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Abstract.  Grishin algebras are a generalisation of Boolean algebras that provide alge-
braic models for classical bilinear logic with two mutually cancelling negation connectives.
We show how to build complete Grishin algebras as algebras of certain subsets (“proposi-
tions”) of cover systems that use an orthogonality relation to interpret the negations.

The variety of Grishin algebras is shown to be closed under MacNeille completion, and
this is applied to embed an arbitrary Grishin algebra into the algebra of all propositions
of some cover system, by a map that preserves all existing joins and meets.

This representation is then used to give a cover system semantics for a version of
classical bilinear logic that has first-order quantifiers and infinitary conjunctions and dis-
junctions.
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1. Introduction

Grishin algebras were defined by Lambek [14, 15] as “a generalisation of
Boolean algebras which do not obey Gentzen’s three structural rules”. The
motivation was to study algebraic models for classical bilinear propositional
logic, described as “a non-commutative version of linear logic which allows
two negations”. Such models were first considered by V. N. Grishin [13].

A Grishin algebra is a residuated lattice-ordered monoid. Its monoid
operation ® is thought of as a non-commutative conjunction, whose left
and right residuals are viewed as implication operations, which we denote
by =; and =,. It has two negation/complementation operations that we
denote —; and —,, and which are mutually cancelling, i.e. satisfy double-
negation elimination, in the sense that the equations —; —,a=a=—, —a
are satisfied. There is a distinguished element 0 such that —;a = a =; 0 and
—ra = a =, 0. Also, there is a definable operation @, a kind of De Morgan
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dual of ®, that has 0 as an identity element, and has
adb=—(—b®—a)=—(—1b® —a).

In this paper we introduce new, fully representative, examples of the
abstract and equationally defined notion of a Grishin algebra. These con-
crete examples are based on cover systems, motivated by topological ideas
underlying the Kripke-Joyal intuitionistic semantics from topos theory. A
cover system assigns to each point certain sets of points called “covers” in a
way that it formally similar to the neighbourhood semantics of modal log-
ics. Covers are used to give a non-classical interpretation of disjunction and
existential quantification (see [16, 2]).

Topologically motivated cover systems have a certain algebra of subsets
that forms a Heyting algebra, whereas a Grishin algebra need not even be
distributive as a lattice. So to construct Grishin algebras we need to adopt
weaker properties than those defining the cover systems of Kripke-Joyal se-
mantics (see Remark 3.6). In an earlier paper [10] we used such structures
to provide a semantics for the logic of residuated partially-ordered monoids
without negation operations. This involved combining cover systems with
certain models, based on ordered groupoids (S,<,-), that have been de-
veloped for various connectives in substructural logic [22, 20, 4, 5]. These
groupoid models allow a non-commutative conjunction connective &, corre-
sponding to ®, to be given the semantics

rEp&y ff Jydz: y-zxrandyl ¢ and z E .

Here we extend these ideas to model two negation connectives, denoted —;
and —, and corresponding to —; and —,, by introducing a binary relation L
on the points of a model, and requiring that

x = -yp iff Yy, y = ¢ implies z L y;
= iff Yy, y = @ impliesy L z.

We can think of 1 as being a relation of orthogonality or incompatibility
between points of S. This kind of modelling of negation was developed
by the author for the logic of ortholattices in [8], a context in which L is
symmetric and the two negations collapse to one. Here we assume that our
models have a distinguished subset 0, and define 1 y to mean that z-y € 0,
an approach that is used in the phase space semantics of linear logic [7].!

LCover systems with a symmetric orthogonality relation are used in [12, Chapter 6] to
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In what follows, we introduce Grishin algebras, consider various alterna-
tive definitions, and discuss their relation to quantales. We then develop a
notion of a strong classical residuated cover system, and prove that certain
subsets of such a system, which we call “propositions”, form a complete Gr-
ishin algebra (and a unital quantale). It is then shown, conversely, that any
complete Grishin algebra is isomorphic to the algebra of all propositions of
some strong classical residuated cover system (Theorem 4.3). This repre-
senting cover system is defined by an abstract version of the cover system of
a topological space (see Examples 3.1 and Theorem 3.8).

Our main result is that every Grishin algebra has an isomorphic embed-
ding into the algebra of all propositions of some strong classical residuated
cover system, by a map that preserves all existing joins and meets (Theo-
rem 6.3). This representation makes use of the celebrated completion of a
partially-ordered set due to MacNeille, and involves showing that the variety
of Grishin algebras is closed under MacNeille completion (Theorem 6.2).

Preservation of joins and meets is a powerful tool, since these operations
can be used to interpret the quantifiers 3 and V, as well as the standard
lattice-modelled disjunctions \/ and conjunctions A. In the final section, we
use our representation of Grishin algebras to obtain a sound and complete
semantics over cover systems for a version of classical bilinear predicate
logic that has these first-order quantifiers as well as infinitary disjunctions
and conjunctions.

We will see that the notion of Grishin algebra is equivalent to Ono’s
notion of classical FL-algebra [20]. Thus some observations about Grishin
algebras may correspond to, or be implicit in, existing literature on the
algebraic logic of residuated lattices [6].

2. Residuated Posets and Grishin Algebras

We begin with some terminology about partially ordered algebras. Given
a poset (L,C), comprising a partial ordering C on a set L, we write | | X
for the join (= least upper bound), and [ | X for the meet (= greatest lower
bound), of a set X C L, when these bounds exist. The smaller symbols L
and I are used for the binary join and meet operations. A poset is order-
complete, or just complete, if every subset has a join, or equivalently if every

give a new semantics for relevant logic, a logic that has distribution of conjunction over
disjunction. For further background and discussion of the cover semantics methodology see
also [11], which develops interpretations of intuitionistic modal logic giving the diamond
modality ¢ its standard Kripkean semantics, without validating distribution of { over
disjunction.
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subset has a meet.

A posemigroup (L,C,®) has an associative binary operation ® that is
monotone (i.e. order preserving) in each argument, meaning that b C ¢
implies a®b C a®c and b®a C c®a. This is a pomonoid if in addition
® has a unit element, i.e. an element 1 such that a®1 = 1®a = a. An
algebra with such a unit is called unital.

A posemigroup is residuated if there are binary operations =; and =,
on L% called the left and right residuals of ®, satisfying

aCb=yc iff a®bCc iff bCa=,c. (2.1)

Thus (¢ = b)®a C b and a®(a =, b) C b. The two residual operations
are monotone in their right arguments and antitone in their left, i.e. if b C ¢,
then a =; b C a = cand ¢ =; a C b = a; and similarly for =,.. These
residuals are identical precisely when ® is commutative.

In any residuated posemigroup, the following equations hold whenever
the joins they refer to exist:

UX)®a = |] (z®a) (2.2)

zeX

ax(|X) = || (e®x). (2.3)

zeX

A quantale is a complete poset with an associative ® such that these last
equations hold for every set X C L. Thus a complete residuated posemi-
group is a quantale. The converse is also true: every quantale is residuated
witha=b=|{z:z2®a<b}anda=,b=||{z:a®@z < b}.

There is a standard theory of certain closure operators on quantales that
we make significant use of. Recall that a closure operator on a poset is a
unary function j that is monotone: a T b implies ja T jb; inflationary:
a C ja; and idempotent: jja = ja. An element a is called j-closed if ja = a,
i.e. if a is a fixed point under j. If L is a complete poset, then the set L7
of j-closed elements is closed under meets [| X, and so is order-complete
under the same partial ordering. The join operation |_|j in L7 is given by
P X =jX).

A quantic nucleus is a closure operator on a posemigroup that satisfies
ja®jbC jla®Db). (2.4)

Such an operator has j(a®b) = j(a® jb) = j(ja®b) = j(ja® jb), as well
as j(a = b) C a = jb = ja = jb, and likewise with =, in place of =.

2Notation: in the literature on residuation, a =; b is often written as b/a, and a =, b
as a\b.
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Using such facts, it can be shown that if j is a quantic nucleus on a quantale
(L,C,®), then the complete poset (L7, C) of j-closed elements is a quantale
under the operation a®;b = j(a®b) [19, Theorem 2.1]. Moreover L7 is
closed under the residuals of ®, and indeed both a =; b and a =, b belong
to L7 whenever b € L7 [23, Prop. 3.1.2]. From this it can be shown that the
residuals of ®; on L7 are just the restrictions of the residuals of ® on L to
LJ. Thus for a,b,c € L7,

aCb=yc iff jla®b)Cc iff bCa=ec. (2.5)

In addition, if 1 is a unit for ® in L, then j1 is a unit for ®; in L7, since
jla®jl) =a=j(jl®a) for all a € L.

The quantale (L?,C,®;) is called a quantic quotient of (L,C,®) [23,
p. 32]. This construction will be applied in the next section (see Theorem
3.5).

A Grishin algebra is defined in [14] to be an algebra of the form

L = (Lu Ev |—|7 |_|7T7 F7 ®7 1) Iy _7”70)7
such that:

e (L,U,M,T,F) is a lattice under the partial ordering T, with greatest
element T and least element F.

e (L,C,®,1) is a pomonoid with identity element 1.

e —; and —, are unary operations,® and 0 an element of L, satisfying the
equations
——ra=a=—p—a, (2.6)

and the conditions
alb iff a@—bC0 iff —b®alO0. (2.7)

We refer to (2.6) as the law of double-negation elimination (DNE).

By a residuated lattice-ordered monoid we mean a residuated pomonoid
that is a lattice under its partial ordering, with greatest and least elements.
It can be shown that the notion of a residuated lattice-ordered monoid is
definable by equations (see e.g. [6, p. 94]). Lambek gave the following alter-
native characterisation of Grishin algebras, which shows that they too are
equationally definable:

3Notation: in [14, 15], —, a is written at and —; a is written a'.
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THEOREM 2.1. [14, Proposition 2.1]
A Grishin algebra may be described as a residuated lattice-ordered monoid
with operations —; and —, satisfying the equations (2.6) and

_l1:_7"17 a:>lb:_l(a®_rb)a a:>7‘b:_7“(_lb®a>-

PROOF. (Sketch.) Any Grishin algebra has —;1 = 0 and —, 1 = 0, and is
residuated when a =; b is defined to be —;(a ® —, b) and a =, b is defined
as —(—b®a).

Conversely, given an algebra as described in the statement of the theo-
rem, one defines 0 to be —; 1 (= —, 1) and derives the equations (2.7). O

Here we will make use of another simpler equational characterisation:

THEOREM 2.2. A Grishin algebra may be described as a residuated lattice-
ordered monoid with a distinguished element 0 satisfying

(a=,0)=0=a=(a=;0)=,0. (2.8)

PROOF. In any Grishin algebra we have —;0 = —; —.1 = 1 by double-
negation elimination, and similarly —. 0 = 1. Then by Theorem 2.1 we get
that the algebra is residuated, has

a=10=—(a®—0)=—(a®1)=—aq,

and similarly —.a = a =, 0. So (2.8) follows by DNE (2.6).

For the converse, given a residuated lattice-ordered monoid with 0 sat-
isfying (2.8), define —; a to be a =; 0, and —, a to be @ =, 0. Then DNE is
given by (2.8), so we have only to prove (2.7) to show that we have a Grishin
algebra. But now

a®—bC 0 iff aC(—0)=0=——b=0,

and similarly — b®a T 0 iff a C (—;b) =, 0 = —. — b = b, as required.
O

This result shows that the notion of a Grishin algebra is equivalent to
that of a classical FL-algebra as defined in [20, p. 264].
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3. Residuated Cover Systems

We work now with structures S = (5,<,<,...) that include the following
components:

e A binary relation < on S that is a preorder, i.e. reflexive and transitive.
We sometimes write y = x when z < y, and say that y refines x.

e A binary relation < from S to its powerset PS. When x < C, where
x € S and C C S, we say that x is covered by C, and write this also as
C > z, saying that C' covers x or that C is an x-cover.

An up-set is a subset X of S that is closed upwardly under the preorder:
y =z € X implies y € X. For an arbitrary X C 5,

tX={yeS:FreX)z gy}

is the smallest up-set including X. It consists of those points that refine
some member of X. Thus X is an up-set iff X = X. For x € S,

to:=MNzp={y:z <y}

is the smallest up-set containing x. A subset Y of S refines a subset X if
Y C1X, i.e. if every member of Y refines some member of X.

We write Up(S) for the collection of all up-sets of S. It is a complete
poset under the partial order C of set inclusion, with the join | | X and meet
[1X of any collection X of up-sets being the set union | J X and intersection
() X respectively, while F =0 and T = S.

For each subset X of S, define

jX={zxeS:3C(x < C C X)}. (3.1)

Now we think of a condition as being locally true of x if there is some C' such
that © < C' and each member of C satisfies the condition, i.e. if x is covered
by a set of members that have this condition. But the defining condition
“r 9 C C X7 for jX in (3.1) states that C' is an z-cover that consists of
members of X. So x belongs to j X just when the property of being a member
of X is locally true of z, i.e. when x is covered by a set of members of X.
Thus we may think of jX as the collection of “local members” of X.

X is called localised if jX C X, i.e. if every local member of X is an
actual member of X. Now a property whose satisfaction is implied by its
own local satisfaction is said to be of local character, or more briefly a local
property. Thus X is a localised set when membership of X is a local property
in this sense.
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EXAMPLES 3.1.

To illustrate these notions, let .S be the set of open subsets of some
topological space, with z < y iff z D y and x < C iff  C |JC. Then <
captures the usual notion of open cover; and “Y refines X”, i.e. Y C 1X,
has its usual meaning for open covers that every member of Y is included
in a member of X [18, p. 245]. For a different interpretation, think of S
as a collection of states that each contain certain information, with z < y
when the information content of y includes that of z. So < is a relation of
refinement in the sense of increase of information. Interpret covering as a
relation expressing commonality of information content, so that if C' > z
then the information content of x consists of that which is common to all
the states in C. Further discussion of these and other motivations can be
found in [11] and [12, Chapter 6]. O

We call § a cover system if it satisfies the following axioms, for all x € S:

e FEuxistence: there exists an x-cover C' C 1x;
e Transitivity: if z < C and for all y € C, y < Gy, then x < U, Cy.

o Refinement: if x < y, then every z-cover can be refined to a y-cover, i.e.
if C > z, then there exists a C’ > y with C' C 1C.

LEMMA 3.2. In any cover system, the function j defined by (3.1) is a closure
operator on the complete poset (Up(S), <) of up-sets.

ProOF. This is shown in [10, Theorem 5] and [11, Lemma 3.3]. Briefly: the
Refinement axiom ensures that if X is an up-set, then so is jX; and the
Existence axiom ensures that j is an inflationary operator on up-sets, i.e.
X C jX for all X € Up(S). Transitivity ensures that j(jX) C jX holds
for any X. In particular, j is idempotent on up-sets, i.e. j(jX) = jX for all
X € Up(S). That j is monotone, i.e. preserves set inclusion, follows directly
from its definition. O

An up-set X in a cover system will be called a proposition if it is localised,
ie.if jX C X. Since j is inflationary on Up(S), an up-set X is a proposition
iff jX = X. In general, a set X is a proposition iff X =1X = jX. We write
Prop(S) for the set of all localised up-sets of a cover system S. 71X is the
smallest proposition that includes an arbitrary X, and jTz is the smallest
proposition containing the element x. The smallest proposition including an
up-set X is just jX, so in fact j maps Up(S) to Prop(S). Indeed, Prop(S)
is precisely the set of j-closed members of Up(S).
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We now add some addition structure to S in order to make Prop(S) into
a complete residuated pomonoid, i.e. a unital quantale. Let - be a binary
relation on S, which we will call fusion. We lift this to an operation on
subsets of S by putting, for X,Y C S,

X Y={zx-y:zeXandyeV}.

Then we write x - Y for the set {z}-Y, and X -y for X - {y}. Evidently,
fusion is C-monotone in each argument.
Define operations =; and =, on subsets of S by

X=Y={2€8:2-XCY}, X=,Y={zeS5:X-2CY}. (32

These provide left and right residuals to the fusion operation on the complete
poset (PS,C), i.e. for all X,Y,Z C S we have

XCY=,Z if X-YCZ if YCX=,7Z (3.3)

Consequently, if the lifted operation X - Y on subsets is associative, then
(PS,C,-) is a quantale, with residuals given by (3.2). In particular, this
holds when - is associative as an operation on S.

Now define X oY to be the up-set 1(X -Y') generated by X - Y. Then if
Z is an up-set, we have X - Y C Z iff X oY C Z, and hence (3.3) implies

XCY=,Z if XoYCZ iff YCX=,2 (3.4)

for any X and Y. If the fusion operation - is -monotone in each argument,
then Y =; Z and X =, Z are up-sets when Z is an up-set. In particular,
this implies that Up(S) is closed under =; and =, and so by (3.4), these
operations are left and right residuals to o on Up(S). Moreover, if the oper-
ation - is associative on S, then <-monotonicity implies that o is associative
too. Altogether this shows:

LEMMA 3.3. If the fusion operation - is associative and <-monotone in each
argument, then (Up(S), C, o) is a quantale, with residuals given by (3.2). [

By a residuated cover system we will mean a structure
S = (Sv #7 <]7 '7€>7
such that:

e (S5,<,<) is a cover system.
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(S,-,e) is a pomonoid, i.e. - is an associative operation on S that is
<-monotone in each argument, and has € € S as a unit.

Fusion preserves covering: © < C impliesz -y <C-yandy- -z <y-C.

Refinement of € is local: x <« C C Te implies € X x.

The last condition states that if « locally refines €, in the sense that it has a
cover consisting of points refining e, then x itself refines . This means that
the up-set Te of points refining ¢ is localised, i.e. jte C 1e, and therefore is
a proposition.

LEMMA 3.4. In any residuated cover system S:

(1) Ifr<C andy < D, thenz-y<C-D.
(2) If X is an up-set, then X ote = X =feo X.

(3) The function j defined by (3.1) is a quantic nucleus on the quantale
(Up(S), S, 0).

PROOF.

(1) Since fusion preserves covering, from y <1 D we get x -y < z - D; and for
each element z - d of z - D, from z < C we get - d <« C' - d. Hence by
the Transitivity axiom of cover systems,

r-y< |y C-d=C-D.
deD

(2) If z € X o e, then z = x -y for some z € X and some y = . Then
=<-monotonicity of - gives that z =z -y = z-e =x € X, hence z € X as

X is an up-set. Conversely, if z € X then z=2-¢ € X ofe.
The proof that X = 1¢ o X is similar.

(3) Since j is a closure operator by Lemma 3.2, we just have to show that it
satisfies 2.4 when ® is o, i.e. that j X ojY C j(XoY). Butifz € jXojY,
then z = x - y for some x,y such that there is an z-cover C' C X and
a y-cover D C Y. Then by part (1), x-y < C-D C X -Y. Hence by
Refinement, C' - D can be refined to a z-cover F, giving

z<AECHC-D)CNX Y)=XoY.

This shows that z € j(X oY) as required.
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THEOREM 3.5. The set of propositions of a residuated cover system S forms
a quantale (Prop(S),C,®) under a monoidal operation ® with a unit 1,
where

X@Y = j(X oY) = jH(X-Y)
1=1e
[1x =NX
L& = 5(UX)
X=Y={2e8:2-XCY}
X=Y={2€5:X-2CY}
T=2S5
F=340={x:2<0}.

PROOF. Prop(S) is the set of all j-closed members of Up(S), and we have
just seen that this j is a quantic nucleus on the quantale (Up(S), C, o). Hence
we obtain a quantale (Prop(S), C, o;) by the theory of quantic quotients that
was described in the previous section. This tells us that the quantic quotient
based on Prop(S) has the same partial ordering C as Up(S), with the same
meets [ | X, which are given by the set intersection (X, and with joins
| | X given by j(|JX) because the joins in Up(S) are given by set union .
Also, the semigroup operation ® on Prop(S) is o, i.e. X®Y = j(X oY).
Moreover, the residuals of o; on Prop(S) are just the restrictions to Prop(S)
of the residuals of o on Up(S), so these are indeed the operations =; and
=, on Prop(S) given by (3.2).

Since fe is the unit of o on Up(S) (Lemma 3.4(2)), the theory tells us
that jte is the unit of o; on Prop(S). But we already observed that, since
refinement of ¢ is local in S, jTe = Te. Hence indeed we have 1 = 1z in the
quotient quantale.

Finally, since S is a localised up-set, it is the greatest member T of
Prop(8S); and since () is an up-set, j{) is a proposition, and hence is the least
member F of Prop(S). O

REMARK 3.6.

The cover systems used in Kripke-Joyal semantics typically have the
property that every z-cover is included in the up-set of x, i.e. x <1 C' implies
C C 1z (see, e.g. [2]). This is a much stronger constraint than our Existence
axiom, which requires only that there be at least one x-cover included in .
The stronger condition is also used in a cover semantics for relevance logic in
[12, Chapter 6]. It has the effect of making Prop(S) into a complete Heyting
algebra, hence a distributive lattice and a model of intuitionistic logic.
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The topological cover systems of Examples 3.1 do not quite have this
stronger property: if z << C' means that  C |JC, then it does not imply
C C tz. However in this situation, we can replace the cover C by C/ =
{zxNec:ce C}and have z < C' C tx, with C" C 1C. So in these topological
cover systems,

every x-cover can be refined to an x-cover that is included in Tx.

But even that weaker condition is sufficient to make Prop(S) into a complete
Heyting algebra, as is shown in [11], and so it too must be abandoned when
interpreting non-distributive logics. O

A residuated cover system S will be called strong if Prop(S) is closed
under o, i.e. if X oY is a proposition whenever X and Y are propositions.
In that situation, j(X oY) = (X oY) =1(X-Y) for propositions X and Y.
Hence when S is strong, the quantale Prop(S) has X @Y =1(X - Y).

LEMMA 3.7. A residuated cover system S is strong iff the following condition
holds for any propositions X and Y :

() if there exists a z-cover refining X -Y, then there exist x,y with x-y < z;
an z-cover X' C X; and a y-cover Y' CY.

ProoOF. Let X and Y be propositions.

Now X oY is an up-set by definition, so is a proposition iff it is localised,
fe iff j(X oY) C (X oY). Butif z € j(X oY), then there is some C with
2<AC CHNX-Y),ie. Crefines X -Y, so if (1) holds we infer that there are
r€jX =Xandy € jY =Y such that z-y < 2, hence x € X oY. This
shows that if (1) holds then X oY is a proposition.

Conversely, if X oY is localised, then (t) follows readily. O

We now show that every unital quantale is isomorphic to the algebra of
propositions of some strong residuated cover system. This is a refinement
of a representation of quantales without unit given in [10, Theorem 6]. The
construction involves an abstraction of topological cover systems.

THEOREM 3.8. Ewvery order-complete residuated pomonoid L is isomorphic

to the algebra Prop(SY) of propositions of some strong residuated cover sys-
tem ST.

PRrOOF. Let L = (L,C, ®, 1%). Define ST = (9, <, <, -, ¢) by putting S = L;
rxyiffyCoe<CiffzC||C;z-y=2®y; and e = 1. Then 5 is a
preorder, and - is associative and <-monotone with € as a unit. Note that
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in S, the up-set Tz = {y : = < y} is equal to {y : y C z}, which is the
down-set of z in (L,C).
Next we show that S¥ satisfies the axioms of a residuated cover system.

e FExistence: every C with z € C C tx has z = | |C, and so is an x-cover.

e Transitivity: If x T | |C, and (Vy € C)(y C || Cy), thenz C || (L] Cy)
= UWUyec Cy)-

e Refinement: If + < C and x < y, then y C o C | |C, so C itself is a
y-Ccover.

o Fusion preserves covering: Let ¢ < C. Thenz-y =2y C (| |C)®y =
Loccc®@y (by (2.2)) =I(C-y),sox-y < C-y. Similarly y -z <y -C
by (2.3).

e Refinement of € is local: f £ < C C e, thenx C | |C C e, 80 € X x as
required.

Thus S is a residuated cover system. To show that it is strong we show
(more strongly!) that the condition () of Lemma 3.7 holds for arbitrary
subsets X, Y of S, not just propositions. For, suppose there exists a z-cover
CCHMXY) Pt X ={aeX:(BeY) 3ce Cla-b=xc} CX
andY' ={beY :Fae X)(FeeCla-b<xc} CY. Let 2/ = | | X’ and
y =Y, sothat 2/ < X' C X and ¢/ <« Y/ C Y. It remains to show
'y <z Nowif ce C, then a-b < ¢ for some a € X and b € Y. Then
aeX andbeY'  socCa-bC a2’ -y. Hence | JCC 2’ -y. But 2 C | |C,
so z C 2/ -9/ as required.

Now the propositions of S are in fact precisely the up-sets 1 generated
by the elements x of L. First, the fact that Tz is localised, hence a proposi-
tion, follows by the same argument given for e above: if y << C C Tz, then
yC||C C z, 50y € Tz. But if X is any localised up-set, let z = | | X.
Then X C fz, since if y € X, then y C | | X, ie. y = z. Also z < X,
so x € jX = X. Since X is an up-set, this implies T C X, so altogether
X =Tz

The map x — Tz is order-invariant: x C y iff T C 1y. Hence this map
is an isomorphism between the complete posets (L,C) and (Prop(S%), C),
and preserves all joins and meets. It also satisfies

T(xey) = (Tz) o (1y) (3.5)

for all z,y € L. For if z € (Tz) o (1y), then z = 2/ - ¢/ for some 2’ = x
and 3 = y, hence 2/ -y = -y = z®y and so z € 1(z®y). Conversely, if
z € T(z®y), then z = z -y € (Tz) - (Ty), so z € (Tz) o (Ty).
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Now o is the semigroup operation on Prop(S%), since S is strong, so
(3.5) shows that the map x — T preserves the semigroup operations of our
two quantales. Since T(1%) = f¢, it is a full isomorphism of these unital
quantales, preserving also their residual operations. ]

4. Classical Systems

This section describes the systems whose propositions form a Grishin Alge-
bra. Let

S=(5,<,4,¢,0%) (4.1)

be a residuated cover system with a designated member 05 of Prop(S). We
use 0° to define unary operations —; and —, on subsets of S, by putting
— X =X =;05and —, X = X =, 0°. Since 0° is a proposition of S, so
too are —; X and —, X for any X C S. From (3.2) we get

1 X={2€8:2-XC0°), —.X={2€8:X-2C0%}. (4.2)
LEMMA 4.1. For any subsets X and Y of S:

(1) X CY implies —Y C — X and — Y C — X.

(2) XS Yiff Y C— X.

(3) = —r and —, — are closure operators on (PS,C).

(4) 11X = — X and —1X = —, X.

(5) =1 X C —jX and — X C —, jX.

(6) If X € Up(S), then — jX = — X and — j X = — X.

PrROOF. (1) Let X CY. Then in general z-Y C 0° implies z - X C 0%, i.e.
z € — Y implies z € — X (4.2). Similarly —. Y C —, X.

(2) By (3.3), X CY =, 0°iff Y C X =, 0°.

(3) Monotonicity: By (1), X C Y implies -} — X C —;—, Y and —, — X C
— Y.
Inflationarity: Since — X C —, X, (2) gives X C —; —, X. Similarly
Y C—, -1 Y.
Idempotence: From X C — —. X by (1) we get — — — X C — X.
Hence — —j—» X = —. X as —, —; is inflationary. It follows that
-l —r ] " r X = -l r X. Similarly, —r =l —r 1 X = —r —1 X.
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(4) Since X C1X, (1) gives —;1X C —; X. Conversely, let z € —; X. Then
for all y € 17X we have y = x for some x € X, hence z-y = z -z, and
z-x€2-X C0°(42),50 z-y € 05 as 0° is an up-set. This shows that
z-1X C 0%, hence z € — 1X, as required to prove —; 11X = —; X.

The proof that —. 17X = —, X is similar.

(5) Let € —; X. Then if y € jX, there is some C with z < C C X, so
rz-y<z-C Cxz-X CO05 Hence z-y € j0° = 0°. This shows that
z-jX CO05, ie. that z € — jX.

The proof that —,. X C —, jX is similar.

(6) j is inflationary on up-sets (Lemma 3.2), so if X € Up(S), then X C jX,

hence —;jX C — X by (1), implying —; j X = —; X by (5).
Similarly —, j X = —, X.
0

We now define a cover system S of the form (4.1) to be classical if it has
MX=——X=——X, foral X CS. (4.3)

Thus in a classical system, the least proposition (localised up-set) containing
any given X is equal to both —; —,. X and —, —; X.

THEOREM 4.2. For any residuated cover system S with distinguished propo-
sition 05, the following are equivalent:

(1) S is classical.
(2) J X =—— X =——1 X, forall up-sets X.
(3) Prop(S) is a Grishin algebra.

Proor. (1) implies (2): if (4.3) holds, then (2) is immediate, as 1X = X
whenever X € Up(S).

(2) implies (3): Let X € Prop(S). Then X is an upset, and jX = X,
so (2) implies X = —; — X = —, —; X. Thus the residuated lattice-ordered
monoid Prop(S) satisfies the law of double-negation elimination in the form
(2.8), so is a Grishin algebra by Theorem 2.2.

(3) implies (1): for any X C S we have j1X € Prop(S), so (3) implies

X = == j1X = = 11X,

But as 1X is an up-set, Lemma 4.1(6) gives —, j1X = —, 71X, which is
equal to —. X by Lemma 4.1(4). Hence —; —, j1X = —;—, X. Similarly
—r—1J1X = — — X. Thus (4.3) holds, making S classical. O
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Thus we see that the propositions of a classical residuated cover system
form a complete Grishin algebra. In the converse direction, we have:

THEOREM 4.3. FEvery complete Grishin algebra is isomorphic to the algebra
of all propositions of some strong classical residuated cover system.

PROOF. Let L be a complete Grishin algebra with distinguished element 0.
Let ST be the associated strong residuated cover system of Theorem 3.8, and
define 05" to be 10 € Prop(S%). The map x — Tz was shown to be an
isomorphism between L and Prop(S™) as complete residuated pomonoids,
and it now preserves the given “0O-elements” as well. Since it preserves
residuals, it must also preserve the DNE equations (2.8), and so Prop(S%)
is a Grishin algebra. Hence by the previous Theorem, S™ is classical. ]

5. Orthogonality

In a residuated cover system of the form (4.1), an alternative description of
the operations —; and —, of (4.2) can be developed by introducing a certain
binary relation | on S. This is defined by

zly iff z.-yeo0S. (5.1)

We think of L as a relation of orthogonality or incompatibility between points
of §. It is lifted to a relation between points z and subsets X of S, by putting
z1l Xiff z Ll yforallye X;and X L ziff y L 2z for all y € X. Then we
get

21l X iff z-X Co0%,

and similarly X 1 z iff X - 2 C 0°, so the operations —; and —, of (4.2)
satisfy

-1 X={2€85:21 X}, —X={z€8:X 1z} (5.2)
Moreover, since ¢ is a unit for -, we have z-¢ € 05 iff z € 05 iff - 2z € 0°, s0
05={z:zLle}={z:e L2z} (5.3)

This suggests an alternative approach to classical cover systems. Instead
of starting with a system S having a distinguished proposition 05, we begin
with a residuated cover system

S=(5<,< e L) (5.4)

having a binary relation L satisfying the following conditions:
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o z lyiff z-y L e
e Orthogonality to € is monotonic: y = z L € implies y L €.

e Orthogonality to € is local: x <1 C L € implies z L €.

From the first condition we get that in general ¢ L z iff z L ¢, so we can
well-define a subset 05 by (5.3). The other two conditions ensure that 08
thus defined is an up-set that is localised, i.e. a member of Prop(S). The
first condition then ensures that z | X iff z- X C 0 , and likewise X 1 z
iff X -2z C 0°. So operations —; and—, defined from L by (5.2) agree with
those defined by (4.2), where 0° itself is defined from L by (5.3).

We leave it to the reader to formulate the precise sense in which these
two approaches — starting with 05 or with L — are equivalent. In either
approach, S can be specified to be classical when (4.3) holds.

It is noteworthy that, since 05 is an up-set, we have z - (1) C 05 iff
z-e € 0% iff z € 0°; and so —; 1 = 0°, and likewise —. 1 = 0%, in any
residuated cover system with 0°, independently of the classicality condition
(4.3).

6. MacNeille Completion

Each poset L = (L, C) can be extended to a complete poset L = (L, C) such
that any subset of L having a join or meet in L has the same join or meet
in L. In particular, if L is a lattice, then it is a sublattice of L. Moreover,
each element of L is both a join of elements of L and a meet of elements of
L. Hence if a € L,

a=|[{s€eL:sCa}=[[{teL:alt} (6.1)

(we use the letters a, b, ¢ for general members of L, and reserve s, for mem-
bers of L). This property characterises L uniquely up to isomorphism [3, 24].

MacNeille [17] proved the existence of the completion L by generalising
the Dedekind completion of the rationals by cuts. Here we will work with
the abstract description of L based on (6.1). It implies that for any a,b € L,

aCb iff Vs,t€ L(sCaandbC ¢implies s C t). (6.2)
The MacNeille completion of a residuated pomonoid

L= (L7 Ea®7 1L7:>l7:>7’)
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is a unital quantale. This was shown in [20] by a generalisation of MacNeille’s
construction.? Here is the abstract version. The operations on L are lifted
to L by putting, for a,b € L:

a®@b=||{s®t:aJdseLandbIte L}
a=1b=[|{s=t:adseLandbCte L}
a=,b=[H{s=rt:aJdse€LandbCteL}

1 =1"

These operations agree with the corresponding operations of L (i.e. they are
equal to the corresponding operations when restricted to L), and they make
L into a residuated lattice-ordered monoid having L as a subalgebra.’

The variety of classical FL-algebras was observed to be closed under
MacNeille completion in [20, p. 275] (see also [23, 6.1]). Here we give a proof
of the result for Grishin algebras, using the abstract formalism.

~ Now suppose L is a Grishin algebra with distinguished element 0. Put
0L = 0 and use this element to define —; and —, on L by —ja =a = 0, and
—r a = a =, 0, thereby extending the operations —; and —, of L.

LEMMA 6.1. For any a,b € L,

(1) IfaC b, then - bC —ja and — b C —, a.
(2) aC—j—aandaC — —a.
(3) —ja=[{—-1s:adsel}, —a=[H{-rs:adseL}.

ProOOF. (1) and (2) hold for any residuated pomonoid with 0, given the
definitions of —; and —,..

(1) Residuation is antitonic in the first argument, so a C b implies b =; 0 C
a=0,ie. —;bC —a, and likewise b =, 0 C a =, 0.

(2) a®(a=,0)C0,s0aC (a=,0)=;0=—;—,0. Similarly a C (a =
0) =, 0.

(3) Let X ={s=yt:adseLand0Cte L}. Then —ja=a=;0=
[1X by definition of =.
Put Y = {—s:a Js € L}. ThenY C X, since if a J s € L,
then — s = s =; 0 € X. Hence [|X C []Y. But if 0 C ¢, then

“The result for commutative ® is discussed in[25, Chapter 8] and [21]. In that case =>;
is equal to =.

5See [24, Prop. 3.17] for a proof that =; is left residual to ® under these definitions.
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s =1 0 C s = t, so each member s =; ¢t of X has the member s =; 0 of
Y below it under C, and therefore has [ |Y below it. This implies that
[MYC[]X.

Thus [ | X =[]Y, ie. —ja =[]Y as required. The equation for =, is
proved similarly.

O]

THEOREM 6.2. The MacNeille completion of a Grishin algebra is also a
Grishin algebra.

PRrROOF. Let L be a Grishin algebra, and =; and =, the operations defined
on L as above. Since L is a residuated lattice-ordered monoid, by Theorem
2.2 it remains only to show that the double-negation elimination law holds
in L.

Given any a € L, we have a T —; —,a by (2) of the above Lemma, so
we need to show that —; —,a C a. By (6.2), it suffices to take any s,t € L
with s C —; —,a and a C ¢, and show that s C t. Now if a C t € L, then

—1—ra T —;—,t by (1) of the above Lemma. But —; —.¢t =t as L is a
Grishin algebra, so if s C —; —, a then s C ¢ follows as required.
This proves a = —; — a, and the proof that a = —, —; a is similar. ]

We can now combine our results into a representation theorem for Grishin
algebras in general.

THEOREM 6.3. Every Grishin algebra has an isomorphic embedding into the
algebra of all propositions of some strong classical residuated cover system,
by a map that preserves all existing joins and meets.

PROOF. If L is a Grishin algebra, then L is a complete Grishin algebra, so
is isomorphic to Prop(S), where S is the strong classical residuated cover
system of Theorem 4.3. The inclusion of L into L preserves all existing joins
and meets, hence so does its composition with the isomorphism from L onto
Prop(S™). O

7. Infinitary First-Order Logic

Our representation of Grishin algebras gives rise to a cover system semantics
for a version of classical bilinear predicate logic that has quantification of
individual variables, and (infinitary) disjunctions and conjunctions of sets
of formulas. To describe the formal language for this, we fix a denumer-
able list vg,...,v,,... of individual variables and a set of predicate letters,
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with typical member P, that are k-ary for various k& < w. These are used
to define atomic formulas P(vp,,...,vn,). A preformula is any expression
generated from atomic formulas and the constants T, F, 1, 0 by using the
binary connectives &, —;, — and the quantifiers Jv,, Yv,, and by allowing
the formation of the disjunction \/® and conjunction A® of any set ® of
formulas. A formula is a preformula that has only finitely many free vari-
ables. Binary disjunctions and conjunctions are defined by taking ¢ V ¢ to
be \/{¢, v} and ¢ A ¢ to be A{p,¥}. Left and right negation connectives
are introduced by defining —;¢ to be ¢ —; 0 and —,.¢ to be ¢ —,. 0.

The semantic analysis builds on the one already given in [10] for this
language without the constants T, F, 1, 0, or the negations —;, -, using
quantales and certain cover systems. We take this earlier work as given
(see [10, Sections 3.1-3.4, 3.7]), and confine ourselves to explaining what is
involved in extending it to the present language.

By a classical model we mean a structure M = (S, D, V), where S is a
strong classical residuated cover system; D is a set of individuals; and for
each k-ary predicate letter P, V(P) is a function assigning a proposition of
S to each k-tuple of elements of D. In symbols: V(P) : D¥ — Prop(S). To
interpret variables in the model we use D-valuations, which are sequences
o = (00,...,0p,...) of elements of D, the idea being that o assigns value
op, to variable v,. We write o(d/n) for the valuation obtained from o by
replacing o, by d. For each formula ¢ we specify a proposition ||p|M €
Prop(8S) for each valuation o. This is defined inductively on the formation
of ¢, using the structure of Prop(S), as follows (cf. Theorem 3.5):

b ||P(Un1="'7vnk)||¢/7w = V(P)(0n17""0nk)'

o [TlI* = 5.

o [IFll2* = 50.

o 17" =1e.

o [lof7" =0°.

o llp&ylyt = llelly @ vl

o lle = vl = llelly" = IZY lle = vl = llelly" = vl
o [IVIl7" = Usea el

o IN2[7" = yen llellZ"-

b ||E|Un90||év[ = leeD ”SOH%d/n)-

hd vanSOH'c/rM = |_|deD ”SOH%d/n)‘
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Consequently, the negation connectives have

o [lmuelly" = llellz! =105 = —llell".
o =l = llellp = 0% = = [l

A satisfaction relation is defined by using the notation

M,z = ¢lo]

to mean that = € |¢||M. This can be read “p is true/satisfied in M at
under ¢”. Unravelling the operations in Prop(S), and using the fact that
X®Y =1(X-Y) in a strong system, this satisfaction relation is charac-
terised as follows (suppressing the symbol M):

x=P(vp,,...,vp )0l it xeV(P)(on,...,0n,)

x = Tlo].

x = Flo] iff = <.

x = 1[o] iff exa.

z = 0[o] iff ze€0° (iffxLe, cf. (5.3)).

z = p&i|o] iff for some y and z such that y- z < x,
y | ¢lo] and 2 = lo].

T = ¢ — Y[o] iff y = plo] implies z -y |= ¥[o].

z o = blo] iff 3 = plo] implies - = = $[o].

x = VP[o] iff  there exists C > x such that for all z € C,
z = plo] for some ¢ € .

z = A\®o] iff x = p[o] for all ¢ € .

x = Jupplo] iff there exists C > x such that for all z € C,
z = ¢[o(d/n)] for some d € D.

x = Yu,plo] iff x = plo(d/n)] for all d € D.

Furthermore, the negation connectives satisfy:

z = uplo] iy = glo] implies z L y,
x = —yplo] iff y ko] implies y L x

(cf. (5.2)). This kind of modelling of negation via an orthogonality relation
goes back to [8] in the context of orthologic, where L is symmetric and the
two negations collapse to one. The definition of L from a fixed set 05 as in
(5.1) comes from [7].

Each model M gives rise to a semantic implication relation =™ on
formulas, defined by writing

e EMy
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to mean that ||| C ||¢||M for all D-valuations o, i.e. that for all  in S
and all D-valuations o, M,z = ¢[o] implies M,z |= 9[o]. We say that ¢
classically implies 1, written ¢ |=° 1, if ¢ =" 4 for all classical models M.

To axiomatise the semantic relation =¢, we take a sequent to be an
expression ¢ F 1 with ¢ and 1 being formulas. Alternatively, a sequent may
be thought of as an ordered pair of formulas, with the symbol F denoting
a class of sequents, i.e. a binary relation between formulas. Then we write
¢ 4 v when both ¢ - and 9 F ¢.

For the logic of residuated posemigroups, we gave in [10, Section 3.3] a
list of sequent axiom schemes and a list of rules of inference for generating
new sequents. We take those axioms and rules as given here, and add to
them the following axiom schemes:

e FFy, ¢kFT.
e &1 -, 1&p -+ .
o .k,  —pe k.

Let ¢ be the smallest class of sequents that includes all instances of the
axiom schemes and is closed under the rules of inference. To prove soundness,
i.e.

ek implies ¢ E°, (7.1)

it suffices to observe that for any classical model M, the relation =" in-
cludes all instances of the axioms and is closed under the rules, so it includes
F¢. Thus ¢ F°¢ ¢ implies ¢ |:M 1 for all classical models M.

To prove completeness, i.e. the converse of (7.1), we use a Lindenbaum
algebra construction to build a Grishin algebra, and then embed it into the
algebra of propositions of a model by the representation of Theorem 6.3. But
the use of infinitary disjunctions and conjunctions allows a proper class of
formulas to be generated, and we have to restrict this to a set, in order for the
Lindenbaum algebra to be based on a set. So we define a fragment to be a set
F of formulas that includes all atomic formulas and the constants T, F, 1, 0;
is closed under the binary connectives A,V, &, —;, —, and the quantifiers
Juy, Yu,; and is closed under subformulas and variable substitution. Hence
F is closed under the negation connectives —; and —.

Let F be a relation satisfying all our axioms and rules, and fix a fragment
F. The induced relation 4F is an equivalence relation on F. Let |¢| = {¢ €
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F : o - 9} be the equivalence class of ¢ € F and L” = {|p| : ¢ € F}. Put

o E o] iff o = o,
ol ] = lp A,
ol U el =l V4l
ol @ |9 = |&erpl,
ol =1 |l = le =19,
ol =+ || =l = b,
—tlel = |-l
—r |l = |=repl.
The axioms and rules ensure that this yields a well-defined Grishin algebra
L7 on L7 with greatest element |T| and least element |F|; with |1| being

the identity element of ®; and with the distinguished element |0| having
—tlel = Il =1 (0] and — | = || = [0]. Also we have:®

[Funel = L [o(vp/vn)l-

p<w

Vonspl = T le(vp/vn)l-

p<w

V@l = |] |¢|, when \/® € F.
ped

IAN®| = [] |¢| when A® € F.
ped

By Theorem 6.3, there exists a strong classical residuated cover system S7
and an isomorphic embedding f : L” — Prop(S7) that preserves all joins
and meets that exist in L7, including those described in (7.2).

Now define the classical model M7 = (S7, D, V), where D is the set of
all variables vy, and V(P)(vp,,...,vn,) = fIP(Uny,...,0p,)]. Then if o is
the D-valuation with o,, = v,, we get

MT
1P (wnys - s o) lle™ = FIP(ngs -5 0my )]
We then extend this to show inductively that

f
|2 = fle| for all € F. (7.3)

5The proofs of the equations for |Jv, | and |Vu,¢| in (7.2) are as for finitary first-order
logic (e.g. [1, Lemma 3.4.1]), and depend on the fact that a formula ¢ has finitely many
free variables.
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This uses the the definition of |||, results(7.2), the fact that f preserves
the Grishin algebra operations and any joins and meets existing in S7;
and the general substitutional result that ||p(v,/v,)||2 = ||<p|]£?gp /n) (which
holds of any ¢ in any model M).

To prove completeness of ¢ for =, suppose ¢ =° 1. Take a fragment F
containing the formulas ¢ and v, and construct the classical model M7 as
above using the relation F° to define L7 and hence S*. Then ¢ }:Mf Y, SO

oIM” C [[9IM” in Prop(S7) where o, = v,. Hence |¢| C || in L¥ by
(7.3) and the fact that f is order-invariant; so ¢ ¢ ¢. This proves that

¢ = implies @ F°Y

as required. Together with (7.1), we have shown that the proof-theoretic
deducibility relation ¢ is both sound and complete for the semantic conse-
quence relation |=° over models on strong classical residuated covers systems.
In other words, these two relations are identical.
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