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Abstract

The quantified relevant logic RQ is given a new semantics in which a
formula VXA is true when there is some true proposition that implies all
x-instantiations ofA. Formulae are modelled as functions from variable-
assignments to propositions, where a proposition is a set of worlds in a rel-
evant model structure. A completeness proof is given for a basic quantifica-
tional system QR from which RQ is obtained by adding the axiom EC of ‘ex-
tensional confinementYx(Av B) — (AvVYxB), with x not free inA. Validity
of EC requires an additional model condition involving the booledfedi
ence of propositions. A QR-model falsifying EC is constructed by forming
the disjoint union of two natural arithmetical structures in which negation is
interpreted by the minus operation.

1 Introduction

You can never arrive at a general proposi-
tion by inference from particular propositions
alone. You will always have to have at least
one general proposition in your premisses.
Bertrand Russell [17]

Kit Fine [10] showed that the quantified relevant logic RQ is incomplete over
Routley and Meyer’s relational semantics with constant domains. In its place he

*The authors are grateful to Bob Meyer, Kit Fine, Mike Dunn, Ross Brady, Neil Leslie, and Greg
Restall for discussions about the topic of this paper.



developed [9] an increasing domain semantics over which RQ is complete, and
for which a model includes a set of frames which are related to one another by a
number of relations and operators. This semantics is powerful and ingenious.

But Fine’s semantics is very complicated. Since it was produced it in the mid-
1980s relevant logicians have wanted to simplify it. J. Michael Dunn and Greg
Restall say [7, p 83]:

[1]t must be said that while the semantic structure pins down the be-
haviour of RQ and related systems exactly, it is not altogether clear
whether the rich and complex structure of Fine's semantics is neces-
sary to give a semantics for quantified relevance logics.

To those of us who have seriously attempted to simplify Fine’s semantics, it is be-
coming clear that the “rich and complex structure” is in a certain sense necessary.
The elements of the theory seem to work in concert with one another and eliminat-
ing even one operator or relation seems to make the entire structure collapse. Thus,
in order to create a simpler semantics for quantified relevant logic we need to take
an alternative approach.

In this paper, we take an alternative approadine idea comes from the proof
theory for quantified relevant logic. We start with the schema,

(UD) ¥YXA — Alr/X],

and the rule,
FA— B

FA— VYXB

(restriction on the rulexx does not occur free id). The truth condition of the
present theory draws on both Ul and RIC. Here is an informal paraphrase. For the
sake of simplicity we will only look at the case in whi¢ghhas at most the one
variablex free. Our truth condition says:

(RIC)

‘VYXA is true at a worlda if and only if there is some propositiod
such that (i)X entails thaiA holds of every individual and (iiX obtains
ata.

Thus, in order to incorporate RIC into the semantics, we add propositions to the
model theory. A proposition is a set of worlds. As we shall see soon, not every set

!Restall also says [14, p 5]: “The groundbreaking work of [9] is formally astounding but philo-
sophically opaque”.

2After seventeen years of trying to modify Fine’s semantics, Mares in particular is glad that an
alternative has suggested itself.



of worlds is a proposition. A propositiod entails a propositiolY if X is a subset

of Y and a propositioX obtains at a worl@ if ais in X. Thus, our truth condition
says thatVxA is true ata if and only if there is some propositiofthat is a subset

of any proposition expressed Byon any assignment of anda € X. Clause (i)

of the truth condition reflects the rule RIC —i.e. that a proposition that entails an
arbitrary instantiation of a formula also entails its universal generalisation. Clause
(i) ensures that each instantiation Afis true ata if YxA s true ata — hence it
ensures that Ul obtains.

Philosophers call propositions liké “general propositions” or, more com-
monly, “general facts”. The existence of general facts has been supported by
Bertrand Russell [17, pp 101-103] and David Armstrong [2, ch 13]. We will not
present Russell's or Armstrong’s arguments for general facts here, nor will we give
an argument for them that is independent of their use in the semantics. Rather,
we depend on their utility in the semantics to justify the claim that there are such
entities®

This truth condition for the universal quantifier also has its origins, not only in
the writings of Russell and Armstrong, but in the Brouwer-Heyting-Komologorov
(BHK) interpretation of intuitionist logic. On the BHK interpretation, a universally
quantified formula¥xA(x) is proved if and only if there is a proof that takes any
objecti and returns a proof oA(i). The propositions in our frames are analogous
to proofs in the BHK interpretation. It is interesting that both Fine’s semantics
and the present theory borrow ideas from intuitionist logic. Fine’s truth condition
for the universal quantifier is essentially the condition from Kripke’s semantics for
intuitionist logic.

The most straightforward version of the semantics does not make valid the
“extensional confinement axiom”, viz.,

(EC) Vx(Av B)— (AvV¥xB),

wherex is not free inA. In order to make EC valid, we need an additional model
condition involving the boolean fierence of propositions. In this paper we prove
soundness and completeness both for the logic QR which adds Ul and RIC to an
axiomatization of the Anderson-Belnap system R, and for RQ which results by
adding EC to QR. We also construct a QR-model that falsifies EC, and indeed

SMoreover, it is not clear that our semantical theory is committed to a full metaphysics of general
facts in the sense of Russell and Armstrong. For, what propositions count as general propositions is
determined by the frame itself. Russell and especially Armstrong think that the generality of general
facts precedes any considerations of how they fit into a scheme that determines notions of possibility,
necessity, or logical entailment.

4Before going on, we should note that Ross Brady has also constructed two semantics for quanti-
fied relevant logics. The firstis based on his own content semantics, rather than on the Routley-Meyer



falsifies the weaker principle
N —VYx(AvB)VvAVVYXB,

wherex is not free inA. This construction involves certain arithmetical model
structures, which we call “Sugihara frames”, in which negation is interpreted by
the minus operation.

2 R Frames

We begin by introducing the notion of an R-frame, due to Richard Routley and
Robert Meyer [15].

An R-frame is a structur€K, O, R, =), such thaK is a non-empty set (of “worlds”),
0 is a non-empty subset &f (of “base worlds”),R is a ternary relation oK, and
% IS @ unary operator oK, which obey the conditions set out below, where

a<b =gf IX(x € 0 & Rxah.

F1 ifae Oanda< b, thenb € 0O;
F2 <is transitive and reflexive;
F3 if Rabc thenRbag
F4 if 3x(Rabx& Rxcg, thendx(Racx& Rxbd;
F5 Raaa
F6 if RabcthenRacb*;
F7 if Rbcdanda < b, thenRacd
F8 a™ = a.
It follows from F6 that« is order-reversingn the following sense:

F6& if b < c, thencx < bx.

frame theory (see [$13.2]) and the other uses relevant logic as an “interpretational metalanguage”
(ibid. §13.4). The latter was used mainly to show that RQ is conservatively extended by the addition
of Boolean negation.



Let pK be the powerset df. Operations- and= on K are defined by

-X={aeK:a" ¢ X},
X=>Y={aeK:VbeKVceK((Rabc& be X) > ceY)},

forall X, Y C K. The operation- satisfies the De Morgan lawgXNY) = - Xu-Y
and—-(XUY) = -XnN-Y, and is inclusion-reversing, i.& C Y implies-Y C —X.
Those fact require no special properties:ofWWhen: is involutary (F8), then so is
—le.——-X=X

A subsetX of K is hereditaryif it is closed upwards undet, which means
that if a € X anda < b, thenb € X. The set 0 will provide the interpretation of a
propositional constarit(see Section 4), so condition F1 states thatinterpreted
as an hereditary set. This requirement is not strictly necessary, ih ¢oatd be
interpreted as the upward closure of 0, but it makes some definitions and proofs
easier. The other conditions are the standard conditions for R-frames (see, e.g.,
[16, 1]).

If X andY are hereditary, then so too X, X = Y, XN Y and indeedk U Y.

3 Propositions and Propositional Functions

Our semantics requires two other notions in addition to that of an R-frame — those
of a propositional function and a proposition. All the complexity in our theory, over
and above what is already present in the Routley-Meyer semantics, has to do with
the definitions of the sets of propositional functions and propositions. The “truth
set” of a formula is the set of worlds at which it is true. For our soundness proof
we need to show that every formula’s truth set is a proposition. An easy way to do
so would be to assume that every set of worlds is a proposition (or better, that every
hereditary set is a proposition), but then our theory would collapse into the constant
domain semantics, over which RQ is incomplete. Thus, to prove completeness we
define a class of general frames. In aid of this we close our set of propositions under
conditions that correspond to the truth conditions for the various connectives. We
need to include a set of propositional functions as well in order to state a closure
condition that corresponds to the truth condition for the universal quantifier.

The resulting theory is reminiscent of that of the functional polyadic algebras
of Paul Halmos [11]. Halmos’s propositional functions have the fofm— B,
wherel is a domain of individuals;V is a set of “variables”, an® is a Boolean
algebra whose members are thought of as propositions. In pldg@geftake here
an algebra of hereditary subsets of an R-frank@r <V we take the sab of natural

5This suggests that our theory can be generalised, or further “algebraised”, by taking the set of
propositions to be an arbitrary de Morgan monoid.



numbers. A membef of the setl“ of all functions fromw to | may be viewed as
an infinite sequencéf,. .., fn,...) of elements of. Later we will view it as a
value-assignment to variables, assigning vélogo variablex.

Now fix an R-frame(K, O, R, «). The operation$), = and- on pK can be
lifted pointwise to operations on functions of the foith — pK. If ¢ andy are
two such functions, we define functiops v, ¢ = ¥ and—¢ of the same form by
putting, for eachf € 1%,

(en)f =pf nyf
(p=f =pf = yf
(o) f = —(pf).

Next, fix a setProp of hereditary subsets &. ThenProp determines an oper-
ation[ ] : ppK — pK defined, for eacls C pK, by putting

[1S=U{XeProp: X< S}

In general 1S € NS, so[]S is a lower bound of in the partially-ordered set
(9K, Q). If S C Propand[]S € Prop, then[]S is thegreatest lower bounaf
Sin (Prop, ©). But it may be thaf ]S ¢ Prop even wherS C Prop. Note that if
NS € Prop, then[]S = N S. Butitis also possible to hajg S € Prop while
NS ¢ Prop, as an example in Section 5 will show.

For each functiorp : 1“ — p(K) we use[] to define functions/pp : 1¥ —
»(K) for eachn € w. First, we introduce the notatiof{ j/n] for the function that
“updates” a functiorf € | by assigning the valuge | to n and otherwise acting
asf:

fl[j/n] =(f0,...,f(n=12),j, f(n+1),...).

Then we put
(Vnp) f = Qso(f[j/n])- (3.1)

Thus the definition of the operatioilg depends ofi], and hence on the particular
choice of the seProp.

Now we define @QR-frameto be a structuré = (K, O, R, =, |, Prop, PropFun
such thatK, O, R, «) is an R-frame] is a non-empty set (of individualgpropis a
set of hereditary subsets Kf, andPropFunis a set of functions fronh* to Prop,
such that the following conditions hold:

CProp OePropand if X andY are inProp,thenX NY € Prop, X = Y € Propand
—X € Prop.

CTee: The constant functiasm, with ¢o(f) = 0 for all f, is in PropFun
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Clmp: If ¢, € PropFun theny = ¢ € PropFun
CConj: If ¢,y € PropFun theny Ny € PropFun
CNeg: If¢ € PropFun then—¢ € PropFun

CAll: If ¢ € PropFun thenV¥,¢ € PropFunfor all n € w.

A QR-frame will be calledull if Propis the sefropy of all hereditary subsets of
K, andPropFunis the sePropFuny of all functions froml“ to Propy.

4 Models

Before we can define the class of QR-models, we need to set out our language.
Its alphabet consists of a countable sequengce;, o, ... of distinct individual
variables; a se€Con of individual constants; a set of predicate letters, each with a
specified arity; the quantifief; the unary connective; binary connectives» and
A; parentheses; and a propositional constanthe letters ‘X’ and ‘y’ will used
to designate arbitrary variables, and the letter(6ften with subscripts) will be
used for individual terms (variables or constants). The usual formation rules apply.
We use ‘closed formula’ to denote formulae with no free variables and ‘formula’
to denote formulae whicimay have free variables (we also use ‘open formula’
sometimes to emphasise the possibility that a formula has free variables).

We may also make use of the following defined connectives:

AV B =4t =(-AA-B)

AoB =4t ~(A— -B)
A B =df (A—) B)/\(B—)A)
AXA =q; VYX-A

The connective is known as “fusion”. The notationry/Xo, ..., Tn/%n, . . . ] Will
be used for the substitution operator that uniformly substitutes thegfor all
free occurrences of the variabig, for all n € w. This operator can be applied to
any formulaA to give a formulaA[to/Xo, . .., Th/%n,...]. It can also be applied to
terms. The notation may be abbreviated #Q [Xn,., - - - , 7n,/%n,] t0 indicate that
the substitution alters onbg, . .., X, i.6.7q = Xy foralln ¢ {no, ..., np}. We will
make particular use of operators of the typgx] that replace all free occurrences
of the variablex by the constant, leaving all other variables unchanged.

A valuationon a QR-frameK is a functionV that assigns to each constant
¢ € Conan element/(c) of I, and to each-ary predicate letteP a function
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V(P) : I" — Prop. Given such a valuatioN, eachf € |“ determines a value
Vfrin | for each termr, defined by puttingv fc = V(c) for each constant
andV fx, = fn for each variablex, (this is the sense in whichi is a variable-
assignment). Then each tetrgets the valu¥/'r : 1¥ — | whereVr(f) = V fr; and
eachatomicformula Prg... 1, gets the valu&/(Prg... ™) : 1“ — Prop defined

by
V(Pro...m)(f) = V(P)(V fro, ...,V fry).

Thus the diagram

commutes, wheré&V/ry, ..., V1) is the product mag +— (V frg,...,V fry).
The pair(K, V) is called aQR-modebn the QR-frameX if:

V(A) belongs tdPropFunfor all atomicformulaeA.

Each model has a trysatisfaction relatiora Eyv¢ A between worldsa € K,
variable-assignmentg € 1“ and formulaeA. This is defined for each and f
by induction on the complexity oA. For this, letiAlys =qf {b € K : b Evs A},
and write xvf’ for the set ofx-variantsof a variable-assignmerit € 1“. This is
the set of all thosg € |1 that difer from f only in their assignment ta. Hence

xpvf ={f[j/n]:jel} (4.1)
The inductive definition o& =y + Ais as follows:
e afEys Prg...mpifand only ifae V(Prg...mh)(f);
e aly;tifandonlyifae O;
e akyvi AABifandonlyifakys Aanda v+ B;
e afEy¢ —Aifand only ifa* trys A
e alyi A— Bifand only if YbYc((Rabc& b Evi A) O cEvs B);

e a v YXAif and only if there is a propositioX such thatX € ) [Alyg

gexvf
anda e X.

These truth conditions can alternatively be given in a more functional form as the
following inductive definition of the “truth setgAly +:

8



|PTO .. .Tn_1|vf = V(PTQ .. .Tn_l)(f);

It = 0;

IAABlvt =I|Alvi N|Blvf;

I=Alvt = —Alvf;

|A— Blvt = |Alvt = [Blvf;

o [VXAvt= [] [Avg.

gexvf

HencelAV Blyt = |Alvt U [Bly+.
Each formulaA determines the functiol\ly : 1“ — pK such thafAly(f) =
|Alv{. The above equations fo&ly  then give

o |PTO...Tn_1|V = V(PTo...Tn_l);

ltly = @0, the constantly 0-valued function;

|AA Blv = [Alv N [Blv;

[=Alv = —|Alv;
e |A— Blv =|Av = |Blv;
o [VXaAlv = VnlAly.

The last equation follows with the help of (4.1) and (3.1), showing that for all
fele,
(V%A F = T7 [Av(9) = [TIAV(FLi/n]) = (YnlAlV) f.

gexnv jel

Corollary 4.1 Let A be an arbitrary formula. Then in any moddjy is a propo-
sitional function, i.e. belongs to PropFun. Henj@y ¢ is a proposition, i.e. a
member of Prop, for all £ 1¢.

Proof. ~ The second conclusion follows from the first because any member of
PropFuntakes its values ifProp. So it sufices to prove the first conclusion, by
induction on the complexity oA. For A atomic, the result follows by the definition

of ‘model’. For A = t it follows by the condition CTee on the fran¥§. The
inductive cases for the connectives -, —, and the quantifier§x,, follow by
CConj, CNeg, Cimp, and CAll, and the above equations. m|

A formula A is defined to besatisfied by the assignment f in the mod€l V)
if a Eve Afor all base worldsa € 0. Ais valid in the modelf it is satisfied by

9



every assignment € 1“. Ais valid in the frameX if it is valid in every model
based oK.

By unravelling the semantics efandY we obtain the following truth condition
for the existential quantifier:

a v+ dxAif and only if for all X € Prop such that* € X there exists
b e Xandg € xvf such thab* € |Alyg.

More informally, this criterion fola v+ AxAis that for every proposition X con-
taining a* there is some worldb in X with b* in some instantiation oA. This

truth condition might seem rather counter-intuitive, but there is a way of making
philosophical sense of it. To do so, we take a detour into Dunn’s “compatibility”
interpretation of the star operator [6]. Let us say that two worlds are compatible
if one does not contain any information that is incompatible with the other. Thus,
for example, two worlds are incompatible if one says that a given object is red all
over at a particular time and the other says that it is green all over at that time.
Thena* can be understood as tekemaximal world that is compatible wita. On

this interpretation,-A’ holds at a world if and only if no world compatible withn
makesA true.

Now let us say that propositioK is compatible with worlda, and thata is
compatible withX, when X is true in some world that is compatible with or
equivalently, whenX is true ata*. Then we may say thaX is compatible with
some other propositio¥ if X is true in some world that is compatible with This
means that there is sorbdn X such thab* isin Y. (Froma™ = awe get that if
X is compatible withy, thenY is compatible withX. ) In these terms the rule for
dxAto be true at can be expressed as follows:

every proposition compatible with A is compatible with some x-instantiation of A.

From a more algebraic point of view, we can define an operatjafual to[] in
order to treat the existential quantifier:

LIS =45 N{X € Prop: JS c X}

WhenS ¢ Propand| |S € Prop, then| |S is theleast upper bounaf S in
(Prop, ©).

Fact4.2 alys AXAifand onlyifac [ ] [Alvg.

gexvf

Proof.  Itis readily seen that the operatieron pK obeys the De Morgan law

—US={-X:XeS).
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From this it can be shown that
-MS=}{-X:XeS}. (4.2)

For, the left side of this last equation4g_J{X € Prop : X € N S}, which by the
previous equation is
=X :XeProp& X< NS}, (4.3)

while the right side of (4.2) is
(WY e Prop: U{—-X: XeS}CY}. (4.4)

Now in general-X C Yiff -Y € X,soJ{-X: X e S} Cc Yiff -Y € NS.
Moreover, by the double negation law- Y = Y and the closure dProp under—,
everyY € Propis of the form—X with X € Prop, so (4.3) and (4.4) are identical,
proving (4.2).
Now by the definition of, the semantics of and—, the double negation law
and (4.2), we get
IAXAvs=— [1 —lAlvg= L] f|A|Vg,

gexvf gexv

which is what we set out to prove. |

Asin [15, Lemmas 2 and 3], we can show:

Lemma 4.3 (Semantic Entailment) In any model, a formula A» B is satisfied
by f if and only if, for all worlds a in K, if aEy¢ A, then afEys B, i.e. if
|Alvt C [Blvt- m]

Next we show that the satisfaction relation depends only on the value-assignment
to free variables. Two functiong, g € I will be said toagree on the free vari-
ables of Aif fn = gnwheneverx, has a free occurrence in formufa This holds
vacuously ifA has no free variables.

Lemma 4.4 For any formula A, if f and g agree on the free variables of A, then
IAlvs = |Alvg.

Proof. By induction on the complexity oA.

If A=t then|Alys = |Alvg = 0. If Ais atomic, then the hypothesis is that
andg agree on every variable &, soV fr = Vgr for all termst occurring inA,
henceV(A)(f) = V(A)(g). The inductive cases for the propositional connectives
are straightforward.
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If A = ¥x,B, then a variable is free iB only if it is free in A or equal to
Xn. Hence for allj € I, f[j/n] and g[j/n] agree on all free variables @, so
[Blv j/n] = IBlvgj/n by induction hypothesis oB. Thus

|Alvf = l_!|B|Vf[j/n] = l_!|B|Vg[j/n] = |Alvg
je je

as required. O

Now we consider conditions under which the present semantics collapses into
the Tarskian semantics for the universal quantifier:

Fact 4.5 If Prop contains all hereditary subsets of K, or if Prop or | is finite, then
akvs YXAif, and only if, for all x-variants g of f, &yg A. (4.5)
Proof. The desired conclusion is that

VXAvt = (1 |Alvg.
gexvf

For this it is enough to show thag,f|Alvg belongs toProp, since it is then
equal to[ Jgexvf IAlvg. Sincef{|Alvg : g € xvf} € Prop (Corollary 4.1), this will
certainly hold wherProp contains all hereditary sets, since the class of hereditary
sets is closed under arbitrary intersections. It will also hold wiRep is finite,
sincePropis closed under finite intersections by CProp.

Finally, whenl is finite, then so isxvf = {f[j/n] : ] € I}, hence so i$|Alyg :
g € xvf}, so again the results follows by closureRybp under finite intersections.

m|

Note that when a model satisfies (4.5) it also satisfies the Tarskian semantics for
the existential quantifier:

a kv IxAif, and only if, for somex-variantg of f, a Eyg A. (4.6)

Routley and Meyer in [15] definedralevant quantificational model structute be

a pair(%, |y with K an R-frame and a non-empty set of individuals. A valuation
v on such a structure assigns an elemenitt tf each variable and constant, and
assigns to eachrary predicate letteP and each elemeiatof K ann-ary relation
v(P,a) C I", subject to the requirement that

a < bimpliesv(P,a) c v(P,b). 4.7

This yields an inductively defined satisfaction relat&oj, A, with the atomic case
given by
akE, Prg...mn-1 it (vro,...,vrno1) € v(P, @),

12



and the quantifier cases given by (4.5) and (4.6). A formulaiil in the model
structure(’X, I) if it is satisfied at every base world in every such valuation on the
structure.

The formulas valid iR’K, | ) in this sense are precisely those that are valid in our
sense in théull QR-frame(K, |, Propy., PropFuny), wherePropFuny is the set
of all functions froml “ to the sePropy of all hereditary subsets gf. To indicate
why: given a valuatiomn as above, for eaafrary P we can defin&/,(P) : I" — pK
by putting V,(P)(io,...,in-1) = {a € K : (ig,...,in-1) € v(P,a)}. Then (4.7)
ensures thaV, (P)(ao, . .., an-1) belongs toProp,.. Putting alsoV,(c) = v(c) for
constantsc makesV, a valuation on the QR-frame. Then definifg e ¢ by
f,n = v(xn), we find that in generalAly, s, = {a € K : a |5, A}. Moreover, any
member ofProp, of the form|Aly ¢ is equal tolAly, , for a unique valuatiow on
the model structuré€X, | ).

In [10] an example is given of a formula that is not derivable in the system RQ,
butis valid in all model structurgss, | ). Hence this formula is valid in all full QR-
frames. Itis only by allowindg’rop to be a proper subset Bfop, that a complete
semantics for RQ itself can be obtained. However the schema EC is RQ-derivable
but not valid in some QR-frames (Section 11), so the class of QR-frames has to be
further restricted to obtain this complete RQ-semantics.

5 An Example: Sugihara Frames

We now give a construction of QR-models in which the semanticg f non-
Tarskian. According to Fact 4.5, this will require us to use infinite set$ ford
Prop, and hence foK, and to ensure thdrop does not contain all hereditary
sets. The following is an outline of the construction that leaves a lot of the detailed
verification to the reader. Later in Section 11 we will adapt this to construct a
QR-model falsifying the axiom EC.

By a Sugihara frameve mean a structuré, 0, <, «) such that 0 is anember
of K (not a subsetk is alinear ordering ofK, andx is a unary operation ol that
is order-reversing (P§and involutary (F8). Natural examples incluf& 0, <, «),
where< is the usual ordering of the sgtof all integers, 0 is the number zero,
andx* = —x; as well as any subset @f that contains 0 and is closed under the
minus operation. In Section 11 we will make significant use of the 3-element
frame{-1,0, 1}.

In any Sugihara frame theoperation defines an inclusion-reversing involution
-X={aeK:a" ¢ X}ongpK as for R-frames. X is <-hereditary, then so isX.

For eacha e K, let [a) = {x € K : a < x} be the right-open interval starting at
a. Then-[a) = {x € K : a" < x}, while [a) n [b) = [max(@ b)) and fg) U [b) =
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[min(a, b)). If X is hereditary, then [0X X iff —X € X. We will turn the Sugihara
frame into an R-frame in which the set [0) nbn-negativeelements is the set
of base world$. The setH of all hereditary subsets df forms a chain under
inclusion: the linearity ok ensures thaX Cc YorY C Xforall X,Y € H. In this
situation there is a natural operatienon H introduced by Takeo Sugihara in the
1950's: X = Yis-XUYif XCY,and-XnNY otherwise. Then [0L X = Y iff
X C Y. The structure

(H,D,-,=,n,[0))

is a logical matrix for propositional logic in which the d2bf designated elements
is{X e H :-XC X} ={X:]0) C X}; the operations-,=, N interpret the
connectives-, —, A; and [0) is the value of the constanfThis matrix validates all
theorems of the propositional logic RM, obtained by adding the “mingle” axiom
A — (A — A) to Anderson and Belnap’s propositional logic R (see [5]).

To define a ternary relatioR on K we use the fusion operatéro Y = —(X =
-Y) associated with=. This hasX oY = XNnY whenX C -Y, andXoY =
X U'Y otherwise. It follows readily that fusion is commutative, and monotonic in
each argument. Using the validity of RM-theoremsHhwe can establish other
properties ob, including that it is associative.

Define a binary operatiom on K by puttinga e b = max@, b) if b* < a, and
ae b = min(a, b) otherwise. Then in fac#) o [b) = [a e b). Put

Rabx iff xe[a)o[b) iff aeb<x

The structuregK, [0), R, ) proves to be an R-frame whose ordering, defined by the
condition “Ix(x € [0) & Rxal)”, turns out to be the original linear orderirgof

the Sugihara frame. The demonstration of all this involves some lengthy but fairly
routine reasoning. We illustrate by sketching the proof of “Pasch’s law” F4. If
RabxandRxcd then [x) c [a) o [b), and

de[x)o[c)c([a)o[b)eofc)=([a)o[c)) o[b) =[aec)o[b)

Puttingz = a e c then givesRaczandRzhd
A discreteSugihara frame is one meeting the following description. Its O-
element is the number zero aKdincludes the set of integers;m* = —m for all
m € Z; < is the usual ordering when restricteddpand for eachm € Z there is no
x e Kwithm< x<m+ 1. Then—-[m) = [-m+ 1) for allm € Z. Moreover, each
x € K — Z is either positively infinite:xx > mfor all m € Z, or negatively infinite:

81t is also possible to study frames havikg x in general, so there is no “zero” element. Then
the base worlds would be given by the the Bet {x : xX* < X} of positiveelements, which would
have-P = P, andP C X iff -X ¢ X for hereditaryX.
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x < mfor all m € Z, and indeedk has one of these propertigd x* has the other.
We writeK,, for the set of all positively infinite elements Kf Note thatk,, < [m)
for all me Z. The subcollection

Prop; = {K,0} U{[m) : me Z}

of H is closed under, N, andu, and hence under the Sugihara operation|f
K # Z, then this collection will not include all hereditary sets, singed Prop,
whenx € K — Z. Now define

K =(K,[0),R x,1,Prop,, PropFun),

where(K,[0), R, =) is the R-frame defined from the Sugihara fratkeO0, <, =) as
above;l = w; andPropFun, is the set ofll functions froml“ to Prop;.

It is immediate that satisfies all of CProp, CTee, CNeg, Clmp and CCon;.
For CAll it suffices, by (3.1), to show th&trop; is [ ]-complete, i.e[ ]S € Prop;
for everyS c Prop,, where[] is the operation thalProp, determines. This is
a matter of cases: i € Sthen[|S = NS =0, whileif S = {K}orS =0
then[ ]S = NS = K. Otherwise, if there is a largest integarhaving [m) € S,
then[]S = N S = [m); and finally, if there are arbitrarily large integershaving
[m) € S, thenN'S = K., and so[ ]S = 0 since is the only member oProp,
included inK.

This establishes th&k is a QR-frame. Now take a language having a single
unary predicate letteP, and define/(P) : | — Prop, by puttingV(P)n = [n) for
all n € w. This gives a QR-model oK. If A is the formulaPx, then for each
fel®,

Al = V(Pxo)f = V(P)(V fx0) = [fO),

sothatalys Aiff fO< a, foralla e K.
Now for eachg € xovf, with g = f[j/0] for somej € w, we haveg0 = j, and
as abovelAlyg = [g0) = [j). Thus

N [Avg= NI = Ke,

gexovf jew

and so|VxAlvt = [ |Alvg = 0. This means that ik € K, then for any
gexovf
f € 1, we havea [yg Afor all g € xovf buta fve VXA, So if K # Z, and

henceK,, # 0, then the QR-modeK has non-Tarskian semantics for the quantifier
Y. Such aK can be constructed from any nonstandard model of the first-order
theory of the discrete Sugihara frarig 0, <, —). More simply we could just take

K =Z U {—o0, 00}, Where—co andoo are two new objects havingeo < m < oo for
allme Z.
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6 The Logic QR

The base logic of our semantics is called “QR” because it bears a strong resem-
blance to Meyer’s logic NR, which adds necessity to R.
Axiom Schemes

LA A
. B->C)->(A->B) - (A->0Q)
. A->B-C)->B-(A-0Q)
. (A> (A>B) > (A—> B)

1

2

3

4

5. (AAB) = A
6. AAB)—> B

7. (A> B)A(A—C)) = (A= (BAC))
8. (A>C)A(B—C)) — ((AVB)—C)
9. A> (AVB)

10. A— (BV A)

11. AA(BVC) - ((AAB)V(BAC))
12. (A— -A) - -A

13. Ao =-A

14. (A — -B) - (B — -A)

15.t

16. Ao (t > A)

17. (A —> (B> C)) & ((Ao B) - C)

18. VXA — AJr/X], wherex is free forr in A (i.e. T is a constant, or is a
variable that does not become boundijr/x].)

16



Rules
rA— B

A
+ B
FA

(MP)

|_
Adjuncti
(Adjunc |on)F AN B

(RIC) rA>B wherex is not free inA
FA— VXB’ i
The next few lemmas show that QR contains many of the standard theorems of

first order logic.
Lemma 6.1 YX(A A B) & (YXAA ¥xB) is a theorem of QR.
Proof.  First we show YXx(A A B) — (YXAA VXB):

1. rVX(AAB)—> A Axioms 18, 5
2. FVYX(AAB) - VXA 1, RIC
3. rYX(AAB)—> B Axioms 18, 6
4. +YX(AAB)— ¥xB 3, RIC

5 FVYX(AAB) — (YXAAVYXB) 2, 4, Axiom7

Now we show the converse:

1 r(YXAAVYXB) - A Axioms 5, 18

2. +(YXAAVYXB) —» B Axioms 6, 18

3. +(YXAAVYXB) —» (AAB) 1,2, Adjunction, Axiom 7
4. + (YXAAVYXB) - YX(AAB) 3, RIC

Putting these two theorems together using the rule of adjunction, we obtain

FVYX(A A B) & (YXAA VYXB). m|
Lemma 6.2 The rule
FA UG)
F VXA (
is derivable in QR.
Proof.
1 +A hypothesis
2 rA-> (t— A Axiom16
3 rto A 1,2, MP
4. +t— VXA 3, RIC
5 rt Axiom 15
6. VXA 4,5, MP
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Lemma 6.3 The following are theorems of QR:

(a) YX(A — B) — (A — ¥xB), where x is not free in A;
(b) YX(A — B) — (VXA — ¥xB);

(c) Ao V¥xA, where x is not free in A,

(d) YXYYA — VYVXA

(e) IxVyA — VyIxA.

Proof.
(a) Suppose thatis not free inA.

YX(A — B) — (A — B) Axiom 18
(YX(A—> B)oA) > B 1, Axiom 17
(VX(A—> B)o A) > ¥xB 2, RIC
¥YX(A — B) - (A— VxB) 3, Axiom 17

MNP

(b)
¥x(A — B) - (A— B) Axiom 18

VYXA— A Axiom 18

¥YXx(A — B) - (VXA — B) 1,2, transitivity of —
(VX(A - B) o VXA — B 3, Axiom 17

(VX(A — B)oVXA) - ¥VxB 4,RIC

6. VYX(A— B) —» (VYXA— VxB) 6, Axiom 17

(c) Suppose that does not occur free iA.

gk wdhpE

1. ¥YxA— A Axiom 18

2. A—-A Axiom 1

3. A-VxXA 2 RIC

4. Ao ¥YXA 1,4 Adjunction
(d) _

1. VXYyA-— A Axiom 18

2. YXYYA — VXA 1, RIC
3. YXYYA - VWXA 2, RIC

18



(e)

1 Vx-A--A Axiom 18
2. A— 3JxA 1, Axiom 14
3. VyA— IAxA Axiom 18, 2
4. VyA—- VydxA 3 RIC
5. dxV¥yA— YyaxA 4, RIC, fiddling
O
We also will need the following fact:
Fact 6.4 The following schemata are theorems of R (and hence of QR):
(@) A— B) —» (-AV B);
(b) A— ((A— B) — B). O

In our completeness proof we use the following variation on the rule RIC:
A — B[c/X]
FA— ¥YxB

wherec (an individual constant) is in neithek nor B and x is not free inA. To
prove that RIC(Con) is derivable in QR, we first show the following lemma:

(RIC(Con)),

Lemma 6.5 Yy(Aly/X]) — V¥xA is a theorem of QR if y does not occur free in A.

Proof.
1. Vy(Aly/X]) — (Aly/X)[x/y] axiom 18
2. (Aly/X)[x/y] = A asy not free inA
3. Vy(Aly/x]) = A 1,2
4. Yy(Aly/x]) - ¥YXA 3, RIC

Now we prove
Lemma 6.6 RIC(Con) is derivable in QR.

Proof.  Given a proof sequence endingAn— B[c/X], wherec does not occur
in eitherA or B, lety be a new variable not occurring anywhere in this sequence.
Replacec throughout the sequence fyThe result is a new proof sequence whose
last member iA — B[y/X], sincec does not occur ifA or B. Thusy does not
occur inA, so by RIC,

FA— Yy(Bly/X).

Therefore, by lemma 6.5 and the transitivity-ef we obtain- A — YxB. O
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Corollary 6.7 The rule
F A[c/X]

F VXA
where cis notin A, is derivable in QR.

(UG(Con))

Proof.  This follows using RIC(Con), in an exactly parallel way to the derivation
of UG from RIC in Lemma 6.2. O

7 Soundness for QR

The proof that every instance of axioms 1-17 is valid over our semantics follows
the usual pattern [1, 16]. Thus we need to prove here that axiom 18 and RIC are
valid in QR-models. We make use of the result of Lemma 4.4 |Kat = |Alvg
wheneverf andg agree on the free variables Af

Lemma 7.1 Let A be any formula and let x be free fom A. In any QR-model, if
g is an x-variant of f such that Vgx 'V fr, then|Alr/X]lvt = [Alvg.

Proof. By induction on the complexity of. The case of atomic formulae is
exemplified byA := Pxwith P a unary predicate letter. ThéN7/X]|v¢ = V(P1) =
V(P)(V f1), while |Alvg = V(P)(VgX. The inductive cases for the propositional
connectives are straightforward.

Now let A beYyB and assume that the result holds BorFirst, if x is not free
in A, thenA[r/X] = A, andf andg agree on the free variables Afsinceg € xvf,
So|Al7/X]lvt = |Alvf = |Alvg by Lemma 4.4.

The most intricate case is whenoccurs free inA = YyB. Thenx # y and
Al7/X] = Vy(B[7/X]). Then sincex is free forr in A, we must have # T andx
free forr in B. Thus ify is the variablex,,

IA[T/X]lvi = ﬂ IB[7/X]lv¢[j/n], and

|Alvg = ﬂ IBlvglj/n].

But foranyj € I, f[j/n] is anx-variant ofg[j/n] sinceg € xvfandx, =y # X.
Moreover, sincex, # 7 we have Vf[j/n))r = Vfr = Vgx = (Vd[j/n))x (as
X # Xn). Hence by the induction hypothesis Bn

IB[7/X]lv¢[j/n] = [Blvglj/n]

for all j € I. From the above, this implid8[7/X]|v = |Alvg as required. O
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Lemma 7.2 Axiom 18 is valid on the class of QR-frames.

Proof.  Suppose thad Eyv¢ YXA andxis free forr in A. Then, by the truth
condition for the universal quantifieg vg A, for all g an x-variant of f. In
particulara € |Alyg whereg is the x-variant of f defined byVgx = Vfr. But
Lemma 7.1 give$Alvg = |A[7/X]Iv, Soa vt AlT/X].

Therefore, by the Semantic Entailment Lemma 4.3, axiom 18 is valid on the
class of QR-frames. m|

Lemma 7.3 The rule RIC preserves validity on the class of QR-frames.

Proof.  Suppose thax does not occur free i, and thatA — B is valid in all
models on QR-frames. We show that> ¥YxBis also valid. Consider an arbitrary
QR-modeKk¥%, V). Then for everyg € 1¢, by hypothesis and Lemma 4.3, we have
|Alvg € |Blvg. Now given anf € 1, if g is any x-variant of f, then f andg
agree on the free variables Af sincex is not free inA, and hence by Lemma 4.4,
Al = |Alvg € [Blvg. Thus

|Avi € [1 [Blvg=I[¥XByt.
gexvf

By Lemma 4.3 againf satisfiesA — VxB. Sincef was arbitrary, the result

follows. i

8 Theories

We now turn to the proof that QR is complete over the class of QR-models. The
construction we use is a fairly standard Henkin-Lemmon-Scott-Routley-Meyer-
style canonical model construction.

We need a few definitions before we can state the relevant version of the Lin-
denbaum extension lemma. We use the notdfiee A, wherel” andA are sets
of formulae, to mean that there is solg ..., Ay € I’ andBa, ..., By, € A such that
FOr (A1 A ... A An) = (B1 V ... V By) (cf. [8]). The pair (', A) is said to beQR-
independentor justindependentif and only ifI" & A. For example, if, {B}) is
independent, then by axiom 1 we must h&/¢ T'.

A QR-theony is a set of formulae such that, for every form@aif I' = {B},
thenB € I". Note that ifA € I" andr A — B, thenI' = {B}. Thus a theory satisfies
the following form of detachment:

if AeT and+ A - B,thenBeT. (8.1)
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A theoryT is primeif and only if for every disjunctiorAv B € T, eitherA € T or
B e I'. T is regular if and only if it contains every theorem. We can now state the
extension lemma (the proof of which is due to Belnap — see [7]).

Lemma 8.1 (Extension)if (I, A) is independent, then there is some prime theory
I” such thaf” C T” and(I”, A) is independent.

Note that this a fairly simple version of the extension lemma. We do not need
to show a fact that is often required in completeness proofs for first order logics.
That is, we do not need to show that, given an independent pair, we can extend to
an independent pair in which the first member is a prime theory that@mmplete
(i.e. if it containsA[c/X] for every constant, then it containg/xA).

Corollary 8.2 If Ais a non-theorem of QR, then there is a regular prime th&ory
such that Az T.

Proof.  Suppose thaf is not a theorem of QR. The ({A}) is independent,
whereT is the set of theorems of QR. Thus, by the extension lenTnextends to
a prime theory" such that[, {A}) is independent, hende¢ T. O

9 The Canonical Model

We now turn to the task of proving completeness. Our definition of the canonical
model extends that of [15] and [8]. The worlds of the model are prime QR-theories
and the set of individuals is the set of individual constants. For this purpose we
make the assumption from now that

the setConof individual constants igfinite.

If this were not so, then we could conservatively add infinitely many constants to
our alphabet. Then a formula from the old language would be QR-derivable in the
new language if and only if it was already derivable in the old. This follows by a
standard argument, using the fact that in any proof sequence there are only finitely
many formulae, and any new constants can be replaced by fresh variables from the
infinitely many variables available in the old language (see the proof of Lemma
6.6).

The full description of the canonical model is as follows:

e K is the set of all prime theories of QR.

¢ 0is the set of all regular prime theories of QR.
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forall a,b,cin K, Rabcifand only if{fAc B: Aca& Be b} Cc.
a’ is the set of all formulaé\ such that-A ¢ a.

For eactclosedformulaA, ||Al| =qf {fa€ K : A€ a}.

Prop =4 {||All : Ais a closed formula

| = Con the set of individual constants.

For anyf € 1¥, eachfnis a constant, so can be substituted for free occur-
rences of the variabbg,. The result of applying this substitution to a formula
Ais aclosedformula we denoté\’. Thus

Al = A[fO/x0, ..., fn/Xn, ... ].
For each formula, a functionga : 1 — K is defined bypaf = ||Af].
PropFunis the set of functiongp for all formulaeA.

V(c) = c for all individual constants.

WhereP is ann-ary predicate lettel/(P) : I" — Propis defined by
V(P)(co, ..., Cr-1) = lIPG. .. Ca-all.

We now have the task of show that this structure is a QR-model. First, by

Routley and Meyer’s arguments [15, 16, 1], it can be shown that the conditions
F1-F8 hold, so we have an R-frame, and moreover that this frame satisfies

a<b iff ach.

To show that it is a QR-frame, we need to show tRetp andPropFunsatisfy the
closure conditions CProp-CAll.

Lemma 9.1 Prop satisfies CProp and CTee.

To show that O is iflProp we only need to note thats in a prime theory

aif and only if ais regular. Thus & ||t|| € Prop.

Closure ofProp undern, = and- follows because the equations

AN Bl = lIA A B
1Al = 1Bl = [|A — Bl
—[IAIl = lI-All
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hold for all formulasA, B. The proof of these are as given by Routley and Meyer.
For CTee, just note that the constant functigrhaseo f = ||t|| = |it"|| for all f,
S0y is ¢ € PropFun O

Lemma 9.2 PropFun satisfies CConj, CImp and CNeg.

Proof. Foranyf € Cort’, the substitution operator induced byommutes with
the propositional connectives. Thad A Bf = (A A B)f, implying that|Af|| n
IBfIl = |I(A A B)f|l. But this says thapaf N ggf = (¢ass)f for any f, hence
oa N s = earg € PropFun establishing CCon;.

Likewise we can showa = ¢ = pa-s and—pa = ¢-a to establish CImp
and CNeg. m|

Lemma 9.3 If the formula¥YxA isclosed then for all prime theories a/xA € a if
and only if there is some propositioneXProp such that a= X and XC ||A[c/X]||
for all constants c. In other words,

VXAl =TT lIA[c/X]II.
ceCon
Proof. Suppose thatxA e a. SetX = ||[YxA||. Thena € X € Prop by definition,
so by axiom 18 and the detachment result (8XLY, ||A[c/X]|| for all constants.

Conversely, suppose that there is sofne Prop such thatX c ||A[c/X]|| for all
constantg, anda € X. By the definition ofProp there is some closed formu
such that|B|| = X, soB € a.

Choose a constawtthat does not occur iA or B (remembelConis infinite).
Now if ¥ B — VXA, then (B}, {A[c/X]}) is an independent pair, so by the Exten-
sion Lemma 8.1 there is a prime thedryextendingB such that [, {A[c/X]}) is
independent, henci&{c/x] ¢ T, givingT" € ||B||\||A[c/X]|| contrary to hypothesis.

Therefore- B — A[c/X], so by Lemma 6.6; B — VXA Sincea is a theory
andB € a, this impliesVxA € a as desired. O

This last result enables us to prove:

Lemma 9.4 For any formula A and any & w, Ynga = ¢vx,a. Hence PropFun
satisfies CAll.

Proof Givenf € 1, we defineAf\" to be the formula

ALTO/Xo, ..., T(N—1)/Xn-1, Xn/%n, T(N+ 1)/ X041, ... ],
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obtained fromA by leavingx, alone and otherwise applying the substitutitin
Then
AN[c/xy] = ATEm 9.1)

since each formula in this equation can be seen as arising Arbgnsubstitution
of c for x, and f mfor x,, whenm # n. Also

V(AT = (Vx,A) T, (9.2)

since both formulas hawe, bound and can be obtained frokby bindingx, by v
and applyingf to the other variables. Now

Vnea)f = [T ea(flc/n)) by definition ofv, and (4.1),

ceCon
= [ AT by definition ofpa,
ceCon
= 1 A"/l by (9.1),
ceCon
= [V (AT\)]| by Lemma 9.3,
= [I(VxaA) "l by (9.2),
= pyxaf by definition ofgyy, .
HenceYnpa = ¢vx,a € PropFun |

This completes the proof that we have a QR-frame. Now to analyse the treat-
ment of atomic formulae:

Lemma 9.5 For all n-ary predicate letters P, termsy,...,tn-1, and variable-
assignments €& ¢,

(1) (Pro...mn-1)" = P(Vfrg)...(Vfro1).
(2) V(P7o...Tn-1) = ©Pro..tn1-
Proof.

(1) The left side isP(r})... (x| ). Butfori < n, if 7i = ¥m, then ;)" = fm =
Vfri; and if7; € Con then ) = 7 = V fr.

2) V(Pro...tn1)f = V(P)(Vfro,...,Vfr1) by definition ofV,

= |[P(V f10) ... (V frn_1)ll by definition ofV(P),
= lI(Pro...n-1)l by part (1),
= Ppro.tngl by definition of¢.
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O

Part (2) of this last Lemma shows th&§A) belongs tdPropFunfor any atomic
A, completing the proof that the canonical model is a QR-model.

Lemma 9.6 (Truth Lemma) For any formula AJAly = ¢a. Thus for all fe 1,
|Alvt = ||AT|, and so for all ac K, alzvs Aiff Af € a.

Proof. By induction on the complexity oA.

If Ais anatomic formuldry. .. -1, then|Aly = V(A), which ispa by Lemma
9.5(2).

If A=t,then|Aly = go Which isga in this case.

If A= =B and inductively|Bly = ¢g, then|Aly = —|B| = —¢g = @a.

The inductive cases of the connectiveand— are similar.

If A=Vx,Band|Bly = ¢g, then|Aly = ¥n|Blv = ¥nes, Which ispa by Lemma
9.4.

O

Theorem 9.7 (Completeness for QR)For any formula A, the following are equiv-
alent:

(1) Ais atheorem of QR.
(2) Aisvalid in all QR-models.

(3) Aisvalid in all QR-frames.

Proof.  Since every QR-model is based on a QR-frame by definition, it is evident
that (2) and (3) are equivalent. That (1) implies (2) follows by the soundness results
of Section 7.

If (2) holds, then in particulaA is valid in the canonical model, so in that
model, for every regular prime theosy € 0 and everyf € Cort’, AT € a by
the Truth Lemma 9.6. If the free variables A&fare among, . .., X, for somen,
choose constants, . . ., ¢, that do not occur i\ (remembecConis infinite). Then
A[Co/Xo, . - ., Cn/Xn] belongs to every regular prime theory, so is a QR-theorem by
Corollary 8.2. Hence VX - - - YXnA by (repeated application of) the rule UG(Con)
(Corollary 6.7). Therefore A by axiom 18. O

Note that this proof shows tha is a QR-theoremff it is valid in the canonical
QR-model fT it is valid in the canonical QR-frame.
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10 Extensional Confinement

QR is an elegant logic with an elegant semantics, but it has shortcomings. Most rel-
evant logicians would accept as valid any classically valid formula that is implication-
free. But in the next Section we will show that the thesis

() =VYx(Av B)VAVVYXB,

wherex is not free inA, is not derivable in QR,even wherA andB are atomic
formulae.

One way to ensure that we can prove (!) in our logic is to add the principle of
extensional confinement, that is,

(EC) VX(AV B) — (AV VxB)

wherex is not free inA. Adding EC to QR yields Anderson and Belnap’s logic
RQ. We could of course add (!) directly, but it is more natural to add EC. Notice
that every axiom of QR has implication as its main connective. Relevant logicians
see a logic as codifying inference, not merely the laws that are true at every base
world. By the deduction theorem, each implicational theorem is equivalent to a
general rule of inference, that is, to a rule of inference that governs the behaviour
of formulae at every world in the frame. A disjunctive theorem, like (!), does not
codify a rule of inference in this sense.

We can make EC valid by appealing to Ross Brady’s result that RQ is con-
servatively extended by the addition of boolean negatior§13.4]. Using this
result, we can show that RQ is sound and complete over the class of QR-frames
that satisfy the condition that & < b, thena = b and in which the set of proposi-
tions is closed under boolean complement, that iX i$ a proposition then so is
K\ X={aeK:a¢X}.

For suppose that the class of propositions is closed under boolean complement.
Also suppose that

akvi YX(AV B),

wherex does not occur free iA. Then there is some propositidhsuch that € X
and
X C|AV Blyg,

for all x-variantsg of f, i.e.

X € |Alvg U [Blvg

"This verifies a conjecture of the first author, made because the analogous formula in the modal
logic NR (i.e.-~O(A v B) v ©A vV OB) is not a theorem, and the two logics are very similar.
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and so
X\|Alvg E |Blvg.

But, if the class of propositions is closed under boolean complemaihly g is
itself a proposition, that is{ N (K\|Alyg). But for anyg anx-variant of f, |Alyg =
|Alvt by Lemma 4.4 since is not free inA. Thus, we have

X\|Alvt < [Blvg,

for all g, x-variants off. By assumptiona € X. If ais also in|Aly+, then, by
the truth condition for disjunctiona Eyvs AV VYXB. If ais not in|Alv¢, then
a € X\|Alyt and so, by the truth condition for the universal quantiigsy ; YxB,
hencea =y AV YXB.

This method is somewhat unsatisfactory, since it requires that boolean negation
be added to the semantics if not to the logic itself. If we do require that our seman-
tics be boolean, then we are admitting that relevant logic is somehow parasitic on
classical logic. However, using the above argument we can modify our semantics
to make it more like the boolean semantics and in so doing make EC valid without
going all the way to closing the class of propositions under boolean negation.

Define anRQ-modeto be any QR-model in which

X\YC (N [Blvg implies X\Y C |[VXBlyf (10.1)
f

gexv

for all formulaeVxB, all X,Y € Prop, and allf € |“. Note that (10.1) holds if
X\Y € Prop, by the semantics of, but in general it may be thaf\Y ¢ Prop.
Also, (10.1) is trivially satisfied when the model gives Tarskian semanti¢site.
when|¥xBly t = Ngexvf [Blvg. In particular it holds under any of the hypotheses of
Lemma 4.5.

Lemma 10.1 In any RQ-model, for any world a and any formulae A and B with x
not free in A, if aEv¢ YX(AV B), then aFys AV VXB.

Proof.  Suppose that is not free inA and thata Ev ¢ YX(A v B). Repeating the
above argument regarding the boolean semantics, thereXseaRrop such that
ae Xand
X\Ave € () [Blvg
gexvf

Since|Aly ¢ € Propit follows from (10.1) thatX\|Alv ¢ € [YXBly.

If a€|Als, thenalkys AVVYXB. But, ifa¢ |Alys, thenae X\|Alvs C [VYXBlv+,
so agaim kv AV YXB. O
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Corollary 10.2 (Soundness for RQ) Every theorem of RQ is valid in all RQ mod-
els.

Proof. By the preceding lemma and the semantical entailment Lemma 4.3, EC
is valid in all RQ-models. m|

Similarly to the notion of RQ-model, we define &Q-frameto be any QR-
frame in which

X\Y € Ne(f[j/n]) implies X\Y C (Yny)f (10.2)
jel

forall ¢ € PropFun alln e w, all X, Y € Prop, and allf € 1%,

Theorem 10.3 (Completeness for RQ)or any formula A, the following are equiv-
alent:

(1) Ais atheorem of RQ.
(2) Aisvalid in all RQ-models.
(3) Ais valid in all RQ-frames.

Proof. (1) implies (2) by Corollary 10.2, and (2) implies (3) because every model
on an RQ-frame is an RQ-model.

To show that (3) implies (1), we construct a canonical model for RQ in the
same way as for QR, taking the elementXofo be the prime RQ-theories. The
resulting model has the property that any formula valid in it is an RQ-theorem. So
it suffices to show that the underlying frame of this model is an RQ-frame.

To show this, suppose that the antecedent of (10.2) holds in this frame for
certain suitablep, X,Y,n, f. By the canonical constructiory, = ||A|| for some
closedformula A, andy = ¢g for some formulaB (possibly open). Recalling that
I = Con we are thus supposing that for alE Con X\||Al| € ¢g(f[c/n]), and so

X c [|A U BT = A v (B
But by (9.1) and the fact tha is closed and hence unchanged by substitution,
Av (B'M) = Av (B""[e/xa]) = (AV B)"\"[c/x].

Now suppose € X\Y. Thena e X C ||((A v B)"\"[c/x.]| for all c € Con But
(Av B)"\"[c/xy] is a closed formula, so by Lemma 98x.((Av B)"\") € a, i.e.
¥xa(A Vv (Bf\M) € a. Hence by EC and detachment (8 A)y Vx,(Bf\") € a.

Buta ¢ Y = ||All, SOA ¢ a, implying thatVx,(Bf\") € a. Using (9.2) we then
get

a € ll(xB)'ll = (puxp) f = (Ynee) f
by Lemma 9.4. This proves thd\Y C (Vne)f, as required for (10.2). |
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11 Independence of EC

In Section 5 we constructed a QR-fraié = (K, [0), R, «, |, Prop,, PropFur)
from any discrete Sugihara franii, 0, <, x). This K always satisfies (10.2) and
so is an RQ-frame. For, the only way it can haee(f[j/n]) # (Yne) T is to have
Mie(f[j/n]) = K # 0 while (Vhe)f = 0. But for anyX,Y € Prop;,, if X\Y is
non-empty it must contain some integer, and hence is not a subkgt of
We can modify any sucfX to a frame falsifying EC by taking an objeg# K
and adding it as a new point € with 8* = 8, but without addindg6} to Prop. New
members ofProp are created by addingto each i) while retaining ) itself.
Then if, say,X = [0) U {8} andY = [0), we getX\Y = {6} # 0. There will be
cases wher¢), o(f[j/n]) = K U {8} while still having fne)f = 0, so we get
X\Y € N e(f[j/n]) while X\Y ¢ (Vne)f. Actually we do not need any elements
of K, for this, so the new frame could just be a one-point extensighitsfelf.
However, although this approach provides a falsifying QR-model for EC, it
does not yield the stronger result that the weaker principle (1) is falsifiable. To
achieve that seems to require the addition of more points. One solution is to form
the disjoint union ofz with a copy of the 3-element Sugihara frame

{-1,0,1},{0,1}, <, -).

We take this copy on a sé@t = {&*,0,c} with T N Z = 0, 6* = 9, and the ordering

of T given bys* < 6 < &. The base worlds of ared ande. LetR' be the ternary
relation makingr into an R-frame. Recall from Section 5 that this is characterized
by the binary operatiom havinga ¢ b = max@, b) if b* < a, anda e b = min(a, b)
otherwise. This operation ohis given by the table

& 0

ok

* ok

M M MM

&t
0
&

sk

Hh D M|e
M O™ M ®

from whichR" can be directly readffi RTabciffaeb < c.

Form € Z we continue to writerp) for the intervalix € Z : m < x} in Z starting
atm. LetZ" = ZU T, and for eachX C Z, let X¢ = X U {&} and X% = X U {6, &}.
Define

Prop = {Z",0} U {[m)®,[m® : me Z}.

For everyS C Prop we have[|S € Prop, where[] is the operation thaProp
determines. There are two significant cases in addition to thdde &, S = {Z'}
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or S = 0. If there is a largest integen with one of n)?, [m)? in S, then

% ifoeNsS;
ns=ns={m" Teens:
[me ifoa¢gNS.
Alternatively, if there are arbitrarily large integerswith one of m)¢, [m)% in S,
thenN\'S C {6, &}, and sg | S = 0 sinced is the only member oProp included in
{0, }.
If Ris the ternary relation making into an R-frame, put

K =(Z",[0)%,R*, %, 1, Prop, PropFun,

whereR* = RURT, * is the union of the corresponding operationszandT,
| = w, andPropFunis the set ofall functions froml“ to Prop.

The structurgZ", [0)%, R, ¥) is an R-frame, since the disjoint union of any
two R-frames satisfies F1-F8. Hence the ordegingf Z induced byR" is just
the disjoint union of the orderings @fandT. In K, we have-[m)® = [-m+ 1)%;
~[m)% = [-m+1)%; [m)* N [n)* = [m)* N [n)* = [max(m,n))*; and fn)* N [n)* =
[max(m, n))? for all m,n € Z. Together with-ZT = 0, this shows thaProp is
closed under andn.

Then to show thaProp is closed under the operatice defined byR", it
sufices to show thaProp is closed under the fusion operatidho™ Y that R*
defines, sincX = Y = —(X o* -Y). Fusion satisfies

Xo*Y ={z: (Ax e X)(Ay € Y)R'xyz,
is commutative, and hdsot Y = 0. In K we can show that
Xe o+t ZT = X% ot ZT =77 o* ZT = ZT for all nonempty hereditarX C Z;
[M)? o* [N)® = [) o* [N)** = [me n)* and [1)* o* [M)* = [me n)*”,

which gives the closure &?ropundero*. ThusK is a QR-frame.

Now take a language having two unary predicate ld&tandQ, and define a
model onX by puttingV(P)n = [0)? andV(Q)n = [n)? for all n € w. Let A be the
formulaPx;, andB be Qxy. Then for eacH € 1¢,

IAV Bl = V(P)(V fx1) UV(Q)(V fxo) = [0)° U[f0)* =[0)*,
sincef0 > 0. Thus

Vxo(AVB)vi= [1 |AVBg= T[] [0)% =[0)%.
gexovf gexovf
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In particular,¥xg(A v B) is satisfied at* = 0, so8 vt =VXo(A Vv B). But
IVXo(B)lvi = [ IBlvitjo = [1[))° =0,
jEw jew

and sdA Vv ¥xoBlvt = |Alvs = [0)%. Henced trv s AV ¥XoB, and altogether
0 v 7YX(AV B) v AV VxoB.

Sinced belongs to the set [#) of base worlds of<, this shows that (!) is not valid
in the QR-model’X, V). By the soundness of QR in QR-frames, it follows that (!)
is not derivable in QR, and hence nor is EC by Fact 6.4(a).

12 Further Modifications to the Semantics

RQ is known to have some very nice properties. We can use these properties to
make its semantics even more intuitive.

Meyer, Dunn and Leblanc [13] showed that RQ is characterised by the class of
its regular prime theorigs that arev-complete. Using this fact, we can modify the
definition of a frame as follows. We remove 0 as a primitive element of frames and
replace it with a set of worldBW (for ‘possible worlds’). We can then define O as
the set of worlds such that there is some wortd< a that is inPW. We then take
a truth condition for the universal quantifier stating thaty ¢+ VXA if and only if
either the previous condition for RQ holds or there is a wérld PW, such that
b <aandb |yg Aforall g, x-variants off. We can then show that for any possible
world b, b ey VXAif and only if b =y g Afor all g, x-variants off.

We can go even further. Meyer and Dunn [12] have shown that RQ is charac-
terised by the class of its regular, prime theofigkat arevY-complete and that are
consistent. Thus, we can even require that for all woaldsPW, a = a*. For any
world a = a*, a vy —Aif and only ifa £ty ¢ A. Thus, on this semantics the set of
possible worlds, considered in terms of the formulae that include only predicates,
individual variables and constants, parentheses;, andV, are very much like
possible worlds in the classical sense.
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