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We continue a programme of study of the model theory of coalgebras of polyno-
mial functors on the category of sets. Each such coalgebra « is shown to have an
“enlargement” to a new coalgebra Ea whose states are certain ultrafilters on the
state-set of a.

This construction is used to give a new characterization, in terms of structural clo-
sure properties, of classes of coalgebras that are defined by “observable” formulas,
these being Boolean combinations of equations between terms that take observable
values.

It is shown that the E-construction can be replaced by a modification that restricts
to ultrafilters whose members are definable in a. Both constructions are examined
from the category-theoretic perspective, and shown to generate monads on the
category of coalgebras concerned.

1. Introduction and Overview

This paper continues a series [Gol01c,a,b] of articles on the equational logic
and model theory of coalgebras for certain functors 7' : Set — Set on the
category of sets. A T'-coalgebra is a pair (A4, a) comprising a set A, thought
of as a set of “states”, and a function o : A — T A called the transition
structure. We study the case of functors T that are polynomial, i.e. con-
structed from constant-valued functors and the identity functor by forming
products, coproducts, and exponential functors with constant exponent.
Many data structures and systems of interest to computer science — such as
lists, streams, trees, automata, and classes in object-oriented programming
languages — can be modelled as coalgebras for polynomial functors [Rei95,
Jac96, Rut95, Rut00]. This has motivated the development of a theory of
“universal coalgebra” [Rut95, Rut00], by analogy with, and categorically
dual to, the study of abstract algebras.

*Prepared using Paul Taylor’s diagrams package.
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The article [GolOla] developed a type-theoretic calculus of terms for
operations on polynomial coalgebras and explored its semantics. A special
role is played by terms that take “observable” values. A polynomial coalge-
bra can be thought of as being constructed, using products and coproducts
etc, from some fixed sets of observable elements given in advance. Compu-
tationally, the states of a coalgebra are regarded as not being directly acces-
sible, but can only be investigated by performing certain “experiments” in
the form of coalgebraic operations that yield observable values. Hence the
emphasis on observable terms. It was shown in [GolOla] that Boolean com-
binations of equations between observable terms form a natural language of
observable formulas for specifying coalgebraic properties. In particular such
formulas give a logical characterization of the fundamental relation of bisim-
ilarity, or observational indistinguishability, between states of coalgebras:
two states are bisimilar precisely when they satisfy the same observable
formulas [GolOla, Theorem 7.2].

The subsequent article [Gol01b] adapted the theory of ultrapowers to the
context of polynomial coalgebras. Given a T-coalgebra o and an ultrafilter
U, the standard theory of ultrapowers produces a structure aV that is not
a T-coalgebra. It was shown how to modify aV to overcome this problem,
by removing certain states. The result was the notion of the observational
ultrapower o™ of a with respect to U. This notion was then used to give a
structural characterization of classes of coalgebras definable by observable
formulas: a class K is the class of all models of a set of such formulas
iff K is closed under disjoint unions, images of bisimilarity relations, and
observational ultrapowers [GolO1lb, Theorem 7.1].

The purpose of the present paper is to replace the o™ construction in
this last result by a “Stone space like” construction that is intrinsic to a.
We define the wultrafilter enlargement Ea of a as a new coalgebra whose
states are certain ultrafilters on the state set of a. Fa is a homomorphic
image of any observational ultrapower ot that is sufficiently saturated, and
we make use of this fact to transfer the analysis of a™ to Ea. In particular
we use the version of Lo§’s Theorem developed for at in [Gol01b] to study
the conditions for truth in Ea at a state (ultrafilter) F. If p® is the set of
states in « at which formula ¢ is true, then it transpires that

Ea,F E¢ iff ¢ € F,

which may be interpreted as saying that ¢ is true in Ea at state F'iff it is
true in a at a set of states that is “large in the sense of F” (see the Truth
Lemma 3.3 below).
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State-sets of the form ¢® may be called definable in . The collection
Def, of all such definable sets is a Boolean algebra, and an alternative
construction to Ea results by taking states to be ultrafilters of this algebra
Def ,, rather than of the algebra of all subsets of a. The result is the
definable enlargement Aa of a. Aa is a homomorphic image of Ea, and
can be realized as the quotient of Ea by the bisimilarity relation.

The category-theoretic nature of the Fa and Aa constructions are in-
vestigated: in the final section of the paper we show that each gives rise to
a monad structure on the category of coalgebras.

A polynomial functor is monomial if it is constructed without the use
of coproducts. A notion of ultrafilter enlargement for monomial coalge-
bras was developed in [Gold0lc]. Its theory is much simpler than the one
described here: the presence of coproducts introduces considerable com-
plexity associated with the partiality of certain “path functions” expressing
the dynamics of the transition structure a.

2. Essential Background

A substantial conceptual framework and notational system is developed
in [Gol0la] and [GolOlb], all of which is essential to understanding the
constructions and results given here. We now review this material, in order
to make the present paper reasonably self-contained and accessible.

2.1. Polynomial Functors and Coalgebras

First, here is the notation for products, powers and coproducts of sets. For
j=1and 2, m; : Ay x Ay = A; is the projection function from the product
set A1 x Ay onto Aj, i.e. mj(a1,a2) = a;. The pairing of two functions of the
form f; : A — Bj and fs : A — B, is the function (f, f2) : A = By X By
given by f(a) = (fi(a), f2(a)). The product of two functions of the form
f1 : Al — B1 and f2 : A2 — B2 is the function f1 X f2 : A1 XA2 — Bl XB2
that maps (a1, az2) to (fi(a1), f2(az)). Thus m;((f1 x f2)(z)) = f;(7;(2)).

The coproduct A; + As of sets Ay, A, is their disjoint union, with injec-
tive insertion functions ¢; : A; — Ay + A, for j = 1 and 2. Each element of
Aq + Ay is equal to ¢;(a) for a unique j and a unique a € A;. The coproduct
of two functions of the form f; : Ay — B; and f» : A — By is the function
fi + f2: Ay + Ay = By + B, that maps ¢;(a) to ¢;(f;(a)).

The D-th power of set A is the set AP of all functions from set D to
A. The D-th power of a function f : A — B is the function f¥ : AP —
BP having fP(g9) = fog forall g: D - A. The evaluation function
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eval : AP x D — A has eval(f,d) = f(d). For each d € D there is the
evaluation-at-d function evq : A? — A having evq(f) = eval(f,d) = f(d).

The symbol o— will be used for partial functions. Thus f : A o— B
means that f is a function with codomain B and domain Dom f C A.
Associated with each insertion ¢; : A; = A1 + A is its partial inverse, the
extraction function e; : Ay + Ay o— A; having ¢;(y) = =z iff 1;(z) = y.
Thus Dome; = 1;A;, i.e. y € Dome; iff y = ¢j(z) for some z € A;. These
extraction functions play a vital role in the analysis of coalgebras built out
of coproducts. Observe that the coproduct f; + fo of two functions has
(fi + F2)() = 1j(f;(&;(2))) for some j.

The identity function on a set A is denoted idg : A — A. If Ais a
subset of B, then A < B is the inclusion function from A to B.

Polynomial functors are formed from the following constructions of end-
ofunctors T : Set — Set.

e For a fixed set D # (), the constant functor D has D(A) = D on
sets A and D(f) = idp on functions f.

o The identity functor Id has IdA = A and Idf = f.

e The product T x T» of two functors has 71 X To(A) = T1 A x THA,
and, for a function f : A — B, has T; x T5(f) being the product
function

Tl(f) X Tg(f) : TlA X TQA — Ti1B xT3B.

e The coproduct T} +T> of two functors has Ty + T>(A) = T1 A+ T>A,
and for f: A — B, has T1 + T>(f) being the coproduct function

Tl(f) + Tz(f) : TlA + T2A - T'B+T)B.

e The D-th power functor TP of a functor T has TP A = (T A)P, and
for f : A — B, has TP(f) being the function (T(f))P : (TA)? —
(TB)P that acts by g - T(f)og. Thus TP (£)(g)(d) = T(f)(g(d)).

A functor T is polynomial if it is constructed from constant functors and
Id by finitely many applications of products, coproducts and powers. Any
functor formed as part of the construction of T is a component of T. A
polynomial functor that does not have Id as a component must be constant.

A T-coalgebra is a pair (A,a) comprising a set A and a function

«a
A—— TA. A is the set of states and « is the transition structure of

the coalgebra. Note that A is determined as the domain Dom « of a, so we
can identify the coalgebra with its transition structure, i.e. a T-coalgebra
is any function of the form a : Doma — T'(Doma). A morphism from
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T-coalgebra a to T-coalgebra 3 is a function f : Doma — Dom 3 between
their state sets which commutes with their transition structures in the sense
that Bo f =T f o a, i.e. the following diagram commutes:

Dom Dom g

e B

T(Dom «) if» T (Dom 3)

f is an isomorphism if it has an inverse that is also a coalgebraic morphism
(or equivalently, if it is bijective).

If Dom o C Dom g, then « is a subcoalgebra of 3 iff the inclusion function
Dom a = Dom 3 is a morphism from « to 8. More generally, if X is a subset
of B, then there exists at most one transition 8’ : X — T'X for which the
inclusion X < B is a T-morphism from ' to 8 [Rut00, Proposition 6.1].
Thus it makes sense to talk about the set X being a subcoalgebra of 3.

For any morphism f : (4,a) — (B, (), the image f(A) is a subcoalgebra
of B, and if f is injective then coalgebra « is isomorphic to this image
coalgebra [Rut00, Theorem 6.3].

Every set {a; : i € I} of T-coalgebras has a disjoint union > ;a;,
which is a T-coalgebra whose domain is the disjoint union of the Dom «;’s
and whose transition structure acts as «; on the summand :;Dom a;
of Dom ) ;a;. More precisely, this transition is given by t;j(a) —
T(v;)(ej(a)), with the insertion ¢; : Doma; — Dom ), a; being an in-
jective morphism making «; isomorphic to a subcoalgebra of the disjoint
union (see [Rut00, Section 4]).

2.2. Paths and Bisimulations

If (A,a) and (B, ) are T-coalgebras, then a relation R C A x Bis a T-
bisimulation from a to B if there exists a transition structure p : R — TR on
R such that the projections from R to A and B are coalgebraic morphisms
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from p to a and 3, i.e. the following diagram commutes:

A" Rr-™ .
a p B
TA « TR - TB

T7T1 T7i'2

We may say that coalgebra ( is the image of the bisimulation, or is the
image of a under the bisimulation, if R is surjective, i.e. every member of
B is in the image of R. Dually, « is the domain of the bisimulation if R is
a total relation, i.e. Dom R = A.

A function f : A — B is a morphism from « to § iff its graph {(a, f(a)) :
a € A} is a bisimulation from « to 8 [Rutt00, Theorem 2.5]: a morphism
is essentially a functional bisimulation. When Doma C Domfg, « is a
subcoalgebra of 3 iff the identity relation on Dom « is a bisimulation from
ato .

The above categorical definition of bisimulation appeared in [AM89]. It
has a characterization [Her93, HJ98] in terms of “liftings” of relations R C
Ax B torelations RT C TAxTB. This in turn was transformed in [Gol01a]
to another characterization of bisimulations that uses the idea of “paths”
between functors, an idea introduced in [Jac00, Section 6]. Informally,
the construction of polynomial 7' can be parsed into a tree of component
functors. The paths we use are just the paths through this tree.

Formally, a path is a finite list of symbols of the kinds 7, €, evq. Write

p.q for the concatenation of lists p and q. The notation T 2% § means
that p is a path from functor T to functor S, and is defined by the following
conditions

O
e T —~ T, where () is the empty path.
T;.p
o Tt xTh —% S whenever T; 2 S, for j =1,2.
£5.p
o Ty + T, — S whenever T} s S, for j=1,2.

o TP 227 S for all d € D whenever T — S.

It is evident that for any path T—~S, S is one of the components of T.

P q
Paths can be composed by concatenating lists: if 7} —~ T and Ty — T3,
then T3 z Ts.
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A path T 2 S induces a partial function p4 : TA o—— SA for each
set A, defined by induction on the length of p as follows.

e (Ja : TAo— TA is the identity function idr 4, so is totally de-
fined.
” ¥ Y2\
o (mj.p)a = paom;, the composition of Ty AxToA —> T;A o— SA.
Thus z € Dom (7;.p) 4 iff 7;(x) € Dompa.

e
¢ (g;.p)a = paoe;, the composition of Ty A+T> A o—2» T;A PEN SA.
Thus z € Dom (¢;.p) 4 iff € Dome; and €;(x) € Dompa.

o (evg.p)a = paoevg, the composition of (T'A)" N pa LA g4
Thus f € Dom (evgy.p)4 iff f(d) € Dompa.

Concatenation of paths corresponds to composition of functions, in the
sense that (p.q)4 = qa o pa.

A path T—~S is a state path if S = Id, an observation path if S = D
for some set D, and a basic path if it is either. A T-bisimulation can
be characterized as a relation that is “preserved” by the partial functions
induced by state and observation paths from 7. To explain this we adopt
the convention that whenever we write “f(z) @ g(y)” for some relation @
and some partial functions f and g we mean that f(z) is defined iff g(y) is
defined, and (f(z), g(y)) € @ when they are both defined.

Theorem 2.1. [GolOla, Theorem 5.7]

If A e, TA and B —'8> T B are coalgebras for a polynomial functor T,
then a relation R C A x B is a T-bisimulation if, and only if, Ry implies

(1) for all state paths T — Id, pa(a(z)) R ps(B(y)); and
(2) for all observation paths T 2D, pala(zr)) =ps(B(y))- U

The inverse of a bisimulation is a bisimulation, and the union of any col-
lection of bisimulations from « to 3 is a bisimulation [Rutt00, Section 5].
Hence there is a largest bisimulation from « to 3, which is called bisimilar-
ity. We denote this by ~. States x and y are bisimilar, z ~ y, when zRy
for some bisimulation R between o and (8. This is intended to capture the
notion that z and y are observationally indistinguishable.

2.3. Types, Terms, and Formulas

Fix a set O of symbols called observable types, and a collection {[ o] : 0 € O}
of non-empty sets indexed by Q. [o] is the denotation of o, and its members
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are called observable elements, or constants of type o. The set of types over
Q, or O-types, is the smallest set T such that @ C T, St € T and

(1) if01,0'2 € T then o1 X 02, 01 + 02 € T;
(2) f ceTand 0 € O, theno= o € T.

A subtype of an O-type 7 is any type that occurs in the formation of 7. St
is a type symbol that will denote the state set of a given coalgebra. The
symbol “o” will always be reserved for members of Q. 0 = o is a power
type: such types will always have an observable exponent. A type is rigid if
it does not have St as a subtype. The set of rigid types is thus the smallest
set that includes O and satisfies (1) and (2).

Each Q-type o determines a polynomial functor |o| : Set — Set. For
o € O, |o| is the constant functor D where D = [o]; |St| is the identity
functor Id; and inductively

o1 x 2] = |o1| X |o2], |01+ 02| = |o1] + |02, |o=> 0| =|o|l].

For denotations of types, we write [o ]4 for the set |g|A. Thus we have
[o]a =[o], [St]a =4,
[[01 X Uz]]A = |[U1 ]]A X |[02]]A
[o1+02]a=[o1]a+[o2]a
[o=0]a =[o]al°l
If o is a rigid type then |o| is a constant functor, so [o]4 is a fixed set
whose definition does not depend on A and may be written [o]. A 7-

coalgebra is a coalgebra (A, a) for the functor |7, i.e. @ is a function of the
form A — [7]a.

To define terms we fix a denumerable set Var of variables and define a
contert to be a finite (possible empty) list

F=(:01,...,0n:0p)

of assignments of O-types o; to variables v;, with the proviso that vy, ..., v,
are all distinct. T is a rigid context if all of the o;’s are rigid types. Con-
catenation of lists I" and IV with disjoint sets of variables is written ", T".
A term-in-context is an expression of the form

I'> M :o,

which signifies that M is a “raw” term of type ¢ in context I'. This may
be abbreviated to I' > M if the type of the term is understood. If o € Q,
then the term is observable.
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Figure 1 gives axioms that legislate certain base terms into existence,
and rules for generating new terms from given ones. Axiom (Con) states

Axioms
v e Var c € [o]
L L L= St) —
(Var) viebDv:o (Gon) dc:o (S¢) Pr>s:St
Weakening
! .
(Weak) LI'>M:o where v does not occur in T or TV,

Tv:o,I'">M :0

Product Types
I'>b M :01 X o9
'mM:o;

I'>bM:01 X092

Proi
(Proj) ' mM: oy

(PI‘OjQ)

'> M, :0 I'> Ms : oo
FD(Ml,MQ) 101 X 02

(Pair)

Coproduct Types
' M: o (Ins) I'>M : oo
I'uM:o1+ 09 2 ' M :o01+ 09

(]:1’11)

I'>N:o1+ 09 Tvi:oit>M;:0 Tive:o9 > Ms: 0o

C
( ase) I' > case N of [L1’l)1 — M, | LoVy > MQ] o

Power Types

I'>bM:0=0 I'>N:o Fv:obM:o
A Ab !
(App) '>M-N:o (Abs) > (AwM):o=0

Figure 1. Axioms and Rules for Generating Terms

that an observable element is a constant term of its type, while the raw
term s in axiom (St) is a special parameter which will be interpreted as
the “current” state in a coalgebra. The rules for products, coproducts and
powers are the standard ones for introduction and transformation of terms
of those types. The raw term in the consequent of rule (Case) is sometimes
abbreviated to case(N, My, My).



March 18, 2003 17:20 WSPC/Trim Size: 9in x 6in for Proceedings enlarge-coalg

10

Bindings of variables in raw terms occur in lambda-abstractions and case
terms: the v in the consequent of rule (Abs) and the v;’s in the consequent
of (Case) are bound in those terms. It is readily shown that in any term
I't> M, all free variables of M appear in the list T'. A ground term is one of
the form @ > M : o, which may be abbreviated to M : g, or just to the raw
term M. Thus a ground term has no free variables. Note that a ground
term may contain the state parameter s, which behaves nonetheless like a
variable in that it can denote any member of Dom «, as will be seen in the
semantics presented in Section 2.4. There exist ground terms of every type,
as may be seen by induction on type formation.

A term is defined to be rigid if its context is rigid. This entails that any
free variable of the term is assigned a rigid type by T, so its type is formed
without use of St. Of course all ground terms are rigid.

7-Terms

For a given Q-type 7, a 7-term is any term that can be generated by the
axioms and rules of Figure 1 together with the additional rule

I'>M:St

(r-Tr) Cotr(M):7°

Note that from this rule and the axiom (St) we can derive the ground
T-term

0> tr(s) : 7.

The symbol tr will denote the transition structure of a 7-coalgebra

a
A——[7]a. If M is interpreted as the state = of a, then tr(M) is
interpreted as a(z).

T-Formulas

An equation-in-context has the form I' > M; ~ M,y where ' > M; and
I' > M> are terms of the same type. A formula-in-context has the form
T' > ¢, with the expression ¢ being constructed from equations M; ~ M,
by propositional connectives. Formation rules for formulas are given in
Figure 2, using the connectives = and A. The other standard connectives
V, =, and < can be introduced as definitional abbreviations in the usual
way. A formula (> with empty context is ground, and may be abbreviated
to . A rigid formula is one whose context is rigid.
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Equations
I'>M :0o I'>M,:0o
(Eq) —
' M, ~ M,
Weakening
|
(Weak) o PP where v does not occur in T' or I".
Tv:0,T"> g

Connectives

r r r

(Neg) > (Con) D #1 D> #2
I'> - I'> ©1 N\ p2

Figure 2. Formation Rules for Formulas

A 7-formula is one that is generated by using only 7-terms as premisses
in the rule (Eq). An observable formula is one that uses only terms of
observable type in forming its constituent equations.

2.4. Semantics of Terms and Formulas

A 7-coalgebra o : A — |7|A interprets types o and contexts I' = (v; :
O1y-..,Up : 0,) by putting [6]q = |o|(Doma) =[o]a, and

[Tla=T[o1]ax - x[on]a

(s0 [0 ] is the empty product 1). The denotation of each T-term I'> M : o,
relative to the coalgebra a, is a function

[T>M:0]a:AX[T]a —[0]a,
defined by induction on the formation of terms. For empty contexts,
Ax[0]la=Ax1=A,

so we replace A x [0 ], by A itself and interpret a ground term § > M : o
as a function A = [0 ]q. The definition of denotations for terms given by
the axioms of Figure 1, and the rule (7-Tr), are as follows.
Var:

[vie>v:o]a:AX[o]a = [0]a is the right projection function.
Con:

[0>c:0]n:A—[o] is the constant function with value c.
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St:
[@>s:St]a: A— [St]a is the identity function A — A.
7-Tr:
[T>tr(M):7]a: AX[T]a = [7]a is the composition of the functions

I'>M: o
[T > St]]”4

AX[T]a & [7]e.

The denotations of terms generated inductively by the rules of Figure 1 are
given by definitions that are standard in categorical logic (see [GoldOla,
Section 4] or [Pit00]).

Substitution of Terms

The term N[M/v] is the result of substituting the raw term M for free
occurrences of the variable v in N. The following rule is derivable:

'>M:o Tw:op>N:o

(Subst) > N[M/v]:d

The semantics of terms obeys the basic principle that substitution is inter-
preted as composition of denotations [Pit00, 2.2]. Because of the special
role of the state set A, this takes the form

[T>N[M/v]]oa=[T,v:0>N]qo(m,m2, [T > M]a),

so that the following diagram commutes:

<7r157r27 [M]]Ot>

AXx[T]a Ax[T]ax[0]a

N ]a
[N [/ [N]

[0']a

Substitution for the State Parameter

The term N[M/s] is the result of substituting M for the state parameter s
in N, according to the derivable rule

I'>M:St I'>N:d
F'> N[M/s]: o'

(s-Subst)
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with the semantics [I'> N[M/s]]oa =[T > N]ao{[T > M Ja,m2) :
<|]:M]]047772>

AXl[F]]a Axl[F]]a
N |a

[N[M/S) ] [¥]

|[‘7,]]a

For ground terms (T' = (}), this takes the simple form
[N[M/s]la = [N]ao[M]a-

Semantics of Formulas

A T-equation T' > M; =~ M- is said to be wvalid in coalgebra « if the a-
denotations [I'> M; ], and [T > M, ], of the terms I' > M; are identical.
More generally we introduce a satisfaction relation

a,z,y ET >,

for 7-formulas in 7-coalgebras, which expresses that I' > ¢ is satisfied, or
true, in «a at state z under the value-assigment v € [I'], to the variables
of context I'. This is defined inductively by

a,z,yET> M~ My iff [T>M]a(z,7)=[T> M]al(z,7),

a,z,7y =T > iff not a,z,y ET D> ¢,

a,z,yETD> 1Ay il a,z,y ETD ¢ and a, 2,7 ET > @o.
I'>pis true at z, written e,z ET > g, if a,z,y ET>p forall vy € [T ]a.

a is a model of T > ¢, written a | T'I> ¢, if @,z, = T' > ¢ for all states
z € Dom a. In that case we also say that I' > ¢ is walid in the coalgebra a.

The following result is proven in [GolOla, Section 5].

Theorem 2.2. The class {a : o =T > ¢} of all models of an observable
formula is closed under domains and images of bisimulations, including
domains and images of morphisms as well as subcoalgebras. If T' > ¢ is
rigid and observable, then its class of models is also closed under disjoint
unions. O

By substituting a ground term M for the state parameter s in given formulas
we can produce formulas p[M/s] that express the modal assertion that ¢
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will be true after execution of the state transition z — [ M Jo(x) defined
by M. This is the content of the following result.

Theorem 2.3. [GolOla, Theorem 6.5]
If M is any ground term of type St, and ¢ any ground formula, then in any
T-coalgebra (A, ),

o, [M]a(z) Ee iff o,z ¢[M]s].

2.5. The Role of Observable Formulas

Observable terms and formulas (and especially ground ones) play a role in
the theory of polynomial coalgebras comparable to that played by standard
terms and equations in the theory of abstract algebras. We record here
some results that will be needed from [Gol0la], concerning ways in which
observable terms and formulas characterize structural aspects of coalgebras.

Theorem 2.4. [Gol0la, Corollary 5.3]
Let T'1> ¢ be any rigid observable T-formula. If R is a |7|-bisimulation from
a to B and zRy, then

a,zET>e iff ByETD>e.

In particular, if f : A — B is a morphism from a to 3, then for anyx € A,

azET>e iff B,f(z) ETD .

Consequently, if f is a surjective morphism,

aE=ET>e iff BETD .

Theorem 2.5. [Gol0la, Theorem 6.7]
A function f : A — B between T-coalgebras (A,a) and (B,f) is a |T]-
morphism if, and only if, for all x € A,

(1) [M]a(z) =[M]p(f(x)) for all ground T-terms M of observable type;
and
(2) f([M]a(z)) =[M]s(f(z)) for all ground T-terms M of type St.
O
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2.6. Defining Path Action and Bisimilarity

The action of a path function is definable by a (ground) term, in the fol-
lowing sense.

Lemma 2.6. (Path Lemma) [Gol0la, Theorem 6.1]

P
For any path || —~ |o| and variable v there exists a tr-free T-term of the
form

V:TD>Pp:O
such that for any T-coalgebra (A, ) and any x € A, if a(x) € Dompa then

pa(a(@)) = [pltr(s)/v]]a(2)-
O

Note that by the substitution rule (Subst), ptr(s)/v] is a ground term
of type o, since tr(s) is a ground term of type 7. The term function
[ Pltr(s)/v] Jo has domain A, and so may not be identical to pa o a if
pa is partial. This is only an issue when the path p includes an extraction
symbol ¢; (for otherwise p4 is total), but use of case allows the construc-
tion of observable terms that “discriminate” between the two summands
of a coproduct [ ]4 + [72]4 and determine whether p4(a(z)) is defined
[Gol01a, Section 6]. For this to work it is necessary to assume that there is
available at least one observable type u that is non-trivial in the sense that
[ 1] has at least two distinct members. This is a plausible assumption in
dealing with notions that are to be discriminated by observable behaviour.
Define a relation =,3 between the state sets of two T-coalgebras by putting

x =48y iff every ground observable term M has [ M Jao(z) = [ M ]5(y).

If 7 has at least one non-trivial observable subtype, then =,z is a bisimula-
tion from a to # [Gol0la, Lemma 7.1]. Moreover it proves to be the largest
such bisimulation, giving a logical definition of bisimilarity. The precise
situation is as follows.

Theorem 2.7. [GolOla, Theorem 7.2]

Let (A,a) and (B, () be T-coalgebras, where T has at least one non-trivial
observable subtype. Then for any x € A and y € B, the following are
equivalent:

(1) = and y are bisimilar: © ~ y.
(2) o,z =T o iff B,y ET > for all rigid observable formulas T’ > ¢.
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(3) a,z = iff B,y = ¢ for all ground observable formulas .
(4) a,x E M =~ N implies B,y E M ~ N for all ground observable terms
M and N.
(5) [M]a(z) =[M]gp(y) for all ground observable terms M, i.e. x =43 Y.
O

2.7. Observational Ultrapowers

Here we review the ultrapower construction of Section 4 of [Gol01b]. Let U
be an ultrafilter on a set I. For each set A, there is an equivalence relation
=y on the I-th power A of A defined by

f=vgif{iel: f(i)=g9()}el.

Each f € Al has the equivalence class fU = {g € Al : f =y g}. The
quotient set

AT ={fV:feal}

is called the wultrapower of A with respect to U. A notation that will be
useful below is to write f €y X, for X C A, when {i € I : f(i) € X} € U.
We may also safely write fU €y X in this case, since in general f €y X iff
g €y X whenever f =y g.

There is a natural injection e4 : A — AY given by ea(a) = a¥, where
a € Al is the constant function on I with value a. The distinction between
a and @V is sometimes blurred, allowing A to be identified with the subset
ea(A) of AY.

A map @ : A — Bhas a U-lifting to 8V : AV — BY where 8Y(fV) = (9o
f)V. This works also for a partial § : A o—» B, providing a U-lifting 6V :
AU o—+ BU in the same way, with the proviso that fU € Dom 8V precisely
when f €y Dom#é, i.e. when {i € I : f(i) € Dom#} € U. Moreover, U-
lifting commutes with functional composition: given also 1 : B o— C we
have (no )V =nV o gV : AV o CV.

Now let & : A — [7]a be a 7-coalgebra. The transition structure a
lifts to a function oV : AV — [7]Y, but this a is not a 7-coalgebra on
AV since its codomain is [7]4 = (|7]|(A))Y rather than [7]4v = |7|(AY).
To overcome this obstruction it is necessary to remove some points from
AU The key to understanding which ones are to be retained is provided by
considering the U-lifting of the a-denotation of a ground observable term
M : o. This is the function [M]Y : AU — [o]Y. To act as a denotation
for M it should assign values in [o], viewed as a subset of [0]Y. In other
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words we should have
[M]Y(z) € e[o] = {c" : c € [o]} C [0]".

We are thus led to define an element z of AV to be observable if [ M ¥ (z) €
e[ o] for every ground observable 7-term M : o. If z = fU | this means that

for each such M there exists an observable element cjyr € [o] such that
[M]Y(x) = énY and so

(i eI:[M]a(f(i) =cn} €U

Put At = {z € AV : z is observable}. For each a € A and any ground
M : o,

[MI(eat@) = [MIY@) = (M 0a)” = ([MT.@) € e[o],

so e4(a) is observable. Thus e4 embeds A into AT, allowing us to view AT
as an extension of A.

The definition of a |7|-transition structure a* on A depends on the
nature of the functor |o|, which can be analysed in terms of paths |7|—»|g].
The definition of at is founded on the following technical result, whose
proof proceeds by induction on the length of o.

Theorem 2.8. [GoOlb, Theorem 4.1]
For any path |7 e |o| beginning at |T| there exists a partial function
(paca)t : AT o [0 ]+ with domain AT NDom (paoa)V such that the

diagram

An A g+

(o] o

paca (paca)t
olea
[o1s A7 o

commutes wherever defined: if a € Dom (paoa) thene4(a) € Dom (pgoa)™t
and

lolea((pa o a)(a)) = (pa 0 a)* (ea(a)).
O
Now when ¢ = 7 and p is the empty path, so that p4 = id4, Theorem 2.8

gives a function at : A* o—» [ 7]+ whose domain is A*NDoma? = A+,
hence a7 is total, such that the following diagram commutes.
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€A | 4+

Q at

[l 7% [,
ot is thus a 7-coalgebra, which we call the observational ultrapower of o
over U.
A feature of this construction is that the class of models of an observable
formula is closed under observational ultrapowers. More strongly, if I' &> ¢
is observable, then

akETD>e if andonlyif, a™ ET >

[Gol01b, Corollary 5.3]. This follows from a coalgebraic version of Lo§’s
Theorem, which for our present purposes takes the following form.

Theorem 2.9. [Gol01b, Theorem 5.2]
If T > ¢ is an observable T-formula, and fU € A, then
at fUET> ¢ if andonlyif, {i€l:a fli)ET>¢p}el. O

Ultrapowers are used in first-order model theory to build extensions of
structures that are “saturated” (full of elements). We make use of a kind
of saturation notion, which is expressed by saying that o is enlarging if
the following property holds:

any collection S of subsets of A with the finite intersection property
has a “nonstandard element in its intersection”. This element is
an x € AV such that for each X € S, z €y X.

Enlarging observational ultrapowers can be obtained by choosing a suitable
ultrafilter U [GoO1b, Section 6]. A structural characterization of logically
definable classes of polynomial coalgebras can now be stated:

Theorem 2.10. [Go0Olb, Theorem 7.1]
If T has at least one non-trivial observable subtype, then for any class K of
T-coalgebras, the following are equivalent.

(1) K is the class of all models of some set of ground observable formulas.
(2) K is the class of all models of some set of rigid observable formulas.
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(3) K is closed under disjoint unions, images of bisimulations, and obser-
vational ultrapowers.

(4) K is closed under disjoint unions, images of bisimilarity relations, and
enlarging observational ultrapowers.

3. Ultrafilter Enlargements

One of the main purposes of the present paper is to show that observational
ultrapowers can be replaced in Theorem 2.10 by a “Stone space like” con-
struction of the ultrafilter enlargement Ea, an object that is intrinsically
determined by the coalgebra « itself.

Assume from now that 7 is a type that has at least one non-trivial

a
observable subtype. In any 7-coalgebra A — [7]4, each formula I' > ¢
defines in A the “truth set”

Coe)*={red:a,z ETD>y}

of all states at which the formula is true. Notice that for any morphism
f:(A,a) = (B, ), Theorem 2.4 states that if I'>¢ is rigid and observable,
then in general z € (T' > ¢)® iff f(z) € (T > ¢)?, and so (T' > ¢)* =
(T e)f.

An ultrafilter F' on A will be called observationally a-rich, or more
briefly just rich when « is understood, if it satisfies the following condition:

for any ground observable term M : o there exists some observable
element cpr € [0] such that the truth set

Mmceu)*={x€A:[M]a(z) =cm}
belongs to F.

The element cps corresponding to M in this condition is unique, for if
(M = ¢)* and (M = d)* belong to F' then their intersection does too, hence
is non-empty. But if z € (M = ¢)* N (M = d)®, then ¢ = [M Jo(z) = d.

The set of a-rich ultrafilters on A will be denoted EA. Each subset X
of A determines the subset X4 of EA defined by

XPA={FeEA: X e F},

and the map X — X P4 preserves the Boolean set operations N, U and —.

Members of EA can be constructed from the states of any observational
ultrapower a : AT — [ 7] 4+ of a over an ultrafilter U on some set I. For
z € At define

By(z) ={X CA:zey X}
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Note that if z = fU, then for any X C A,
Xedy(fY) iff {iel:f(i)eX}eUl.

It is standard theory that ®;(fY) is an ultrafilter. But since fU is an
observable element of AV, for each ground term M : o there is some cps €
[o] such that the set

{ie I:[M]a(f(@) = cm} = {i: f(i) € (M ~ cm)*}

belongs to U, which implies (M = cp)® € @y (fY). Thus @y (fY) is
observationally a-rich, and we have a function &y : AT — EA.

Lemma 3.1. If a™ is enlarging, then ®y : AT — EA is surjective.

Proof. Any F' € E A has the finite intersection property, so by the enlarg-
ing property there is some z € AV with z €y X for all X € F. Since F is
rich, for each ground M : o there is some cpr € [o] with z €y (M = cpr)®.
This shows that z is observable, i.e. z € AT. But F C ®y(x), so the
maximality of F as a filter ensures that F' = ®y(x). O

The definition of a 7-coalgebra structure Fa on EA is a matter of
similar complexity to the definition of at and requires an induction on
paths from |7| to its component functors, similar to the proof of Theorem
2.8. We formulate the construction in a way that will enable us to transfer
structure from any observational ultrapower of a to Fa by the maps @y .

Theorem 3.2. For any path |7| = |o| beginning at |7| there ezists a
partial function E(pa o a) : EA o— [o]ga with domain equal to
(Dompa o a)P4 = {F € EA: Dom (paca) € F}

such that for any observational ultrapower AY of A over an ultrafilter U
the following diagram commutes wherever defined

At %y EA
o) o)
(paca)t E(pa o)
o|®
[o]a+ |7 ®u [o]Ea

EA

i.e., if € Dom (pa o a)T, then ®y(x) € (Dompa o a)¥4 and

E(paca)(@y(@)) = |o|@u((pa o) (2)).
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O

The lengthy proof of this theorem is deferred to the next section. We
proceed here to explore its consequences. In particular, when o = 7 and p
is the empty path with p4 = id4, we get a commuting diagram

At 2 gy
at Ea
T|®
[rlas 2102% (7]

with the domain of Fa being (Doma)f4. Thus Dom Ea = EA, since
Doma = A € F for all F € EA, so Ea is a total function. This gives
the definition of Fa as a 7-coalgebra and the diagram shows that ®y is a
morphism from ot to Ea. Eq is called the ultrafilter enlargement of the
coalgebra a.

If the diagram of Theorem 3.2 is composed with the square

€A
A+

]

A
o

pao« (paca)t

(014 174 [0 4

of Theorem 2.8, the result is a commuting square

A EA
[o]

[o]
paoa E(paoa)

O PN S

where n4 = ®y o e4 is the injection a — {X C A : a € X}. In the case
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that p is the empty path, this becomes

A | B4

which shows that 14 is an injective morphism a — Ea of 7-coalgebras that
makes « isomorphic to a subcoalgebra of Ea.

One of the benefits of Theorem 3.2 is that it enables the deep analysis
of Lo§’s Theorem (2.9) to be transferred to give information about truth
conditions in the coalgebra Fa:

Lemma 3.3. (Truth Lemma)
For any rigid observable formula T > ¢, and any state F € EA,

Eao,F=T¢ iff T>p)*eF

Proof. Let a™ be an enlarging observational ultrapower of o with the
associated map @y : @™ — EA being a surjection (Lemma 3.1). Given
F € EA, choose fU € AT such that F = &y (fY).

Then by the invariance under a morphism of truth of a rigid observable
formula at a state (Theorem 2.4), we have that

Ea,dy(fY) ET>o iff af,fUETD .
By Lo§’s Theorem 2.9, the latter condition is equivalent to
fi:a,fG) ET> ¢} €T,

ie. to fU €y (I' > ¢)?, and hence is equivalent to to (I' > ¢)* € &y (fY)
by definition of ®. |

We can now show that the class of all models of a rigid observable formula
is closed under ultrafilter enlargements, and indeed is invariant under this
construction:

Corollary 3.4. For any rigid observable T' > ¢,

aET>e iff EaETD>e.
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Proof. If o =T > ¢, then for each state F € EA, (> ¢)* = A€ F, so
Ea,F =T > ¢ by Lemma 3.3. This shows that Ea =T > .

Conversely, if Ea =T > ¢, then a = T' > ¢ follows by Theorem 2.2, as
a is isomorphic to a subalgebra of Ea by the morphism 74.

Alternatively, a more streamlined proof is that for any enlarging a¥,
aETpyiff at ET > ¢ by a Corollary to Lo§’s Theorem mentioned
earlier [Gol01b, Corollary 5.3], while at = T'> ¢ iff Ea |= T'> ¢ by the last
part of Theorem 2.4, which yields that validity in a coalgebra is invariant
under the surjective morphism ®y : a™ = Ea. O

Now if M is a ground term of type St, then for any F' € EA, the denotation
value [ M JEq(F) is a state of Ea, i.e. an observationally rich ultrafilter on
A. The following is a useful characterization of members of this ultrafilter
in terms of F.

Lemma 3.5. (State-Term Lemma)
Let M be ground term of type St. Then for any F € EA, and any X C A,

X e[M]pa(F) iff [M]5'(X)€F.

Proof. Given F € EA, let F = ®y(fY), where &y : AT — FEA is the
surjection given by an enlarging ultrapower of a.

Now it was shown in [GolO1b, Theorem 5.1(4)] that for ground M : St,
the denotation [M ],+ of M in at is just the restriction to At of the
U-lifting [ M ]Y of the denotation [M ], : A = A. Thus [M Jo+(fY) =
[M]Y(fY). Hence as the morphism @y preserves denotation values (The-
orem 2.5(2)), [M1pa(®u(fV)) = Su([M ]t (f9) = Su([M]L(FV)).
Then

X €[M]ga(F)

iff X € @y ([M]Y(fY)) from above
iff [M]Y(fY) ev X definition of ®y
iff ([M]aof)V ev X definition of [ M Y

T {iel:[M]a(f(i)) € X} €U  definition of €y
iff fiel:f(6)e[M];1(X)} €U definition of [M];
iff [M],1(X) e @u(fYV)=F definition of ®y . O
Corollary 3.6. For any X C A,
[ M5 (X4 = (M), (X))
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Proof. For any F € EA, from Lemma, 3.5 and the definition of X4 we
get that

[M]ea(F) € XPA iff F e ([ M]71(X))"A. 0

4. The Proof of Theorem 3.2

This section could be skipped over on a first reading of the paper, if the
reader wishes to continue at this point with the conceptual development.

The proof of Theorem 3.2 proceeds by induction on the formation of
the end-type o of the path p. In each case we define Dom E(p4 o a) to be
the set

(Dompa o )P4 = {F € EA: Dom (paca) € F}.

But then if # € Dom (p4oa)t, Theorem 2.8 implies that € Dom (p4oa)Y,
which means that z €y Dom (p4 o «), and therefore Dom (p4 o) € @y (x),
i.e. ®y(z) € (Dompa o a)P4 as required.

Thus the burden of the proof in each case is to define E(py o @) itself
in such a way that E(pa o a)(®y(z)) = |o|®u((pa o @)t (z)):

@y

ATt EA
o [e]

(paca)t E(paca)
o|®
[o]a+ M. [o]5a

To understand the proof it is necessary to know the definition of the function
(paoa)t. This will be stated in each case, but it might be beneficial if the
reader had access to the proof of Theorem 2.8 given in [Gol01b, Theorem
4.1].

The induction begins with the base cases of observable types and the
type St.

Let D = [o]. Then the above diagram in this case is

3
At Y . EA

o (o]

(paoca)t E(paca)

id
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Let M, = p[tr(s)/v] be the ground term of type o given by the Path Lemma
2.6. For F' € Dom E(p4 o a), let E(pa o a)(F) be the unique d € D such
that the truth set (M, = d)* belongs to the rich ultrafilter F'.

Now if z = fU € Dom (p4 o a)¥, then as z is observable, there is some
c € D such that [ M, ]Y(z) = V. In the proof of Theorem 2.8, (paca)*(z)
is defined to be this c¢. But now

{iel:fi)e Mp=c)*}={iel:[M,]o(f(i)) =c} €U,
soz €y (M, =~ ¢)*. Hence (M, = ¢)* € ®y(z), implying that ¢ is the value

of E(pa o a) at ®y(x), ie. (paca)t(z) = E(pa o a)(®u(x)), as required
for the diagram to commute.

Here |o| is the identity functor Id, so the diagram becomes

P
At Y . EA
o] (o]
(paoa)t E(paca)
P
At Y . EA
Define a unary operation [pa] : PA — PA on the powerset PA of A by

putting
[pa]X = {a € A:a € Dom (ps o @) implies pa(a(a)) € X}
= —Dom (p4 o @) U{a € Dom (p4 0 @) : pa(afa)) € X}.
It is straightforward to verify that

[pa](X NY) = [pa]X N [pa]Y (i)
[Pa](X UY) = [pa]X U [pa]Y (ii)
[pa]d = —Dom (py4 o ). (iii)

For any ultrafilter F' on A, let F}, be the inverse image of F' under [pa]:
F,={X CA:[ps]X € F}.

Since F' is a filter, it follows from (i) that X NY € F, iff X,Y € F},, which
means that F), is a filter. Then if F € (Dom paoa)F4, since Dom (paoa) €
F we get [pa]d ¢ F by (iii), so § ¢ F,, and therefore F), is proper. But
(ii) implies that F, is prime (X UY € F, only if X € F, or Y € F}), so
altogether F}, is an ultrafilter on A in this case.

Moreover, if F' is rich, then so is F,. For, given a ground observable
term N : o, consider the term N[M,/s] : o, where M, = p[tr(s)/v] : St as in
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the Path Lemma 2.6. By richness of F' there is some element ¢ € o] such
that the truth set (N[M,/s] = ¢)® belongs to F. But

(N[Mp/s] m ¢)* C [pal(NV ~ )%,

since if (N[M,/s] = c¢) is true in « at a, then if @ € Dom (pa o @) it
follows by Theorem 2.3 that (N & c) is true at [M,]4(a) = pa(a(a)),
so pa(a(a)) € (N = ¢)?, showing a € [pa](N =~ ¢)®. As F is closed
under supersets, we then get [pa](N = ¢)® € F, hence (N = ¢)® € F),
establishing the richness of F},.

Altogether now we have shown that F), is a rich ultrafilter whenever
F € (Dompy o a)f4, so we can define E(p4 o a)(F) to be F,. Thus in
general,

X € E(paoa)(F) iff [pa]X € F.

But in this case of ¢ = St, (pa o @)t is defined to be the restriction of
(paoa)l to AT, soif z = fU € Dom (ps 0 @), then f €y Dom (p4 o @)
and (pa o)t (2) = (paca)V(fY) = gY, say. Thus the set

J ={i: f(i) € Dom (pa o a) and pa(a(f(i))) = g(i)}
belongs to U. But for any X C A,
Jn{i:g(i) € Xy =Tn{i: (i) € [palX},

soas J € U we have {i : g(i) € X} € U iff {i : f(i) € [pa]X} € U.
This means that X € ®y(gY) iff [pa]X € @y (fY). But by definition,
[pa]X € ®y(fY) iff X € E(pa o @)(®y(fY)). This establishes that

E(paca)(@u(z)) = du(g”) = du((pac &)t (2)),

making the last diagram commute as required.

Case 0 = 01 X 02 ‘ In this first inductive case we make the hypothesis that

the statement of Theorem 3.2 holds for o7 and o5. From the path |7 2 lo|

™
— |o;| and, by the induction
hypothesis, a partial function E(p’; o «) such that the diagram

. P
we obtain, for j =1 and 2, the path p/ = 7]

At ®u EA
[o] (o]
(P o)t E(p)y o a)
o;|®
[oj]a+ o410 [oj]Ea
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fulfils Theorem 3.2 for any ultrafilter U.

Now p’A = mj opa, where m; projects [o1]a x [o2]a onto [o;]a, so as
7; and « are total, Dom 07174 o) = Dom (p4 o ). Thus if Dom (ps o) €
F € EA, then by induction hypothesis E(pf4 oa)(F) is defined for j = 1,2,
so we can define

E(pa o a)(F) = (E(py o a)(F), E(p o a)(F)).
This yields the diagram
Dy

At » EA
[e] [o]

Q)Aooz)+ E(pAOOé)

|0’1 X O'2|¢U

[o1]a+ x[o2]a+ [o1]ea % [02]E4

In this case of ¢ = 01 X 09, (p4 0 a)T is defined to be the pairing function
{((pY o)™, (P4 0o @)T), soif z € Dom (p4 o @), then for j = 1,2,

mi[E(pa 0 a)(®u(2))]

= E(pz o a)(®y(z)) definition of E(py4 o a)
= |0;|@u((Py 0 a)* (x)) second-to-last diagram
= |oj|®u(m;((pa 0 @)™ (z)) definition of (p4 o @)™

= mj[lor X 02|®u((pa o @) (z))] definition of o1 X o2
Hence
E(paca)(®u(z)) = |o1 x 02|Pu((pa o )t (z)),

making the last diagram commute as required.

‘ Case 0 =01 + 02 ‘ Assume Theorem 3.2 holds for o; and g9. This time we

. pg;
define p’ to be the path |7| -5 |oj| and, by the induction hypothesis, have

a partial function E(p’; o ) such that the same diagram

A+ ®u EA
(P 0 a)* E(p)y o)
[oj]a+ o4 %0 [oj1ra
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fulfils Theorem 3.2. But now p/, = &; 0 pa, where ¢, is the (partial) extrac-
tion from [o1 ]a +[02]a to [oj]4, and Dom (p4 o @) is the disjoint union
of Dom (pYy o @) and Dom (p?% o ). Thus if Dom (p4 o @) € F € EA, then
Dom (pj’l4 o) € F for exactly one j, and we define

E(pa 0 @)(F) = 4j(E(p)y o @)(F))

for this j, where ¢; is the insertion of [0 [g4 into [o1 ]ga+ [02]ga- This
yields the diagram

At ®y - EA

(paca)t E(paca)

lo1 + 02| ®U

[o1]a+ +[o2]a+ [o1]ea +[o2]E4

In this coproduct case, Dom (p4oa)* is the disjoint union of Dom (p} oa)*
and Dom (p% o )™, and (pa o a)*(z) = 1;((pYy 0 @) (x)) for the unique j
such that (p’; o a)*(z) is defined. Then

E(pa o a)(®u(x))

= 1;(B(p)y 0 a)(®y(z))) definition of E(pa o a)
= 1;(|oj|®u((1Y) 0 @)t (x))) second-to-last diagram
= |o1 + 02| ®u (1 () 0 @) T (x))  definition of |0y + oa.
=lo1 + 02|®y((paca)T(xz))  definition of (pgoa)T,

making the last diagram commute as required.

Assume the Theorem holds for 0. Let D = [o]. Then

P

from the path |7| —» |o = | we obtain, for each d € D, the path p? =
p.ev

|7 o |o| and, by hypothesis on o, a partial function E(p% o @) such that

the diagram

dy

At FA
[o] [o]
(PG o)t E(p% o a)
(0]
[o]a+ M [o]Ea
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fulfils Theorem 3.2. Here p% = evq o pa, with evg : [0]5 — [0 ]a, so as
evy and a are total, Dom (p% o a) = Dom (p4 o a). Thus if Dom (psoa) €
F € EA, then by induction hypothesis on o, E(p% o a)(F) is defined for all
d € D, so we can define E(p4 o a)(F) as a function of type D — [o]ga by
putting

E(pa o a)(F)(d) = E(p} o a)(F).

This yields the diagram

)
At v » BA
o) o)
(paca)t E(paca)
|0 = 0'|<I)U
[0]8: —————[o]2a

In this power-type case, Dom (ps oa)* = Dom (p4 o)™ for all d € D, with
(paca)t(z)(d) = (ph o)t (z) € [0 ]a+-

Then for all d € D,

E(pa o a)(Pu(x))(d)

= E(p% o a)(®y(x)) definition of E(pa o )
= |o|®u((p% 0 @) F(z)) second-to-last diagram
= |o|®y((pa o @)t (z)(d)) definition of (pa o a)t.

=|o = o|®y((pa e a)t(z))(d) definition of |0 = o|.
Hence
E(paoa)(®u(z)) = o= o|®u((paca)’(z)),

making the last diagram commute as required.
This completes the inductive proof of Theorem 3.2. |

5. Definable Enlargements

We now consider a modification of the ultrafilter enlargement construction.
This will produce a natural quotient of the coalgebra Ea by focusing on
the truth sets

p*={z€A:a,xz =}
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of ground observable formulas . Such sets may be called definable, and
the collection

Def* = {¢% : ¢ is ground and observable}

is a Boolean algebra of subsets of A. This follows because in general ¢ N
05 = (pf A pg) and A — @ = (—p)?®, so Def® is a subalgebra of the
powerset Boolean algebra PA.

Now let AA be the set of all observationally rich ultrafilters of the
Boolean algebra Def®. Hence a member of AA is a collection of definable
sets. Note that the sets (M & cpr)® required for the definition of “obser-
vationally rich” are all defined by ground observable formulas, so such sets
belong to Def®.

Let 6, : EA — AA be the restriction map taking each F' € EA to

0,(F) = FN Def* = {¢®:p* € F}.

It is readily checked that 6,(F’) belongs to AA when F € EA. Moreover,
0, is surjective: for any H € AA, H has the finite intersection property
so extends to an ultrafilter F' on A which is rich because H is rich. Then
F e EAand HC0,(F),so H=0,(F) as H is a maximal filter in Def®.

Theorem 5.1. 0,(F) = 0,(G) if, and only if, F and G are bisimilar states
in the coalgebra Eo.

Proof. 6,(F) = 6,(G) iff F and G contain the same sets of the form
% with ¢ ground and observable. By the Truth Lemma 3.3 this means
precisely that Ea, F |= ¢ iff Ea,G | ¢ for all such ¢. But by Theorem
2.7(3), this holds iff F' and G are bisimilar. O

Now let R = {(F,G) : F,G € EA and F and G are bisimilar}. Since R is
a |7|-bisimulation (the largest one), there exists a transition p: R = [7]r
such that the diagram

Ty

R EA

p Eao

TI|T;
[7]r ||_J. 7]Ea

commutes for j =1 and j = 2.
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Lemma 5.2. 0,(F) = 6,(G) implies |7|0,(Ea(F)) = |1|0.(Ea(Q)),
where |T|0q : [T]Ea — [T7]aa is the result of applying the functor |7|
to 0, : EA— AA.
Proof. From the last diagram, for j =1, 2,

|T|0q © |T|7j 0 p=|T|0q 0 Eax 0 7,
so as |7| is a functor,

|T|(8q 0 7j) 0 p=|T|0a 0 Eccom;.

But Theorem 5.1 states that (F,G) € Riff 6,(F) = 0,(G), so the functions
0, omand 0, o my from R to AA are identical, hence by the last displayed
equation,

|7|60 0 Eqom = |7|6, 0 Eao 7y
Thus if 0, (F) = 6,(G), then (F,G) € R with
|70 © Ea o m{F,G) = |1|64 0 Ea o my(F,G),
ie. |T|0q(Ea(F)) = |70, (Ea(G)) as desired. O

Theorem 5.3. There is a unique function Ac.: AA — [ 7] a4 making the
following diagram commute.

EA Oa AA
Ea gAa
7|6, v
[rlea 2% [7] a4

Proof. Define Aa by putting Aa(0,(F)) = |7|0a(Ea(F)). Lemma 5.2
ensures that this is well-defined. Since 6, is surjective, the domain of A«
is AA. The definition of A makes the diagram commute and is the only
definition that can do so. |

This result defines A« as a 7-coalgebra and, importantly, makes 6, a sur-
jective morphism from Ea to Aa. Aa is the definable enlargement of a.
Theorem 5.1 states that the kernel of 8, is the bisimilarity relation on Fa,
so Aa is isomorphic to the quotient of Ea by bisimilarity. Hence Ac is
a simple coalgebra, i.e. itself has no proper quotients [Rut00, Proposition
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8.2]. In Aq itself, bisimilar states are equal. That also follows from The-
orem 5.1, since bisimilarity is invariant under morphisms, so 6, (F') and
0., (G) are bisimilar in A« precisely when F' and G are bisimilar in Eq, i.e.
precisely when 0, (F) = 0,(G).

The morphism 6, can be used to transfer the Truth Lemma 3.3 for Ea,
and its Corollary 3.4, to the corresponding results for Aa:

Theorem 5.4. Let I' > ¢ be a rigid observable formula.

(1) For any G e AA, Aa,GETBy iff T>p)*ed.
(2) aET>e iff AaETD> .

Proof.

(1) Given G, choose F € EA with G = 0,(F). Then as 6, is a morphism,
Theorem 2.4 yields that Aa,6,(F) =T >y iff Ea, F =T > ¢, which
in turn holds iff (I' > ¢)* € G by the Truth Lemma 3.3.

(2) From Corollary 3.4 we already know that a = I'>giff Ea = T'>g. But
as the morphism 6, is surjective, Theorem 2.4 yields that Ea =T > ¢
iff Aa =T . O

The morphism 6, can also be used to transfer the State-Term Lemma 3.5
and its Corollary 3.6 to Aa:

Lemma 5.5. Let M be ground term of type St and let X € Def . Then
for any G € EA,

X €[M]aa(G) iff [M];'(X)€G.
Consequently,
[ M0 (X2 = ([MITH (X)),
where in general Y24 = {G € AA:Y € G}.
Proof. Note first that if X = ¢, then Theorem 2.3 states that [ M () €
X iff z € [M/s]*, so [M];1(X) = ¢[M/s]*, showing that [ M ]7!(X) is

also definable.
Now let G = 6,(F') with F' € EA. Then as 6, is a morphism,

[M]aa(G) = 6a(IM [5a(F)) = [M ]ealF) N Def,,

so as X is definable, X € [M ]aq(G) iff X € [ M Jgo(F'), which holds iff
[M],'(X) € F by Lemma 3.5. But [M],'(X) e Fiff [M],'(X) € G,
since [ M ], 1(X) is definable as we just saw.
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The rest of the Lemma then follows straightforwardly. O

It follows from Theorem 5.4(2) that the class of all models of a rigid ob-
servable formula is closed under definable enlargements. In fact, in the
structural characterization of such model classes set out in Theorem 2.10,
observational ultrapowers can be replaced by ultrafilter enlargements, or by
definable enlargements. To see this, first consider a class K of coalgebras
that is closed under images of bisimulations. Then in particular it is closed
under domains and images of coalgebraic morphisms, which means that for
any surjective morphism f : o - 8 we have a € K iff § € K. This follows
because the image of f is the image of the bisimulation Ry (the graph of
f), while the domain of f is the image of the inverse relation RIII, which
is also a bisimulation.

Now for any 7-coalgebra a, if a* is an enlarging observational ultra-
power of a we have surjective morphisms

at E» Ea o, Aa.

Thus if K is closed under images of bisimulations, and contains one of
these three coalgebras, then it contains the other two as well. This obser-
vation, together with the equivalences of Theorem 2.10, yields the following
extension of that Theorem.

Theorem 5.6. If 7 has at least one non-trivial observable subtype, then
for any class K of T-coalgebras, the following are equivalent.

(1) K is the class of all models of some set of rigid observable formulas.

(2) K is closed under disjoint unions, images of bisimulations, and ultra-
filter enlargements.

(3) K is closed under disjoint unions, images of bisimulations, and defin-
able enlargements. d

6. Monads From Enlargements

In this section a category-theoretic perspective on coalgebraic enlargements
is developed. The operation of assigning to each set A the collection of all
ultrafilters on A gives rise to a categorical structure on the category Set of
sets and functions that is known as a monad or triple (see [MLT71, Chapter
VI] or [Man76]). In a similar way, the Ea construction gives rise to a monad
on the category 7-Coalg of 7-coalgebras and their morphisms.
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For any morphism f : (4,a) — (B, 3) of 7-coalgebras, define a function
Ef on EA by putting

Ef(F)={Y CB:f 'Y €F}.

Lemma 6.1. Ef is a morphism (EA, Ea) — (EB, EpS).

Proof. It is standard theory that Ef(F) is an ultrafilter on B whenever
F'is an ultrafilter on A. To show it is observationally rich we use the fact,
from the second sentence of Theorem 2.4, that for any ground observable
formula ¢, we have z € ¢ iff f(z) € ¢° in general, and so p* = f~1P.

For any ground observable term M : o, a-richness of F' implies that
(M =~ ¢)® € F for some ¢ € [o]. Thus f~}(M =~ c)? € F by the last
observation, and so (M = c)? € Ef(F). This shows that Ef(F) is a B-rich
ultrafilter, so that Ef is indeed a function from EA to EB.

Then to show Ef is a morphism it suffices, by Theorem 2.5, to show
that for any F' € EA and any ground term M,

(1) [M]Ega(F) =[M]eg(Ef(F)) if M is observable;
and
(2) Ef([M1pa(F)) = [ M |us(Ef(F)) if M is of type St.

For (1), let [M ]ga(F) = ¢. Then Ea, F | M = ¢, s0 (M =~ ¢)* € F by
the Truth Lemma 3.3. It follows as above that (M ~ ¢)? € Ef(F), hence
EB,Ef(F) = M = c by 3.3 again. Thus

[M]es(Ef(F)) = ¢ =M ]5a(F).

For (2), as f is a morphism Theorem 2.5(2) states that the diagram

f

A B

[[M]]a |IM]]ﬁ

A

commutes. Hence for any Y C B,
[MIZ'(Y) = I AM]GY).

Then
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Y e Ef(IM]ra(F))
iff =1V € [M]pa(F) definition of Ef
iff [M];'(f7'Y) e F  State-Term Lemma 3.5
iff f1([M];'Y)€F  from above
iff [M]5'Y € Ef(F)  definition of Ef
it Y e [M]es(Ef(F)) State-Term Lemma 3.5.
Since this holds for all Y C B, (2) follows. O

It is now readily seen that the assignments a — FEa and f — Ef provide
a functor E : 7-Coalg — 7-Coalg on the category of 7-coalgebras.

Theorem 6.2. The morphisms n4 : « — Ea are the components of a nat-
ural transformation 1 from the identity functor on 7-Coalg to the functor
E.

Proof. This amounts to the claim that for any morphism f the diagram

na

A EA
f Ef
B— "™ . EgB
commutes in Set. But it is a simple set-theoretic calculation to show that
Ef(na(z)) =np(f(z)) for all z € A. O

Composing the functor E with itself gives the functor EE on 7-Coalg that
assigns to each coalgebra (A, a) a coalgebra (EEA, EEa) whose states are
the Ea-rich ultrafilters on EA. A function y, is defined on EE A by putting

pa(p) = {X C A: XF4 € p},

where X¥4 = {F € EA: X € F}, as in Section 3. Note that the notation
o 18 preferable to p 4, since the definition depends on EA and hence on a.
By contrast, the definition of 74 depends only on the set A.

Theorem 6.3. The functions p, are the components of a natural trans-
formation u from EE to E.
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Proof. First it must be shown that p, is an arrow in 7-Coalg (a mor-
phism) from EEa to Ea. The fact that the map X +— X P4 preserves the
Boolean set operations ensures that for each ultrafilter p € EEA, pq(p) is
an ultrafilter on A. Moreover puq(p) is a-rich: for any ground term M : o
there is some ¢ € [o] with (M = ¢)E® € p, and then by the Truth Lemma
3.3,

{FEEA:(M~c)*€ F}={F:Ea,F =M ~c}=(M=c)’™ ep,

80 (M = ¢)* € pq(p) by definition of p,. This shows that ps(p) is rich, so
Lo is a function from EFEA to EA.

To show that p, is a morphism we apply Theorem 2.5, as in the proof
of Lemma, 6.1, this time showing that for any p € EA and any ground term
M

7

(1) [ MeEa(p) =[M]Ea(ppa(p)) if M is observable;
and

) pa([M155a®) = [ M15a(ua(p)) if M is of type St.

For (1), there exists an element ¢ such that (M ~ ¢)¥* € pand (M ~ ¢)* €
1o (p) as in the previous paragraph. By the Truth Lemma these imply that
EEa,p = M =~ cand Ea, u.(p) E M = ¢, so that

HM]]EEa(p) = [M]]Ea(ua(p)) =C.

For (2), we reason that for any X C A,

X € pa([M [ 5Ea(P))
iff XEA ¢ [M]ega(p) definition of p,
iff [M]zL(XFA) €p  State-Term Lemma 3.5
iff ([M];1(X))P4€ep Corollary 3.6
iff [M];'X € pa(p) definition of y,
iff X € [M]Ega(pa(p)) State-Term Lemma 3.5.
Thus po([ M ]EEa(®)) = [ M ]Ea(tta(p)), completing the proof that ug is

a morphism in 7-Coalg.
Finally, to show y is natural it must be shown that the diagram
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EEa —"* , Bq
EEf Ef
EES M. Eg
commutes in 7-Coalg whenever f is a morphism from « to 8. This requires

that

EEA P L B4

EEf Ef
EEB " . gB
commutes in Set, where A and B are the state sets of & and 3. The proof
of this is set-theoretic, requiring no further coalgebraic analysis, and is
essentially part of the standard theory of ultrafilters [Man76, Section 1.3].
The details are left to the interested reader, who would find it useful to first
show that for any Y C B,

(=P = (ENHTYEP). O

The triple (E,n, u) forms a monad on the category 7-Coalg. In addition
to the naturality of 1 and u (Theorems 6.2 and 6.3), this means that for
any 7-coalgebra (A, a) the following diagrams commute.

E E
EEEa ~** EEa Ea —M, EEa 22 Eq
fbie fa id o /24
fha
FE« Fa Fa

Demonstration of this reduces to showing commutativity of the correspond-
ing diagrams in Set that result from replacing Ea by EA. Again these are
standard ultrafilter calculations that need not be reproduced here. The
reader who is interested to check the details would find it useful, in the
case of the left diagram, to first show that for any X C A,

N;l (XEA) — (XEA)EEA‘
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The Definable Case

The construction a — A« also gives rise to a monad on 7-Coalg. First

of all, A extends to a functor on 7-Coalg that assigns to each morphism
f:(A,a) = (B,[) the function Af : AA — AB having

Af(G) ={Y € Def5: f'Y € G}.

The proof that Af is a morphism from Aa to AS is similar to the proof
that E f is a morphism, using results 5.4 and 5.5 in place of 3.3 and 3.5. Tt
is readily seen that the diagram

Fa Aa
Ef Af
B3 — . A

commutes, so the morphisms 6, are the components of a natural transfor-
mation 8 from E to A.
A function 2 : A — AA is defined by

N (z) = {X € Def o : x € X} = ba(na(2)).

Then 52 is a morphism from a to Aa, being the composition of the mor-
phisms 74 and 6. The n%’s are the components of a natural transformation
from the identity functor on 7-Coalg to A, the composition of n and 6.
Note that, unlike 4, 74 need not be injective: in general 02 (z) = n2 (y)
iff x and y satisfy the same ground observable formulas in «, which holds iff
x and y are bisimilar (Theorem 2.7). Thus n(f is injective precisely when
bisimilar states in a are equal.
A natural transformation u? : AA — A is given by defining

ps(p) = {X € Def, : X4 € p},

where X244 = {G € AA: X € G} = 0,(XF4) (see Lemma 5.5). The
proof that 2 is a morphism AAa — Aa is analogous to the proof that
o : EEa — Eq is a morphism.

The triple (A,n?, u?) forms a monad on 7-Coalg, but one of a special
kind, as the functor A is “idempotent up to isomorphism”, in the sense
that Aa and AAaq are isomorphic. A “logical” explanation of this is that
if ¢ and 1 are ground observable formulas then by Theorem 5.4(2),

aEepey ff AakEp o,
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and so @ = ¢* iff A% = )2, Thus the map p® — 22 is a well-defined
bijection between the Boolean algebras Def , and Def 4, of definable sub-
sets of & and Aq, respectively. Moreover this map is a Boolean isomorphism
and gives a bijection between the sets of a-rich ultrafilters of Def, and
Acc-rich ultrafilters of Def 4., taking G € AA to {92 : o* € G} € AAA.
This gives the isomorphism Aa =2 AAq.

But the version of the Truth Lemma for A given in Theorem 5.4(1)
shows that

p*e G iff Gep?e,

so the isomorphism is the map G = {p2% : G € p2°} =4, (G).
In other words, this isomorphism is just the component

NAa : Aa = Ada

of the natural transformation 2. Another proof that this component is a
bijection follows from the observations firstly that nﬁa is injective because
A« is a simple coalgebra in which bisimilar states are equal, and secondly
that nﬁa is surjective because for any p € AAA the set G = {¢® : p2* € p}
is a rich ultrafilter of Def, with n4,(G) = p.

It is noteworthy that part of this monad structure on A is the property
that the diagram

nA
Aa —122, AAq

commutes, so in fact the component p4 of the natural transformation p? is
itself the inverse of the isomorphism nﬁa, and hence is also an isomorphism.

A monad on a category has an associated category of algebras. In the
case of the A-monad, an algebra is a pair (a, f) with f : Aa = a a
morphism for which the following commute:

A A
AAa Ha Aa a Nl Aa
A
f f d f
Aa o «
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But for an idempotent monad like A, in which the components uf are
all isomorphisms, any such algebra («, f) has f an isomorphism [Bor94,
Proposition 4.2.3].

For the ultrafilter monad on the category Set, the associated category
of algebras is isomorphic to the category of compact Hausdorff topological
spaces and continuous functions — this is Manes’ Theorem, see [Man76] or
[Joh82, Section III 2]. It would be of interest to know whether this situation
lifts from Set to 7-Coalg, replacing the ultrafilter monad by the monad of
E. Is there some topology that can be imposed on polynomial coalgebras
that identifies a natural class of topological coalgebras isomorphic to the
category of E-algebras f : Fa - a ?
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