maarten de Rijke, and Yde Venema, editdvigdal Logic and Process Algehr&SLI Lecture Notes No.
53, pages 231-256. CSLI Publications, Stanford, California, 1995.

[39] J.J. M. M. Rutten. Universal coalgebra: a theory of systerhsoretical Computer Scienc249(1):3-80,
2000.

[40] Dana Scott. Logic with denumerably long formulas and finite strings of quantifiers. In J. W. Addison,
L. Henkin, and A. Tarski, editorg;he Theory of Mode]pages 329-341. North-Holland, 1965.

23



