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ABSTRACT. We show that the existence of hyperarithmetic isomorphisms be-
tween computable structures is complete for H% equivalence relations under
computable reductions. This uses Montalban’s true stages machinery for iter-
ated priority arguments, of which we give a new development.

1. INTRODUCTION

Does a classification problem have good invariants? This is a fundamental ques-
tion, which encompases endeavors across mathematics. To give a positive answer,
it suffices to exhibit simple invariants. To take canonical examples, vector spaces
over a fixed field are classified by their dimension, while algebraically closed fields
of a fixed characteristic are classified by their transcendence degree. One of the
main insights of mathematical logic is that tools in set theory and computability
theory can be used to formally state and prove that certain classification problems
do not have simple invariants.

In descriptive set theory, this is formalised by studying definable equivalence
relations up to Borel reducibility (see [Gao09, Kan08, Kec99]). This notion of
reducibility allows us to compare the complexity of equivalence relations on Pol-
ish spaces. An anti-classification result is given by completeness. A collection I'
of equivalence relations is specifed by either syntactic complexity or a structural
property; for example the collections of Borel or analytic equivalence relations; or
the relations whose equivalence classes are all countable. An equivalence relation
FE €T is complete if every equivalence relation in I" reduces to E. This says that FE
is as complicated as possible within the class I'. Invariants, on the other hand, serve
to simplify, and so are incompatible with completeness. In the examples of vector
spaces and fields, the invariants give a reduction from the isomorphism relation
for these structures to equality of natural numbers, one of the simplest equivalence
relations in existence.

Computability theory gives a different setting for the same general project. It
studies equivalence relations on N under computable reductions. A computable
reduction of an equivalence relation ' to an equivalence relation F' is a computable
function f: N — N such that for all 4, j € N, iEj <= f(i)Ff(j). If there is such
a reduction we write £ < F. This is a modification of computable reducibility
on sets of natural numbers, first studied by Post [Pos44]|, who showed that the
halting set is complete for c.e. sets under computable reducibility. The study of
computable reducibility of equivalence relations has origins in work of Ershov’s
([Ers77a] , see [Ers77b, Ers99]), and began in ernest with Bernardi and Sorbi, who
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studied c.e. equivalence relations [BS83]. Gao and Gerdes, and separately Andrews,
Lempp, J. Miller, Ng, San Mauro and Sorbi, have also studied c.e. equivalence re-
lations [GGO1, ALMT"14], while Fokina, S. Friedman and Nies have studied X3
equivalence relations [FFN12], and Fokina, S. Friedman, Harizanov, Knight, Mec-
Coy and Montalban have studied ¥i equivalence relations [FFH'12], all under
computable reductions.

Set theory and computability theory give complementary views of the complex-
ity of classification. Set theoretic methods allow topological and measure-theoretic
techniques, and study definability on a large scale. Computability studies simpler
objects (relations on countable rather than continuum-sized domains), however new
distinctions come from the considerations of effectiveness. An example of this is
the complexity of isomorphism relations. In the setting of descriptive set theory,
H. Friedman and Stanley [FS89] initiated the study of isomorphism problems for
classes of countable structures under Borel reducibility. One of their central results
is that the isomorphism relation for all countable structures, while being analytic
(X1), is not complete for that class. In contrast, Fokina et al. showed that isomor-
phism of computable structures is computably complete for effectively analytic (X1)
equivalence relations on N [FFH'12]. More precisely, if (M;);c, is an admissible
numbering of all partial computable structures, consider the relation

iE~j = [M,; and M, are total and M, = M,].

This is a X} equivalence relation on N', and for every 1 equivalence relation E on
N, E<E..

In contrast with descriptive set theory, which does not differentiate between
complexities of functions on countable sets, in computability theory it is natural
to ask not about the existence of arbitrary isomorphisms but about definable, or
concrete ones. At the simplest level, Fokina, Friedman and Nies examined a related
equivalence relation by restricting to computable isomorphisms rather than allowing
arbitrary isomorphisms; they showed that computable isomorphism of computable
structures is computably complete for £ equivalence relations on N [FFN12], where
this is understood in the same manner as the previous result.

Rather than restrict to computable isomorphisms, in this paper we look at the
class of effectively Borel functions, also known as the hyperarithmetic functions. A
function is hyperaithmetic if it can be built from very simple functions by iterating
the operation of the Turing jump and closing under relative computability — much
like the Borel sets are built from the open ones by taking countable unions and
complements. Similarly, the hyperarithmetic functions are those which are Al —
effectively analytic and effectively co-analytic, which again mirrors a characterisa-
tion of Borel sets. We answer the question (which again, cannot be asked in the
set-theretic setting), what is the complexity of the existence of effectively Borel
isomorphisms between computable structures? We prove:

Theorem 1.1. Hyperarithmetic isomorphism on computable structures is com-
putably complete for I equivalence relations on N.

In more detail: fix an admissible numbering of partial computable structures

(M;)icw. Consider the equivalence relation ¢ ~ j = both M; and M are total,

1Strictly speaking, we must define EF~ to be the reflexive closure of the above relation to make
it an equivalence relation.
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and there is a hyperarthmetic isomorphism between M; and Mj.2 The universe
of this relation is N. The Spector-Gandy theorem [Spe60, Gan60] implies that this
relation is IT} (effectively co-analytic). The precise statement of Theorem 1.1 is that
the equivalence relation ~ is computably complete for IT} equivalence relations on
N: for every I} equivalence relation E there is a computable function f such that
foralli,j e N, iFj < f(i) ~ f(j).

1.1. Our approach, informally. Let E be a Il equivalence relation on N. To
prove Theorem 1.1 we construct an array (N} of uniformly computable structures
such that for all 7, j € N,

iEj <= there is a hyperarithmetic isomorphism between N; and Nj.

What do these structures look like? Each structure will have disjoint components
indexed by pairs (e,i) € N. The component indexed by (e,%) in the structure Ny
will be used to diagonalise against the e potential hyperarithmetic isomorphism
between N; and Nj. We may assume that the universes of the component indexed
by (e, i) are the same in all structures. Each component (e, i) has two parts. One
is a tag, consisting of two elements a®® and b*' (which we may assume are the
same elements in all the structures). These elements are not distinguished in the
signature of these structures. To each one we attach a linear ordering: A®® and
B%'. Again we may assume that the universes are the same.

So formally, the signature will contain:

e Unary relations T¢%;
e Binary relations M®*;
e Binary relations L®".

Each structure, as mentioned, will contain disjoint sets A%, B®*, and {a®?,b%" :
(e,i) € N?}, with each A% and B®' infinite. These sets are uniformly computable,
and the functions (e, i) — a®?, b>? are computable.

e T<%(z) holds in NV} if and only if z = a®® or z = b

o (Me")Nk is a directed graph. M®*(z,y) holds in Ny, if and only if z € A7
and y = a®?, or x € B® and y = b**.

o (L&"YN% will be a disjoint union of two linear orderings, one on A%, the
other on B¢,

We will denote these linear orderings by A*¢* and B¥¢?. Now the main point of
these definitions is the following:
Proposition 1.2. Let m,k € N. Suppose that F: N,, — N}, is an isomorphism.
Then:

(a) F(a®?) € {a®, b1},

(b) If F(a®%) = a®® then F[A™®!] = A and F[B™%!] = B*%! (and of

course preserves their linear orderings).
(c) If F(a®") = b then F[A™®!] = B**! and F[B™%] = AF1,
Both are potentially possible, depending on the order-types of the relevant linear

orderings.

We need to ensure two things:

2Again, we mean ~ to be reflexively closed so as to be an equivalence relation.
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e If mEk then for some computable ordinal 8, (%) computes an isomorphism
between N, and Nj,.
o If =mFEk then for all e, F, is not an isomorphism between N, and N,.
Here (F,) is a uniform list of all II} partial functions from N to N; note that a
function is hyperarithmetic if and only if it is total II1.

Let us consider first how to diagonalise against some F.. As mentioned above,
we reserved the component (e, i) of N to diagonalise against F,: N; — N being
an isomorphism. The rough plan is as follows. Suppose that —iEk, so we want to
diagonalise. We are only worried if F(a®?) € {a®?, b*}.

o If F.(a®") = a®' then we ensure that Ab¢t £ Ak-ei;

o If F,(a®") = b*" then we ensure that A»? % Bk,
In either case this ensures that F, cannot be an isomorphism from N; to N}; this
follows from Proposition 1.2.

On the other hand, if iEk then regardless of what F,(a®') may be, we need to
ensure that A; =~ Ny. An important point is that this doesn’t mean that we must
have A»¢% =~ Ak-e? and B%®" =~ B this could be flipped, with the isomorphism
matching A’s to B’s. We will make sure that one of the two always happens, even
if =iEk — and so all the structures N, we construct will be pairwise isomorphic.
The only question is whether a hyperarithmetic oracle can correctly match the
linear orderings. That is, an oracle constructing the isomorphism will need to know
whether to send a®’ to itself or to b°?, and then construct the isomorphisms of the
linear ordering.

I} sets are Zl(ngk). This means that they are analogous to c.e. sets, except

that they take w{® many steps to enumerate. Here recall that w$¥ is the least
non-computable ordinal, which is also the least admissible ordinal beyond w. As a
result, each true II} fact ¢ can be attached a computable ordinal, below denoted
by [¢], which is its “ordinal height”: at time (or level) o = [¢] we discover that ¢
is true. Roughly, this corresponds to &(®), the ot? iteration of the Turing jump,
computing the fact that ¢ is true. Recalling that it takes (about) « jumps to
compute isomorphisms between copies of the linear ordering w®, the more involved
plan is now as follows.

First, we present the equivalence relation E as the union J,, <wsk E(a) of hyper-
arithmetic equivalence relations which get coarser with time: for a time we believe
that —tEk, but at some point o we may discover that iFk.

Now suppose that at time o < w$k, we discover that F.(a®?)| (and is either a®*
or b*%). We will then make, for all m € N,

{Am,e,i,Bm,e,i} ~ {wajwa + wa},
and note that w® % w® + w* = w* - 2. For all k e N,
o if iE(a)k, then we let AF*! >~ w and B**! ~ w® . 2.
e if —iF(a)k, then we may or may not flip, depending on F,(a®"):
— if F.(a®%) = b®" then we choose the same: A%®? ~ w® and B¥*! ~
w* - 2.
— if F.(a®?) = a®® then we flip, letting A®*¢ >~ w® .2 and B¢ ~ w°.

If we manage to do this, we will have diagonalised successfully: if —iFk then
for all o, ~iE(«)k, and so whenever some F, converges, we will diagonalise. But
now we need to address the other requirement: what happens when iEk? This is
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discovered at some stage 3, and roughly (give or take some jumps), we will want
@B to compute an isomorphism between A; and Nj,. We work on each component
separately. For a fixed (e, 1), there are two possibilities:

e At stage a < 3, we discovered that F,.(a®?)| and so determined that the
orderings are w® and w® - 2. But a < § means that ® knows this, and
knows which way we diagonalised, so it can correctly match a®? to itself
or to b*%. Then, again because o < 3, ¥ can construct isomorphisms
between any two copies of w® (and of w® - 2).

e Otherwise, suppose that F,(a®?)| at some stage a > 3. By that stage
we know that we want to make A; and N}, the same. So we know that
Abet > Akel and Bhet ~ BRei In fact, we will ensure that the "
Hausdorff derivative A" is the same linear ordering (not just isomorphic)

as Ag’e’i, and the same for the B’s. The oracle @® will compute these
derivatives and match them by the identity function. Each point in the
derivative is the image of a sub-ordering of type w?, and @®), having
computed the derivative process, can now match these point-by-point.

Roughly, that is the plan; but we have not addressed some questions:

(1) If F.(a®")1, what do the orderings A¥¢? and B* % look like? Unfortunately
we cannot give a II} enumeration (of order-type w) of the total IT} functions,
i.e. the hyperarithmetic, functions.

(2) Tt seems that the construction of the structures requires the oracles (%)
for all B < wsk. But we want to make the structures Ny computable. And
we can’t enumerate all the computable ordinals, not even in a Al way.

There are two solutions that address both problems. To work computably, we use
Montalbdn’s [Mon14] extension of the Ash machinery of iterated priority arguments
(see [AK00]). That means that at every stage s, for every a, we have a finite, stage s
approximation for &(®, in a computable way, and we work with that oracle to
construct our structures. Many of these approximations will be false, and so we
need to delicately ensure that we can correct our mistakes when we discover them
(or think that we discovered them, only to be recorrected again in the future).
This is the machinery of a-true stages. In section 2 we give a redevelopment of
this machinery, which we believe is simpler and more intuitive than that which has
appeared in print so far.

We still need to address the question: what about getting all the ordinals up
to wsk? This is a serious problem, because the Ash - Montalban machinery works
up to any chosen computable ordinal, not all the way up to w$k. The solution is
to use a pseudo-ordinal: a Harrison linear ordering that supports a jump-hierarchy
and other arithmetic structures such as the finite approximations to the jumps.
Now, wS¥ is an initial segment — the well founded part — of a pseudo-ordinal &,
and we perform our construction imagining that the pseudo-ordinal is indeed well-
founded. After the fact, we take a look and observe that the extra ill-founded layers
(between w§* and &) did not spoil our original plans. For example, it is possible
that —iEk but that we “discover” that iF(a)k at some level w$k < o < d,. The
same argument works: (% will compute an isomorphism between N; and N.
But that “iteration” of the jump is not hyperarithmetic. All true convergences
of F, appear at well-founded stages, so below «, and so we will have successfully
diagonalised against those. And if Fi.(a®?)1 even at level 6, then we make both
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linear orderings isomorphic to w’*, which is again a Harrison linear ordering. The
argument that &%), where we discover that i Ek at level 3, can compute an isomor-
phism between N; and N, works exactly the same: the 5" Hausdorff derivative
is computed, and is identical in both structures — it will be ill founded, but that
does not matter.

2. TRUE STAGES

We discovered a development of Montalban’s apparent true stages machinery
that we believe is simpler and more intuitive. We present it here.

2.1. True stages, including limits. We first develop a system of apparent true
stages that includes limit iterations of the jump. Let * be a computable ordinal.
We fix a well-ordering <* of N of order-type 0* + 1 such that the successor function
and collection of limits are computable (essentially, a notation for §* +1 in Kleene’s
system of ordinal notations ©O). For a < §* we let n, denote the natural number
in position a according to <*.

Jumps of strings. For a string o € wS“ let ¢’ denote the collection of inputs on
which a universal Turing machine with oracle sequence o halts in fewer than |o|
many steps. Thus the jump of the empty string is empty. We assume that if o
is a one-entry extension of 7 then |o’| < |7/| + 1. Thus, for every string o we get
an enumeration of the elements of ¢’ in order of which converged earlier (i.e. with
shorter oracle). If o is finite, we let p(c) be the last element enumerated into o’;
plo)=—-1if o' = .

Definition. By induction on o < 0* we define the relation s <® ¢ (for s < ¢t < w),
which reads “s appears a-true at stage t.” We also define along the same induction
strings of".

o The string of* is defined to be the increasing enumeration of all the stages s
such that n, < s <t and s <<* ¢.

The aim is: ¢ is our version of &J(®), and of* is the stage t approximation of 0.
The definition of <“ is as follows.

e For s,t <w,s<"tif s <t

e If o is a limit ordinal, then s <® t if for all § < a, s <P t.

e If < has been defined, then s <“*1 ¢ if s <® ¢, and there is no e < p(c%)
in (o7)"\(05)"-

The general idea for this definition is this: at stage s < w, with oracle o we
compute the jump set (o), but we only commit to the values of the jump up to
the last element enumerated, namely p(c%). Suppose that ¢ > s. If s 4 ¢ then ¢
thinks that s was likely wrong about the oracle o&, and so there is no meaningful
comparison between their jumps (¢%)" and (of)’. Suppose, however, that s <“ t.
We will shortly show that ¢ < of, and so (¢¢)" < (¢f)’. Recall that s only
commited to the jump up to p(c%). This commitment is discovered to be false
by stage t if (¢&)' | p(c$) # (0f) | p(o2), that is, if a number e < p(c?) was
enumerated into (of*)" with use beyond o%.
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Basic properties. First, it is easy to see: if @ < § and s <P t then s <® t. In
particular, as <® is the natural ordering on w + 1, if s <® ¢ then s < t. Also, for
all t and all a, t <“ t.

Lemma 2.1. For all o < 0%,
(a) The relation < is a partial ordering.
(¢) Forall s <r <t<w,if s,r<<*t, then s < r.
(%) For all s <7<t <w,if s<*T! ¢ then s <+ .
(b) If s <t then 0% < o}
(c) If s<>*! ¢ and t is finite, then p(c%) < p(of).

e’ « a+1
S ———— S > S >
(o7

: T T T
m N
Tt t t

FIGURE 1. From left to right: the transitivity of <®, the property
({)a, and the property (&), (given (&)q).

While the converse of (b) may fail, it is “close” to the truth, and this gives an
informal motivation for the three properties illustrated in fig. 1. The relation <
is transitive because if s <% r <® ¢ then ¢$ < of < o', and so 0% < of. The
property () is similar: if 0% 0% < of then o¢ and of are comparable. The
property (&) says that if o < 0@ < o, so that (0¢) < (02) < (0f), and no
number e < p(c%) has been enumerated into the jump up to stage ¢, then certainly
no such number was enumerated by the earlier stage 7.

Proof. First, we observe that (b), follows from (a), and ({),: by the definition
of o¢, for (b), we need to show that if r < s <* ¢ then r <* s <= r <*¢. One
direction follows from (a),, the other from ().

We also observe that (c), also follows from (a), and ({),. Suppose that s <**1 ¢
and ¢ is finite. Then s < ¢, which by (b), implies that ¢% < of, and so (0¢)’ <
(o). If p(og) # p(o2) then p(of) ¢ (62). If p(of) < p(c?) then e = p(of)
violates the definition of s <**1 ¢.

By simultaneous induction on a we prove: (a)q, ($)a; and (V8 < a) (d)s.

For o = 0 this is easy. Suppose that « is a limit and that the inductive assump-
tion holds for all § < a. The assumption certainly implies that for all 8 < «, (&)g
holds. Since the relation <® is the intersection of the relations <? for 8 < a, we
also get (a)q and ($)q-

It remains to check the successor case. Let @ < ¢*, and suppose that (a), and
($)a hold (and so also (b), and (c)q). We verify that (a)a+1, (¢)at1 and (&)q
hold.?

For (a)a+1, let s <@L r <o*1 ¢, Then s <% r <® ¢, and so by (a),, s <® t. By
(D)o, 08 < 02 < 0y, and so (09) € (02) < (o). Suppose that e € (o§)"\(02)';
we need to show that e > p(c¢). There are two cases. If e € (¢2)" then e > p(c¥)

3We do not use the assumption that () holds for all 8 < a.
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by the assumption s <“*! r. Otherwise, e € (¢f)'\(c2)" and so e > p(c®) by the
assumption r <! ¢. By (c¢), and the assumption s <®*1 r we get p(c%) = p(c?).
Note that we may assume that » < ¢t and so that r is finite.

Next we verify (&),. Suppose that s <7 <t, s <® r < t, and s <**1 t. We
have observed that (o&)" € (0f). Let e € (62)\(c¢)". Then e € (of)"\(02)’, and
so by s <®*! t we get e > p(0%); so s <**! 1 as well.

Finally, we verify ({)q+1. In fact, it follows from ({), and (&),. Suppose that
s <r <tand that s, <®T1 t. By ({)a, s <* r. By (#)a, s <*T1 1. O
Corollary 2.2. For finite t, s <®*1 ¢ if and only if s < ¢, and for all r € (s,t] such
that s <®r <% ¢, p(c?) = p(cs).

Proof. Each successive r such that s <® r <® ¢ extends ¢® by one bit, and so

(e)\(c2) equals {p(c2) : s<*r<*t & p(o¥) # p(cd)}. O

Structurally, the transitivity of < and the property (). together say that
(w+1,<9%) is a tree; every s < w has height at most s in that tree. We shall soon
see that w has height w in this tree.

When we say nothing.

Lemma 2.3. Suppose that s <® ¢, and there is no stage r <1 s such that r > n,,.
Then s <“+1 ¢,

Proof. The assumption implies that ¢¢ is the empty string, and so that p(c%) =
—1. O

The continuity of the relations < (namely for limit «, < is the intersection of
<P for B < o) implies that for all s < ¢ < w, max{y < 6* : s <7 t} must exist.

Lemma 2.4. Let s <t <w;let v = max{a < 6* : s<¥¢}. If y < ¢* then s > n,.

Proof. If n, > s then there certainly is no r <" s such that » > n,, whence by
Lemma 2.3, s <"1 ¢, contrary to the definition of ~. O

The lemma says that s <V*! ¢ can first fail only at a level v which is “at play”
at stage s. Another way of stating Lemma 2.4:

Corollary 2.5. Suppose that s <°*! ¢, that v > 3, and that for all a € (3,7),
Ng = 8. Then s <7 ¢.

An application is:
Lemma 2.6. For all t <w, 0 < ¢
Computability.
Proposition 2.7.

(a) The relations <, restricted to N, are uniformly computable.
(b) The functions s — &, restricted to N, are uniformly computable.

s

(¢) The function (s,t) — max{a < 0* : s ¥ t} (for s <t <w) is computable.

When discussing computability, we ignore the difference between o and n,. So
for example, part (a) of the proposition means that the set {(na, 5,t) e N3 s<® t}
is computable.
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Proof. The relations s < ¢t and the functions s — oy are computed by simultane-
ous recursion on t. The latter are computed from the former. The definition of the
relations shows that if we can decide s <* ¢, and so know ¢ and oy, then we can
also decide whether s <®*! ¢. The algorithm is given with the aid of corollary 2.5.
Enumerate the set {8 < §* : ng < s} u{0}as 0=y < 1 <--- < B. Then
s <P t. If we have decided that s <” t and 3; < §*, then we check if s <%+ ¢; if
so, and i < k, then s <%+1 t. If B, < &4 and s <P**1 ¢ then s <% t. This decision
procedure also gives part (c). |

True stages. For brevity, for all a < 6*, let
D*={seN: s<w}.
This is the set of the a-true stages. If « is a limit ordinal then D* = ﬂﬂ DA,

<«
Note that ¢ is the increasing enumeration of the stages s > n, in D®. If D* is

P o o
infinite then 68 = (J,cpa 05

Lemma 2.8. Suppose that D is infinite. The following are equivalent:
(1) se Do+l
(2) for allt > s in D*, s <2t ¢;
(3) for infinitely many ¢ > s in D, s <x@*! ¢

Proof. For (1) — (2), we use the property (&) (if s <! w and s < t <* w
then s <**! ¢). For (3) — (1), we use the fact that (62) = U,epa(0f). So if
s 42T w then there is some e € (02)'\(02)" with e < p(c®); for large enough ¢
in D% ee (0f) and so s 4 F! ¢, O

Proposition 2.9. For every a < 0%, D is infinite.

Proof. By induction on a. D° = N. At successor levels we use non-deficiency
stages. Namely, let sp < w; let s > sg in D® such that p(c?) is minimal among
p(of) for t > sp in D*. By corollary 2.2 and property (), for all ¢ > s in D?,
s<<®t! ¢, By Lemma 2.8, s € D**L,

Suppose that « is a limit ordinal, and suppose that for all 8 < «, D? is infinite.
Given sg € N we find some v < « such that ny, > so and for all 5 € (v, a), ng > n,.
This can be done since « is a limit ordinal*. We then let s be the least stage in DY
greater than n,.

We claim that s € D* By induction on 8 € [v,a] we show that s € D5,
Limit 8 < a we get for free. If 3 € [y,a) and s € D, then since ng > n,, and
DP < D7, either s < ng or s is the least stage in DP greater than ng. In either
case there is no r <” s such that r > ng. Then s € D?*1 by Lemma 2.3. O

The argument just given for limit levels has some resemblence to taking the
diagonal intersection of closed and unbounded sets. Indeed, it is inspired by an
analogous construction in the context of uncountable admissible computability, in
which each D? is closed and unbounded, and at limit levels of uncountable cofinality
we use diagonal intersections.

Remark 2.10. For every o < 0*, D® is the unique infinite path through the tree
(N,<®). This is proved by induction. At the successor step, if t € D*\ D+, then
any infinite path above ¢ in (N,<<®*1) must also induce an infinite path in (N,<%),

4And N is well-founded
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and thus must be a subset of D% but by Lemma 2.8, t <®*1 s for only finitely
many s € D,

The jumps. We show that o2 € 0(®) in a uniform way.

Proposition 2.11.
(a) For every a < 0%, (02) =1 021, uniformly.
o —

(b) For every limit o < 6%, 0f =1 D, oB, uniformly.
(c) For every infinite X < D%, X =1 o2, uniformly.

w?

The uniformity means, for example, that there is a single reduction procedure ¥

such that for all a < §*, U(c0t! a) = (02).

Proof. First observe that D and 02 are Turing equivalent, uniformly. Parts (a) and
(b) of the proposition are proved by simultaneous effective transfinite recursion. For
the successor step, suppose that this has been done up to and including level oo < §*.
Given (02)" we first compute 02 and so D®. Then, to decide if some s € D is

in D! we compare (0¢)" and (¢2)" and see whether they agree below p(c%).

In the other direction, given D®*! we compute (02): for s € D! we output
(02) 1 pl(02).

Now suppose that « is a limit ordinal. The set D® computes each D? for 8 < «,
uniformly: s € D? if and only if s < ¢ for some or all t > s in D®. In the other
direction, we use Lemma 2.4 (which applies to ¢t = w): to decide if s € D* we check
if s € DP*L for all B < a such that ng < s.

Finally, to show (c), note that s € D® if and only if s <* ¢ for some or all ¢ > s
in X. O

Together with the fact that D° is computable, we get that o2 € 0(®) as promised.
Indeed, if <@ (“)>a <s+ is the jump hierarchy along 0*, defined in any reasonable

way, then 0@ =1 @@, uniformly in a.

2.2. True stages, redux. The system of approximations o and apparent true
stages s <* t defined above is possibly the most natural development of this ma-
chinery. Unfortunately, it is not the most useful for applications. The problem is
that for o a limit, 5(® is not as useful an oracle as we would like: the question of
whether some event happens at some level 8 < « is c.e. in &(®) but not computable
from it.

It turns out, as was discovered by Montalban, that we can modify the relations
< to get @(@*D at limit levels. The idea is to “shift the blame” to a lower level.
Suppose that A < §* is a limit ordinal, s <* ¢ but s €**! ¢t. Some e € (07)"\(07)’
is smaller than p(c7). Let v < A be maximal such that n., < s. Between v and A,
nothing is happening at stage s, and so morally speaking, o7 is essentially o7, the
only real difference coming from the fact that possibly ny < n,. Thus we should
blame level v and declare that s does not appear to be (v + 1)-true at stage t after
all. This is what we do, except for one snag: if « itself is a limit ordinal, then we
have just repeated the problem at a lower level. We could repeat; alternatively, we
can just shift the blame one level up to v + 2, which is what we choose to do.

We therefore define relations < as follows. We assume henceforth that §* is a
successor ordinal.

Definition 2.12. Let s <t <w; let A = max {a < 6* : s <2* ¢}.
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e If )\ is a successor ordinal (including the case A = ¢*), then for all o < 0%,
s <t if and only if s <™ ¢ (if and only if o < ).

e Suppose that A < §* is a limit ordinal. Let ¢y be the least stage in the
interval (s,t] such that s < tg <* t and s €**! ¢y. By Lemma 2.8, tq is
finite. We can therefore let 7 be the greatest ordinal below A such that
n~ < to.” Then for all a < §*, we let s <* t if and only if o < v + 1.

Note that < implies <.

Remark 2.13. Suppose that A < §* is a limit ordinal, that s < t; <* ¢ but
s 4 1 tg: and that to is finite. Let v be the greatest ordinal @ < A such that
Ne < to. Then s €772 . To see this, first observe that s<*t but by (&), s <**! ¢.
Let t; be least such that s <* t; <* t and s <! ¢;. Then t; < ty. Let 7/ be the
greatest v < \ such that no < t;. Then 7/ <~ and s €72 ¢.

Properties. We show that <® has the same nice properties as <.
Lemma 2.14. For each a < 6%, <% is a partial ordering.

Proof. For all ¢, t <o t, and so t <* ¢ for all a.

Suppose that s < r <t and that s £* t. We need to show that either s £ r or
r €% t. We may assume that s <® r <* ¢, and so that s <* ¢.

So there must be some limit ordinal A < §* such that s <* ¢ but s <**! ¢. Note
that a < A.

Let ¢y be minimal such that s <* ¢ty <* t and s <™ ¢5. As mentioned above,
to is finite. Let v be greatest below A such that n, < tg. Then s <*1 t. Hence
a € (y+ 1,A]. The fact that @ = v + 1 implies that for any v and v, if u < tg and
u <® v then u <* v (corollary 2.5). This, for example, implies that s <* r.

S/T\t

Now there are two cases, depending on the order between r and t3. Suppose first
that to < 7. By () (with respect to r and t), we get to <® r. As just noticed, this
implies that to <* 7. So s<*ty <* r but s ¢ 1 ¢y. By Remark 2.13, s <72 7, so
s LY.

Next suppose that r < to. As r < tg and r <® t, we get r <* t. By (<),
r <* ty. The minimality of ¢y shows that s <**! r, and so r <**! t5. So again by
Remark 2.13, r €7*2 ¢, whence r £ t. O

The following is immediate from the definition of <“:

Lemma 2.15. For all s <t < w:
(a) s <°t; and
(b) 0<% t.

The following as well:

SWe may assume that ng = 0; since tg > 0, such v must exist.
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Lemma 2.16. The orderings <® are nested: if « < # < §* and s <? ¢ then s <* t.
And the main point of this modification also follows from the definition.

Lemma 2.17. Let A < §* be a limit ordinal, and let s < ¢ < w.

(a) s <*tif and only if s <® ¢ for all & < .
(b) If s <* t then s <M1 ¢,

Lemma 2.18. The property (&) holds for the relations <®: if s <* r <* t and
s <! ¢ then s <**1!p.

Proof. Suppose that s < r < t but that s £**! 7. We show that s £**! ¢. Since
L€t implies £**!, we may assume that s <! ¢. By (&) for the orderings <%,
we get s <*! . So the failure of s <®*! r is blamed on some limit ordinal A > «
such that s <* r but s €**! r; let ry be least such that s<*rq <* r and s 41 r;
let v < A be greatest such that n, <r9. Soa+1=vy+2,ie,a=vy+1

We have rg <* 7 <® t and since \ > «, we get 79 < t; by corollary 2.5, we get
ro <* t. By Remark 2.13, s €72 ¢, so s £**! ¢ as required. O

Lemma 2.19. The property () holds for the relations <®: if s,7 <“tand s <r
then s <% r.

Proof. ({)q is proved by induction on a. As in the proof of Lemma 2.1, ({)q11
follows from (), and (&), d

Lemma 2.20. If « is a successor, s < ¢t and s €® ¢, then s < min{n,,nq—1}.

Proof. By the definition of <, there is a limit ordinal A such that A > a, s <*t
and s ¢ 1 ¢, Since «a is not a limit, o < .

Let tg and v be as in the definition of <®. So s < ¢y and a € [y + 2,\); so
Nng = tg and ng_q1 = tg. It follows that s < n, and s < ng_1. O

Computability follows from Definition 2.12 and Proposition 2.7:

Lemma 2.21.

(a) The relations <%, restricted to N, are uniformly computable.
(b) The function (s,t) — max{a < 0* : s <* ¢} (for s <t < w) is computable.

Next we consider true stages. We let
C*={seN:s<"w}.
Proposition 2.22. For each o < 0%, C* is infinite.

Proof. By Lemma 2.15, C° = N. By Lemma 2.17, for limit o we have C® = C**1,
It thus suffices to prove the proposition for successor ordinals a.
But for a a successor, every s € D% beyond n,, is in C'%, by Lemma 2.20. [

The argument just given also shows that for successor o, C* and D® are Turing
equivalent, uniformly. Given D%, we only need to check s < n, in D®; we check
whether s <% t for some t > n,, in D®. A similar process reduces D® to C“.
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2.3. Shifting by one. The fact that for limit o < §%, <@ is the same as <**!,
means that we can ignore the limit levels. We can thus shift the infinite levels by
one. We make the following definitions for oo < §*:

<4 if a < w;
So = {<“+1, if o > w.
ce, if a < w;
Ca = {C“H, if @ > w.
@@, if @ < w;
D(a) = {@(cwrl)’ fa>w
N ol if a < w;
T T {a?“, if @ > w.

The sets (J(,) can be given a concise description: ) = &, and for o > 0,

/
Da) = (@ﬁ<a Q(m) :

It might seem that these strings 7 are just remnants of <, having little to do with
our new <. In fact, the 7 are listing true stages, just as the o did. Recall that of* is
an increasing enumeration of the stages r such that n, < r<®t¢. By Lemma 2.20,
if a is a successor, then for r > n,, for all ¢ > r, r <% t if and only if r <¢ .
Hence of* is also the increasing enumeration of the stages r such that n, <r <®t.
Shifting by one, let m, = n, for @ < w and otherwise let m, = nq,1; then for all
o < 0y, 74 is the increasing enumeration of the stages r such that m, <r <, t.

Again assuming 6* is a successor ordinal, we let 0, = 6* — 1. We summarise the
properties of these objects.

Proposition 2.23. Let a < .

The functions s — T, restricted to s € N, are uniformly computable.

The relations s <, t, restricted to s,t € N, are uniformly computable, and
further, the function (s,t) — max{a < 0y : s <, t} is computable.

(k) For every s < w, for only finitely many o < 4 is 7 nonempty, and the
collection of such o can be obtained computably from s.

& T

(a) <4 is a partial ordering on w + 1.
(b) s <ot if and only if s < t.
(c) Forallt <w, 0 <s, t.
(d) The orderings are nested: if « < 8 < 0, and s <gt then s <, t.
(e) Continuity: if X < 0 is a limit, then s <yt < (V< A) s <gt.
(Q) If s,r <ot and s <1 then s <, 7.
(b)) If <0y, s<qT <qt and s <o41t then s <py41 7.
(f) If s <o t then 7O < 77
(8) Co ={seN: s<,w} isinfinite, and 75 = e, 75"
(h) 75 =1 Co =1 D(a), uniformly.
)
)

~
—
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3. FURTHER TECHNOLOGY

3.1. Relative to a pseudo-ordinal. X! bounding — an “overspill” argument
— allows us to extend the technology of apparent a-true stages to ill founded
extensions of the least non-computable ordinal w§. A unifying approach to all
overspill arguments uses an ill founded model of ZFC. Let V* be a countable w-
model of ZFC which omits w$¥; this implies that the well-founded part of V*
has height w$¥, and so V* contains ill-founded computable “ordinals”. These are
pseudo-ordinals: they are ill-founded, but the corresponding computable orderings
have no hyperarithmetic descending chains. This is because every hyperarithmetic
set is in V*.

The development of the previous section, including Proposition 2.23, is a theorem
of ZFC, and so holds in V*. Let §, € V* be a pseudo-ordinal. For a < §, we obtain
an array of objects (4, <a, 75, Ca, all in the sense of V*, satisfying the inductive
definition of the sets (J(,) and the properties described above, all in V*.

However, V*, being an w-model, is arithmetically absolute. For well-founded

a < 4y, the fact that (& (a))v* satisfies the IT inductive definition of this iteration
of the jump implies that (Q(a))v* = (). And similarly, for well-founded a,
(<a)V™ =<4, (T9)VF = 79 and (C,)V™ = C,. We therefore omit the superscript
V* even for the objects at ill-founded levels.

Remark 3.1. Let a < §4 be ill-founded. In V', there will be many jump-hierarchies
along «, and so writing () for (Q(a))v* may be a bit abusive. In V*, though,
there is only one jump-hierarchy along «. Similarly, in V|, C, = (C’a)v* will not
be the unique path through <,= (éa)v*, but it is the unique path in V*.

In V, <, cannot have an isolated path: the restriction of <, to N is computable
in V*, and so computable. An isolated path would be hyperarithmetic. But any
such path is an infinite subset of Cg for all well-founded 8 < d4, and so computes
every hyperarithmetic set.

3.2. Checking II} statements. The ordinals a < w{* provide a sort of clock
for I sets; just as we think of X{ sets as being enumerated by a computable
process of length w, we can think of IT} sets as being enumerated by a computable
process of length w§. If ¢ is a II} sentence, then ¢ is true if and only if there is
some well-founded « such that ) knows that ¢ is true.

To make this precise, recall that Kleene’s O is a complete II} set. Thus there is
a computable function h from II} sentences to N which is a one-one reduction of
the set of true I} sentences to O.

Every d € O is a notation for a computable ordinal, denoted by |d|n. For a
true I} sentence ¢, we let [¢], the ordinal height of ¢, be

[#] = In(@)lo + 1.

For false I1{ sentences ¢ we let [p] = c0. As is common, we write o0 > « for every
ordinal a. When [¢] < o0, i.e. when ¢ is true, then [¢] is a successor ordinal; we
will make use of this fact.

For computable «, let
Oco ={de€ O : |dlo < a}.

Fact 3.2. For every a < w§k, (o) computes O, uniformly.
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We remark that Fact 3.2 is the reason for using the shifted jump hierarchy ).
For limit A, @™ does not compute Oy, rather it can only enumerate it.

Proposition 3.3. There is a Turing functional I such that for every computable
ordinal 8y, for every a < 0y, D'(7%, o, —) is total, and for every I sentence ¢,

o if lo] < athen I(73, 0, 0) =[]
o if [¢] > a then T(t%, a, p) = 0.°

S5 and use the
uniform reductions of Jg) to J () for 8 < a. So given 77, a and ¢, we first check if
h(p) € O«q; if so, the functional I' searches for 8 < « such that h(y) € Ocp11\O<p,
and when found, outputs § + 1. If not, then I' outputs co. O

Proof. Compose Fact 3.2 with the uniform reduction of () to 755

Remark 3.4. We have been loose in our identification of o and n, when discussing
computability, and so used [¢] in two senses. Fix a computable ordinal §, with
a fixed computable notation-like presentation as used in the previous section to
develop the system <, and 7. Let ¢ be a true II} sentence with [¢] < ds.

Then d = h(p) € O, but it is not one of the notations n,, and in general, there is
no computable way to obtain o < d (i.e. to obtain n,,) of the same height. However
the output of I'(7%, ng, ¢) is ng with 8 = [¢]: 75 can perform this translation.

The nonstandard clock. Kleene’s O is not an element of V*, but V* has its own
version O*. A I} sentence ¢ is true in V* if and only if h(¢) € O* if and only if
[[cp]}v* is a computable ordinal in the sense of V*. Again by arithmetic absoluteness,
if ¢ is true then [o]V™ = [¢]. Hence ¢ is true if and only if [¢]V™, which we
henceforth denote simply by [¢], is in the well-founded part of d.

Working with the same functional I" in V*, Proposition 3.3 holds in V*.

Approzimating the clock. We wish to approximate this evaluation of II} sentences
at every stage s < w, using 7& as a stand-in for 7. Since we have only a finite
fragment of the oracle, we will have three possible outcomes. Either 7¢' is sufficiently
long to compute I'(7%, «, ), in which case it has an opinion of whether ¢ is already
witnessed to be true by level a or not. Alternatively, I'(7%, o, ¢)1 (which we can

check computably, as we bound the oracle computation to |r%| many steps) —
which means that 7& is unsure about the status of .

Notation 3.5. For brevity and clarity, for s < w, we let height (a, ¢) = (7%, @, ).
To emphasise that these functions are total, we write height (o, ) = unsure
rather than writing height (e, ¢)1. Restricted to s € N, these functions are com-
putable. We may assume that if height(c, ) < o0 then it is a successor ordinal,
and so height (0, ¢) € {unsure, oo} for all s and .

Remark 3.6. Suppose that s <, ¢ and that height (o, ) # unsure. Then
height,(a, ¢) = height («a,¢). This is because 7% < 7. Also, height (o, s) #
unsure and equals limsec, height (o, s).

Notation 3.7. We write present (o, ¢) if height (o, ¢) = . We write past(a, @)
if height (a, p) < a.

Lemma 3.8. For every s < w there are only finitely many a < J4 such that
for any ¢, height (a,¢) # unsure. The collection of all such « can be obtained
computably from s.

6Again, this include the case [¢] = 0.
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Proof. We may assume that I'((),«, @) 1 for any « and ¢, so this follows from
Proposition 2.23(k). O

We will use this machinery in V*; again, at well-founded levels, V and V* agree.

3.3. An application: approximating II} equivalence relations. Fix a pseudo-
ordinal d, € V*. Let E be a Il equivalence relation on w.
Let s <w and o < ;. We let

gs(a) =max{qg < s : (Vi,j <q) height («, “iEj”) # unsure}.

For brevity we let
Qs(a) = [0, gs()).
We define an equivalence relation Es(a) on Qs(«). Naively, we would like to take
the reflexive, transitive closure of the set
{(i,J) : i,j € Qs(a) & past (o, “iEj")}.
However this would not have a nice property we are after: if 7,5 € Qs(«) and
s <o t then iF (o) <= iFEy(a)j. This is because we could at stage ¢ discover
some large k equivalent to both. To avert that, we define by recursion on j € Q(a),
Es(a) 10,7]. If Es(c) 1[0, — 1] was defined (and is an equivalence relation), then
we extend it to an equivalence relation Eg(a) | [0, j] as follows:
o If past (a, “iEj”) for some i < j, then we choose the ¢ < j which makes
height (a, “4Ej”) smallest (if this is not unique, we choose the least ¢
among those), and we add j to the equivalence class of i;
e Otherwise, we start a new equivalence class for j.

We summarise the properties of these relations. We write E(«) for E,(«).

Proposition 3.9. Let o < §.

(a) Es(a) is an equivalence relation on Qs(a).

(b) E4(0) is equality.

(¢) If s <4 t then Qs(a) € Qi) and Egs() is the restriction of Ei(a) to

Qs(a).

(@) Q(a) = N = Uyecr, @s(@), and B(a) = Uyecr, Fs(0).

(e) If « < B < 64 then E(«) refines E(B). For limit A < 4, E(\) =
Ua<)\ E(a) .
E = Ua<w§k E(a)
The functions (s,a) — Qs(a), Es(a), restricted to s € N, are computable.
For every stage s, Qs(a) # & for only finitely many «; the set of such a’s
1s obtained computably from s.

—
509 Ten
RaP RPN

Proof. Most follow from the properties of the functions height,. For (f), note
that E(a) € E; this uses the fact that F is an equivalence relation. In the other
direction, we prove by induction that for all j, for sufficiently large o, E 1[0, j] =
E(a) 10,7]. (h) follows from Lemma 3.8. O

3.4. Weeding out inconsistencies. Suppose that a < 3 < d,. If ¢ is a true I1}
statement and [¢] < « then height (8, ¢) = height (a,¢) = [¢]. And if s < w
is a B-true stage then we get similar consistency; we may have height (8,¢) =
unsure or height (a,¢) = unsure, but if not, then we have height (5,¢) =
height (a, ). On the other hand, if s is not S-true, then 77 may compute incor-
rectly, in which case we may get inconsistencies. For example, we could see that
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height (o, @) = 00 but height (5, ¢) < a. Observing this gives us a proof that
s ¢ Cg. During the construction, at every stage we would like consistent opinions
between levels, and so we will simply skip inconsistent stages. This is done as
follows.

We fix a II} equivalence relation F and define Fs(a) as in the previous section.
Also recall that (F.) lists the partial II} functions.

Definition 3.10. For s < w we say that the following II] statements are relevant
at stage s:

o “lEj” fori,j<s;

o “F.(a%") = ¢ for e,i < s and ¢ = a®*, b"".

We define consistency of guesses.

Definition 3.11. For a stage s, a II] statement ¢, and ordinals a < 8 < 4,
we say that height (a,¢) and height (8, ¢) are mutually consistent if either
height (a,¢) or height (8, ) are unsure, or:

e if height (o, ¢) < « then height (5, ) = height (a, ¢);

o if height (a,¢) = oo then height (53, ¢) > a.”
We also say, for e,i,s < w and ordinal o < &4 that F.(a®?) is internally con-

sistent at stage s and level « if it is not the case that for both ¢ € {a®? b%*},
height (a, “F.(a®?) = ¢”) < 0.%

We define an increasing function u: w — w. We start with «(0) = 0. Given
u(s — 1), we define u(s) to be the least stage t > u(s — 1) such that
(1) For all a < B < dy, for every I} statement o which is relevant at stage s,
height, (o, ) and height, (8, ¢) are mutually consistent;
(2) For all e,i < s and all @ < dy, F.(a®?) is internally consistent at stage t
and level a.

If t € Cs,, then for all @ < f3, for any ¢, height, (o, ) and height,(53,¢) are
mutually consistent, and for any e and i, F,.(a®?) is internally consistent at stage
and level a. This implies:

Lemma 3.12. u is total and Cs, < rangeu.

We also observe that u is computable; this follows from Lemma 3.8. We therefore
re-index all of our stages:

We redefine s <, t to mean u(s) <, u(t);

We redefine 75 to be 7.} ;3

We replace C,, by u=![C4];

We redefine height (o, ) to be height, ) (a, ¢);
We redefine Q,(a) to be Q5 () N [0, s);

and so on.

Lemma 3.13. Proposition 2.23, and all the development of the current section
(including Proposition 3.9), still hold after the re-indexing of stages.

7Or briefly: if either height (o,p) < o« or height (3,¢) < o« then height (83,¢) =
height_(a, ¢).
8The point is that F.(a®") cannot have more than one value.
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Proof. The only thing that requires any comment is the uniform equivalence C,, =1
D(a)- However, by Lemma 3.12, rangeu n C, is infinite, and since rangeu is
computable, by Proposition 2.11(c), rangeu N Co =1 J(q), uniformly. |

For future reference, we summarise the consistency properties of every stage after
our speedup:

Lemma 3.14. For every s < w,

e For all a < 3 < Jy, for every I1} statement ¢ which is relevant at stage s,
height (a, ¢) and height (5, ¢) are mutually consistent;

e For all e,i < s and all a < d4, F.(a®?) is internally consistent at stage s
and level a.

We can apply this consistency to the approximations Fg ().
Lemma 3.15. For all s < wand o < 8 < 0y, Fq(a) refines E5(8) on Qs(a) nQs(8).

The proof is the same as that of Proposition 3.9(d), using consistency. Namely,
by induction on j < ¢s(a),qs(8), we show that Es(«) | [0,5] refines Es(8) |
[0,5]. We assume this holds up to j — 1 and prove it for j. If j starts a new
E;(a)-equivalence then this is immeidate. Otherwise, let iy < j be such that
height (o, “/Ej”) is minimal, say v < « (and ¢y minimal among those giving 7).
So igEs(a)j. Then for no 4 < j can we have height (5, “iEj”) < v, as that would
entail height (8, “iEj”) = height (a, “4Ej”), contrary to the minimality of ~;
and similarly, for no ¢ < i can we have height (8, “CEj") = 7.

Remark 3.16. Since we made sure that beliefs about T} statements are consistent
across levels, it would appear that using the functions height (v, ¢) for o < dy is
redundant. We could simply consult height (J4, ). Taking a step back, why do
we even need to approximate any oracle except for (.7

The point is that if 15 at level 3 then we need (J gy to compute the isomorphism
between N; and N;. To make this happen, we need level 3 of our construction,
namely the 5" Hausdorff drivative of each A%? and B¥*, to be computed from
gy (uniformly, of course).

This means that if s <, t, then whatever we construct at level o at stage s
must be respected at stage t. Now suppose that height (a,¢) = unsure but
height (8, ¢) = « for some 8 > a and some ¢ which would cause us to build
something at level . If s <, t but s €z ¢, in particular if s is a-true but not
B-true, then it would be a bad idea to take 77’s word that [¢] = . To build at
level o, we need 7 to give us this assurance.

We remark that guessing only at level J, and working at all levels uniformly is
the difference between Ash’s a-system technology and the added power introduced
by Montalban with his a-true stages.

4. TI} COMPLETENESS

In this section we prove Theorem 1.1. Fix a II} equivalence relation E. We will
build structures N} as described in Subsection 1.1. To specify the structure Ny, it
is enough, for each e and i, to define the linear orderings A% and B*®* on the
sets A*" and B,

Most of the proof takes place in V*. In that model we fix:
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e An enumeration (F,)ee, of the I partial functions from w to w (again, 11}
in the sense of V*);

e A pseudo ordinal 4, equipped with the relations <,, the sequences 75,
and the functions height («, ¢) which we defined above, sped up so as to
avoid inconsistencies;

e Our approximations Fq(«) to the equivalence classes E(«).

4.1. The last step. Below, in Proposition 4.1, we detail the properties of ob-
jects that we build in the construction, and then show that this suffices to prove
Theorem 1.1. Recall from our discussion in section 1.1 that part of our strategy
is to determine, in some cases, that a computable linear ordering A*¢? that we
are building should have order-type w® or w® - 2 for some computable ordinal a.
To ensure that for 7 € w3, a linear ordering A7 has the intended order-type, we
construct, along with these orderings, the iteration of their Hausdorff derivative.
Recall that the Hausdorff derivative L’ of a linear ordering L is formed by identi-
fying two points in L if the interval between them is finite, and giving the result
the induced ordering. There is then a natural map from L onto L’. We can define
L") by iterating this process, and we can extend to limit levels by taking direct
limits. Performed within V* in this way we get a directed system of linear orders of
height up to §,. Note that “the” derivative or its iterates are an order-type rather
than a particular ordering; however if the order-type of K is the step o Hausdorff
derivative of L then there is a unique quotient map from L to K, and we call K
“the” step a derivative of L.

In the construction, for each 7 € w?, we construct not only the linear orderings

A" and B” but for all @ < dy, linear orderings A}, and B[, with Aj = A7 and
Bj = B”. The ordering A}, is the a'! iteration of the Hausdorff derivative of A7,
and will be ¢J(,)-computable, uniformly, and similarly for the B’s. Together with
the orderings we will need to build the associated quotient maps f, from Aj to A},
and the quotient maps g from Bj to BJ.

In two cases though we will make the orderings A} and B, empty. The first is
when we decide to make their Hausdorff rank smaller than o — in our case, when
we decide to make A7 and B} isomorphic to w® and w? -2 (or the other way round)
for some 8 < . The other case is when 7 = (k,e,i), & = (m,e, ) for some m < k,
and for some S < « we have kE(8)m. In this case the triple @ will “take over”
from 7 and ensure that the order-type is correct; we will have to ensure that in this
case Af = Aj, and that (F(z) can construct the isomorphism between them; the
same for Bf and Bj.

For brevity of notation, for 7 = (k,e,i) and & = (m, e, i) (note the same e and 7),
we write TE(a) if kE(a)m. When m < k we also write @ < 7. Similarly, if m
is the least element of its F(«)-equivalence class, then we say that @ is the least
element of its F(«)-equivalence class.

The following proposition summarises the required properties of the systems of
linear orderings and quotient maps that we construct. It takes place inside V*.

Proposition 4.1. There are, for a < d4 and each 7 € w?, linear orderings Al and
B, and maps f and g, satisfying:

(a) Uniformly in o and 7, the orderings A} and BJ and maps f, and g}, are
computable from &y
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(b) The universe of A}, (and of BJ) is either &, {0}, {0,1} orw. A} is empty
if and only if B is empty, and |Al| < 2 if and only if |BY| < 2.

(c) If AY is nonempty, then it is the o' Hausdorff derivative of A, and f] is
the associated quotient map. Further, A] = w®-A}. The same holds for B
and g.

(d) Suppose that « is least such that 7 is not the least element of its E(«a)-
equivalence class. Let 3 be the least element of 7’s E(a)-equivalence class.
Then A}, = A% and By, = B. For all B> a, A} and B} are empty.

(e) Suppose that 7 = (k,e,i) is the least element of its F(«a)-equivalence class.

Suppose that there is some c € {a®*,b%*} such that [“F.(a®") = "] < a.

Since each F, is a function, there is exactly one such c. Then:

(i) If [“F.(a®%) = "] < a then A} and B) are empty.

(ii) If [“F.(a®?) = "] = « then:
e ifc=0% then|Al| =1 and |B]| = 2;
e ifc=a%" and kE(«)i then |Al| =1 and |B]| = 2;
e ifc=a%" and —~(kE(a)i) then |A}| =2 and |B}| = 1.

On the other hand, if there is no such ¢, then A}, and B, are infinite.

In (d), we emphasise that we require actual equality of the linear orderings. That
is, we require that the identity map x — =z is an isomorphism between the linear
orderings.’

Most of the work will be the proof of Proposition 4.1. Before we embark on that
proof, we show how this proposition implies Theorem 1.1; this proof is in V.

Proof of Theorem 1.1, assuming Proposition 4.1. As discussed in section 1.1, we

have already assumed that (e,i) — (a®% b%?) is computable, with computable

range, and that <Ae’i,Be’i> are uniformly computable infinite sets, pairwise dis-

joint and disjoint from {a®? b%?}. We also fix uniformly computable bijections
$'rw— A% and by’ w — B

We note that the assumptions imply that for every 7 € w3, AJ and By are infinite;
this is because E(0) is equality (Proposition 3.9), so (e) applies; and because [¢] > 0
for all ¢.

Using the signature discussed in section 1.1, for each k, we define the structure Ny
as follows: the linear ordering (A%} is isomorphic to AF“" via hS', and (BN
is isomorphic to Bg “ Vi h%’ Since A} and Bj are uniformly computable, the
structures Ny are uniformly computable.

We note that if « < 8 < 04 and A;'g is nonempty, then the step (5 — ) Hausdorff
derivative quotient map f 5: A3, — A} is computable from gy, uniformly; this
is because f3 = f] 5o f1, and f; is onto A7.

Before we show the desired reduction, we make the following observation, within
V*. For (e,i) € w?, if F.(a®?) = c € {a®',b**} then let O(e,i) = [“F.(a®*) = ¢"];
otherwise (including when F,(a®*)1) let (e, i) = oo.

Claim 1.1.1. Let (e,i) € w? and o < 0(e, i) (o < 4 if O(e,i) = w0). Let 7= (k,e,1)
and let ¥ be the least element of 7's E(a)-equivalence class. Then A] =~ Aj and
By = Bj, A, is nonempty, and (J(,) computes the a'? Hausdorff quotients from
Aj to A% and from Bj to B5. This is uniform in «, 7 and (e, 7).

9We could have required an isomorphism, uniformly computed from f (@)
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Proof. We prove the claim by effective transfinite recursion on «. For a = 0,
we know that 3 = 7 and A] is infinite. Suppose that the claim has been shown
for a < 6(e,),04; we consider a + 1. Given 7 = (k,e,1), since J(,41) computes
E(a + 1) (uniformly), we can find the least element % of 7’s E(« + 1)-equivalence
class. Also let @ be the least element of T’s E(«)-equivalence class. By (d) in case
v # 3, we know that A7, = A3 ;. As observed, (J(q41) computes the quotient
map f3 ,.q from A% to A3, and so we compose it with the a-step quotient map
from Aj to AY to get the desired map from Aj to A3 ;.

For limit a < (e, i), 0y, since E(q) is the limit of E(5) for < a (Proposi-
tion 3.9(e)), there is some S < « such that ¥ is the least element of Vs E(5)-
equivalence class; by recursion, we already have the map from Aj to A%, and so we
compose with f3 . O

Let k,m < w; suppose that —(kEm). So for all a < w$*, =(kE(a)m). We show
that there is no hyperarithmetic isomorphism between N} and N,,. Suppose that
F: N, — N,, is hyperarithmetic and total. Then F' € V* and is hyperarithmetic
in the sense of V*. Hence there is some e such that F' = F,. By Proposition 1.2,
we may assume that Fy.(a®*) € {a®* b>F}. Let a = (e, k); a < ws*. Suppose, for
example, that F(a®*) = a®F.

Let k be the least elements of k’s E (a)-equivalence class, and let 72 be the least
element of m’s E(«a)-equivalence class.

e Since kE(a)k, |ARek| = 1;
e Since ~(MmE(a)k), |ATeF| =2,

Thus, AF“* >~ w* and AJ"“* >~ w*.2, so they are not isomorphic. By Claim 1.1.1,
Akek o Afc,e,k meek am,ek k.ek m,e,k e,k\Ny

o = A" and A{ = AF", so Ay @t % AW, whence (A%7)Vk and
(Ae’k)Nm are not isomorphic. By Proposition 1.2, I is not an isomorphism from N,
to Np,. If ¢ = b** then we run the same argument, as Ag’e’k ~ w® and Bk ~
w* - 2.

Suppose now that kEm. So there is some o < w$* such that kE(a)m. We build
a hyperarithmetic isomorphism from A to N,,. To build such an isomorphism,
as discussed above, we need, uniformly in (e,4), to find isomorphisms from Ag“
to either Ag"“" or to By"“' (and to tell which one), and similarly from B’
By taking compositions, we may assume that k is the least element of its E(«)-
equivalence class. Fix a pair (e, 7); let 3 = (k,e,4) and 7 = (m,e,i). There are two
possibilities.

If « < d(e,i), then by Claim 1.1.1, for 8 < a let g: A] — A% be the step «
Hausdorff quotient map, which we obtain uniformly from ). For each 2z € A%
J(2a) can compute the isomorphism between {z € Aj : g(z) = 2} and {z €
A f3(z) = z}, as the assumption implies that they are both isomorphic to w®.
This is uniform in z (and (e,?)). Piecing these together, we obtain the desired
isomorphism between A and A3. We do the same for the B’s.

Suppose that 6§ = f(e,i) < a. By Claim 1.1.1, one of Aj and Bf is isomorphic
to w?, the other to w? - 2; and the same for A3 and B3. Computing the iterated
Haudorff derivative, J(24) can figure out which is which and compute the required
isomorphisms. ([l

The rest of the paper takes place entirely within V*.
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4.2. Describing the construction. How would we build the objects A7 etc. dis-
cussed in Proposition 4.1 and compute them from the correct oracles? The obvious
approach would be to perform some kind of effective transfinite recursion. The
difficulty though is that the construction at a level o depends on what happens
above «, rather than below it. For example, if (J(3) knows that we want |Ag| =1,
then somehow (J needs to contrive to make Aj =~ w”. What we do, following Ash’s
iterated priority argument method [Ash90] proving the iterated version of Wat-
nick’s theorem about pulling back complexity of linear orderings, is approximate
the objects at finite stages. At each stage s we use the stage s approximation of
D (a) engineered above, and so approximate [¢] by using the functions height_,
rather than height , and use our stage s approximation Es(«) of E(a). We will
use this information to approximate the orderings and maps at each stage. At each
stage, only finitely much information is given by the function height_ (Lemma 3.8),
and so only finitely many linear orderings and maps will be nonempty. For each «,
we will need to arrange that for a-true stages s, the stage s version Aj, ¢ of AT
for example, is correct (it is a sub-ordering of the final A]). The main difficulty
is arranging this between levels. If a < § and s is a-true but not S-true, then we
need to ensure that A} _ is correct; however A%’S at that stage may be incorrect,

a,s

a,s

intended to be an iterated derivative of the former.

and the structure of A} ; is determined to some extent by Aj , as the latter is

As our first step, we will define, for each stage s, what our guesses are for the
linear orderings that should be built at that stage. Replacing E(a) by Es(«), we
use the same notational conventions for equivalence of triples 7 € w3: we write
(k,e,i)Es(a)(m,e,i) if kEs(a)m. The universe of this relation is Q4(a) x w?. We
use the same partial ordering on triples: (k,e, i) < (m,e,i) if & < m. Thus, for
each 7€ Q(a) x w?, we speak of the least element of 7’s E,(a)-equivalence class.

Requiring attention and the instruction functions. Recall that the possible “out-
comes” for one of our linear orderings A7, are:

e Have size 1 or 2 (if we diagonalise at level «);

e Dbe infinite;

e be equal to some other ordering A¥;

be empty (if we diagonalise at a level below «, or have copied another linear
ordering at a level below «).

The following definition states when we have sufficiently much information to
form an opinion on what the outcomes of A} and B] should be.

Definition 4.2. Let s € w be a stage. We say that a pair («,7) (with 7= (k, e, 1))
requires attention at stage s if:

(1) e<s;

(2) i,k e Qs(a);™ o ‘

(3) For both c € {a®*,b°"}, height (v, “F.(a®") = ¢”) # unsure.

We define the instruction functions instr?(a,7) and instr?(a, 1) for all pairs

(a,7) which require attention at stage s; they tell us the required outcome (size or
shape) of the associated linear ordering:

10Below we will denote the stage s version of A}, by (A)"s.
HRecall that Qs(a) is the domain of Es(c).
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(1) Suppose that for some c € {a®?, b*'}, height(a, “F.(a®") = ¢") < a. We
know (Lemma 3.14) that there is just one such ¢. Then:
(i) Ifheight (o, “F.(a®') = ¢") < a then instr?(a, ) = instr?(a,7) =
0.
(ii) Suppose that height,(«a, “F,.(a®") = ") = a.
(a) If ¢ = b%" then instr?(a,7) = 1 and instr?(a,7) = 2.

(b) Ifc = a®' and kE,()i, then instr?(a,7) = 1 and instr?(a,7) =

2

(c) Ifc = a®' and —(kE,()i), then instr?(a,T) = 2 and instr?(a, )

1.

(2) Otherwise, if there is some 8 < « such that (38,7) requires attention and g
is not the least element of its E;(3)-equivalence class, then we let 5 be the
least such §; we let 3 be the least element of T's E;(8)-equivalence class.

(i) If B < a then instr?(a,T) = instr®(a,7) = 0.
(ii) If B = « then instr?(a,7) = instrB(a,7) = =.
(3) Otherwise, instr?(a,T) = instr?(a,7) = w.

Note that instr?(a,T) € {1,2} if and only if instrZ(a,7) € {1,2}. We write
instrg(a,T) = {1,2}. Similarly, we write instr(e,7) = 0, instry(a,7) = w
or instry(w,T) = 8. If instrs(a,T) = 0 or instrs(a,T) = {1,2} then we write
“instr,(a, ) is finite”. When we write instrg(a,T) = instr,(5,%), we mean that
instr?(a,7) = instr{(B,¥) and instr?(a,7) = instr? (5, v).

Lemma 4.3.

(a) At any stage s, only finitely many pairs (o, 7) require attention, and the
collection of such pairs can be obtained computably from s.

(b) For each a and 1, for sufficiently large s € Cy, the pair (a,7) requires
attention at stage s.

(¢) If s <, t and (a,7) requires attention at stage s, then it also requires
attention at stage ¢, and instr(a, ) = instr.(a, 7).

(d) If instr, (o, ) # 0,w then « is a successor ordinal.

(e) If 7E,(c)w, then («,T) requires attention at stage s if and only if (o, @)
does.

(f) If (o, 7) requires attention at stage s, and ¥ < 7 is the least element of 7’s
E;(a)-equivalence class, then either instrg(a,T) = 3% and instrs(o,3) =
w, or instry(q,T) = instrs(a, ) is finite.

(g) Suppose that 8 < ~, both (8, 7) and (v, 7) require attention at stage s, and
instry(8,7) # w. Then instry(y,T) = 0.

Proof. (a) follows from Proposition 3.9(h); (b) follows from Remark 3.6 and Propo-
sition 3.9(d). (c) follows from Remark 3.6 and from Proposition 3.9(c). (d) follows
from the fact that if < oo, [¢] is a successor ordinal, and also from the fact that
the least ordinal § for which 7 is not the least element of its E()-equivalence class
is not a limit (Proposition 3.9(e)). For (e), by definition, 7 = (k,e,i), @ = (m, e, )
and k,m € Qs(«); the remainder of the definition of requiring attention does not
mention k or m. (f) follows from examining the possible cases of Definition 4.2:
again say 7 = (k,e,i) and ¥ = (m,e,i). By definition, if instrs(o,3) is fi-
nite, then so is instry(w,T), and further, because 2FE ()7, i.e. kEs(a)m, and
E;(a) is an equivalence relation, we have kFE,(«)i if and only if mFE4(«)i; so when
instr,(a,3) = {1,2} we have instry(«,7) = instr(a, ), that is, we diagonalise
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the same way. For (g) we consider the two possibilities for instrg(3,7). Say
7 = (k,e,i). If height (3, “F.(a®") = ¢”) < B3, then by consistency of our beliefs
(Lemma 3.14), height (v, “F.(a®?) = ¢”) < 8 < v, giving instrs(y,7) = 0. Simi-
larly, if 7 is not the least element of its E;(/3)-equivalence class, then by instruction,
as B < 7, again instr,(y,T) = 0. O

Permissible resets. The natural approach, as is the case in the Ash-Watnick con-
struction, is to require that if s <, ¢ then A7 ; is a linear order extending A}, , (we
write A, o € A} ;). Then it would be clear that () computes A}, = J,co. Ag s
Unfortunately, we will not be able to always get this extension relation. The reason
for this is delicate.

Consider a limit ordinal A < d,. We need to ensure that A} is the step A
Hausdorff derivative of Aj. This means that it is the direct limit of the system
(A3, fg7,y)6<»\/<)\]2. To make sure that the linear ordering that we are building is
indeed this direct limit, the crucial requirement is to ensure that if z,y € Aj and
fa(@) = fi(y), then there is some 3 < A such that f3(z) = f3(y).

We could hope that this property can be ensured at the limit, but in fact the
only way we found to make this work is by requiring that this property holds at
every stage of the construction. Thus if at some stage s we have decided that
ax(@) = fo \(y) for some z,y € A ,, then we need to build some linear ordering

}7 , for some 3 € (c, A) in which we could merge = and y. The complication is that
possibly, for no 8 € (a, A\) does (3,7) require attention at stage s. Thus, we will
have to build Bj , before we know what the instructions are for this linear ordering.

If s is A-true, then this is not a problem: we will later discover that ¢ z) wants
us to build an infinite linear ordering at level 5. If s is not S-true, then what we
do at level 3 at stage s does not really matter, it will be ignored when building the
true Ag. However, it is possible that s is S-true but A-false. At a later S-true stage
we will see (or at least think) that we were wrong about A3 | and that in fact A}
should be, for example, empty, or instructed to copy some other linear ordering.
Thus, we will need to reset the linear ordering AZ'“, and allow it to not extend
A} 4, even though s <g t.

If we do this, how can we ensure that ¢J(,) computes A7, correctly? For that
matter, how do we ensure that limsc, 4, ; exists? We will allow only a single
reset for each object. That is, as long as we are ignorant of any instruction to the
contrary, we are required to extend the previously constructed linear ordering; and
once the pair (a, 7) requires attention, we know what the instructions are, and then
we no longer allow any further resets.'® And ¥ () can find an a-true stage at which
(cr, ) requires attention and start constructing A7 from there.

The following definition allows us to keep track of those pairs («, 7) for which at
stage s we believe that we have evidence that we will not be performing the usual
Ash-Watnick construction, and thus possibly allow a reset.

12As we saw in the proof above using Proposition 4.1, when given only f] = fa,a for all a,
we can find the intermediate maps f;,g as the map f is onto A7,. In our construction it will be
more convenient to keep track of all the maps f;,ﬂ, because at some steps during the construction,
some of these maps may fail to be onto.

130f course this description is relative to the a-true stages only, so only a single reset along
each <,-path.
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Definition 4.4. For a stage s < w and a level o < 0y, we define V() to be the
set of 7 such that for some § < «, the pair (3, 7) requires attention at stage s and
instry(6,7) # w.

The idea is that if 7 € Vi(«), then perhaps («,7) does not require attention at
stage s, because we have not seen enough convergence; but if stage s is correct
about J(g) for all 8 < «, then once we do see enough convergence we will see that
we want to make A} empty. The following lemma summarises the properties of the
sets Vi(a), which all follow from our analysis above of requiring attention and the
instruction functions.

Lemma 4.5.

a) V5(0) = ¢ for all s and Vh(a) = & for all a.

b) If s <, t then Vi(a) € Vi(a).

¢) If o < 7y then Vi(a) € Vi(7).

d) If (o, 7) requires attention at stage s, then 7 € V() if and only if instrs(a,T) #

(
(
(

w14

(e) If s <, t and (a, 7) requires attention at stage s, then 7€ Vi(a) « 7€
Vi(a).

(f) Va(a) = [ Vil

seCly
) For s < w, Vi(a) is finite and uniformly computable from « and s.
(h) Vi, (c) is uniformly computable from (4.

4.3. Objects of the construction. We now define objects of height d,. The
intention of an object is to be a potential finite fragment of the above described
collection of directed systems: the state of the construction at some finite stage s.

Definition 4.6. An object is a tuple

((Cdasy 2oy Aoz By (2 zsgns (s ozoes

Tew TJEW TJEW TJew TJeEw
satisfying the following:
(1) For each a < &4 and Te w?, r] € {0,1}.
(1) If o < B then r, <73
(i) 7§, = 0 for all but finitely many 7.
(2) For each a < d4, G, < w? is finite, and for all but finitely many «, G, is
empty.
3) Each A] and B is a finite linear order, and all but finitely many are empty.
( o a : y many pty.
(i) Al is empty if and only if B] is empty.
(ii) |AZ| < 2if and only if |B]| < 2.
(4) For each 7 and «, the universes of A7 and B, are initial segments of w,
and if nonempty, then 0 is their leftmost point.
(5) For oo < 8 < Oy,
(i) If either A}, or A} are empty, then the function f 5 is empty.
(ii) If both A} and A} are nonempty, then f] ; is an order-preserving
function from A onto an initial segment of A%.

MThat is, if (o, 7) requires attention at stage s, then in the definition of T € Vi() we can
always take 8 = a.
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Similarly for the B’s and g’s.
(6) For a fixed 7, restricting to those a < 8 with A} and A} nonempty, (f] 5)
is a directed system. Namely:
(i) fa. is the identity map;
(i) if @ < B <7 < 04, and A, A} and A7 are nonempty, then f7 ., =
f g 7 © / ;,ﬁ'
The same holds for (g, 4.

Note that an object is finite, in that it can be completely described by finitely
much information: the finitely many linear orderings; the finitely many nonempty
finite sets G; the finitely many 7 with rg* = 1; and for each such 1, the least «
such that r} = 1.

Before we proceed, we remark on some components of the definition. Many
components of an object tell us about the intention behind setting some linear
orderings and maps the way we do. For example, setting r) = 1 means that we
possibly have spent a reset, and will not allow further resets to A} and BJ; at
stage s we will set r], = 1 exactly when 7 € V(). Similarly, the set Gg indicates
which locations will not allow any resets even if none were taken so far; at stage s
we will set 7 € Gg exactly if (3,7) requires attention at stage s. The reason that we
do not directly incorporate attention seeking and the sets V() into the definition
of an object is to allow us further flexibility. The definition will apply, for example,
to the result of performing only one step of several during any stage.

In the same way, regarding (3)(ii), by setting |Al| € {1,2}, the object tells us
that we intend to diagonalise at this location; at stage s we will set |A}] € {1,2}
exactly when (o, ) requires attention at that stage and instrg(8,7) = {1, 2}.

The purpose of (4) is threefold. First, of course, it ensures that the universe of
the final linear ordering will be computable, in fact it will be either {0}, {0,1} or w
as required by Proposition 4.1. Second, it ensures that if we specify that the size of
a linear ordering is 1 or 2, we will have specified the linear ordering as well. Third,
it ensures that when extending linear orderings, we do not add points to the left.
This will be useful when glueing together objects. Regarding (5), we remark that
the definition implies that when nonempty, f; 5 maps the leftmost point of Al to
the leftmost point of A}; that is, f 5(0) = 0.

Convention 4.7. If o is an object, we write (A7)° to refer to the A7 element of o.
Similarly for each of the other elements of o.

Notation 4.8. Suppose that o is an object, & < v < 6y, and 7 € w>. If (Al)o is
nonempty, then for z,y € (A;)O, we write (z ~ y)° if there is some 3 € [, 7] such
that (A})O is nonempty and ( ;ﬂ)o(m) = ( ;B)O(y) (and similarly for B and g).
This notation is sparse, as the notion obviously also depends on «, 7 and whether
we are looking at A or B; but these will usually be clear from the context.

Terminology 4.9. Suppose that o is an object, a < 8 < 6%, and 7 € w3. We write
o o
(’I"EQ,B]) for the sequence <(7‘2) Vee[a,8]-

Object extensions. The intention of the following definition is to ensure that the
a'™ level of the construction is computed by D(a)- Let o and p be objects. We
define the relation o <, p, which says that decisions made at levels 8 < « when
constructing o are preserved in p, except for when there is a permissible reset.
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Definition 4.10. Let o and p be objects. For o < §4, we let 0 <, p if for every
b <a:
(1) For every Tew?, (r})” < (r})";
(2) (Gp)° < (Gp)P, and for all 7€ (Gp)°, (7‘;)0 = (r;)p;

and for every 7€ w3 such that (rg)o = (r} p,

(3) (43)" < (A})" and (B})" < (B])";
(4) If 1 < |(A})°] <2 then (43)” = (43)" and (B})° = (B})";
and in addition, for every v € [3, a] such that (rfﬂﬁ])o = (rfﬂﬁv])p,

o P o p
() (f3,)" < (f3,)" and 0(923,7) < (934)" , .
(6) for all z € range (fgv) , the leftmost point of {x € (A}) : (fgv) (z) = 2z}
is also the leftmost point of {z € (A})p : (f;ﬁ)p(:v) =z} ) )
(7) if v = B+ 1 and 7€ (Gpy1)° then for all z € range (f3 5,1) » {z € (A})
(fgﬁﬂ)o(x) = z} is an initial segment of {z € (A})p : (fg’ﬁﬂ)p(x) =z}
suppose also that there is no ¢ € [8,~] with 1 < |(A2)p| < 2; then:
(8) Ifx,y € (A})O and (x ~, y)? then (z ~4 y)%
etting = , for all z € range , the leftmost point o
9) letti £3.,)", for all ' (A})°), the lef int of
{we (A})° : f(x) = 2} is the leftmost point of {zx € (4})" : f(z) = z};
the same holds for B and g.

Let us discuss some aspects of this definition. Some of the items are directly
related to achieving some parts of Proposition 4.1; but as above, some are used
in the process of producing the next finite object, which involves some glueing of
several previous objects. And also, some items are stated in a particular way to
ensure that the relations <, are transitive.

For example, (3) and (5) are required so that we can eventually define A7, to
be the union of A ; for s € C, after the last reset. The condition (7‘;)0 = (r;)p
precisely says that no reset for the pair (3,7) was taken in passing from the object o
to the object p. (2) forces no resets for pairs which o has stated cannot have future
resets (even if (rg)o =0).

In (7) we are requiring that every 1-step Hausdorff derivative equivalence class
which o witnesses up to level @ must be an initial segment of an equivalence class
in p. The purpose of this requirement is to ensure that each equivalence class in
the final system has order-type w, so that A}, ~ w- A} ;. On the other hand, (8)
is only used when glueing objects together. It says that unless we have a very good
reason to merge points x and y (because when constructing p we have discovered
that we need to need to build a finite linear ordering), we do not; this is a departure
from the Ash-Watnick construction.

It would seem that there is some redundancy in stating both (6) and (9). How-
ever, they do not quite imply each other, and are needed for different purposes.
(6) is needed for ensuring that the preimage of a point at a limit level A has the
correct order-type, namely w?. The inductive argument for showing this needs the
fact that this preimage has a least element, which is ensured by this item. (9),
on the other hand, is required for glueing objects. The difference is that we allow
2 ¢ (A:'Y)O, equivalently (in light of (5)), that (A:'Y)O is empty.
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The condition there is no ¢ € [8,7] with 1 < [(A7)”| < 2 is added to this item
as well as (8), because in order to make <, transitive, we need to rely on (8) as
well, and the extra condition is necessary for (8). On the other hand, to make the
final argument successful, we need (6) to hold even when this extra condition fails.

‘We make a few observations about this definition.

Lemma 4.11.

(1) Each <, is a partial ordering;

(2) The relations are nested: for a < 8, 0 <g p = 0 <4 ;
(3) The empty object is <, p for every object p;

(4) The relations <, are uniformly computable.

Proof. Most are straightforward. In showing that <, is transitive, we need to justify
items 8 and 9. Suppose that o <, p <, ¢, that 8 < v < «, and that (rE’ﬂ 7])o =

(rfﬁ,’y])q; S0 ( EB 7])0 - ( Eﬁ 'v])p = ( EB 7])q’ and so (f; 7)0 (f[;[“/)p S (fgﬁ)q‘
Let f = (f;ﬁ) Suppose that there is no ¢ € [3,7] with 1 < |( ) < 2; by (4),
there is no ¢ € [B3,v] with 1 < |(A2) | < 2. This shows that (8) holds between o
and q.

Let z € range(f | (A;_'g)o); let y be the leftmost point in (A")O mapped by f
to z. Let x € (A"ﬁ)q such that f(z) = z. Also let w be the leftmost point in (A )
mapped to z by f. Since p <, ¢, w < x. Note that y € (A") and that (Y ~y w) ;

)" (w

by (8), (y ~y w)?. So there is some ¢ € [3,7] such that (f@C) (fﬁg
Now y is the leftmost point in (A%)O mapped by (f&c)p to (f;c) (w), since 0 <, p,
we have y < w. This shows that (9) holds for o <, ¢. O

Note that it is not the case that o <g p for all 0 and p. Also, the sequence of
relations is not continuous: it is possible, for A limit, to have o <g p for all 5 < A

but o €, p.

Stage-based objects. We will define the notion of an s-object, where s is a stage.
This means that the object is eligible to be picked at stage s: the decisions made
in constructing the object are consistent with what we currently guess about the
universe (i.e., about the (F(,y). Further, in order to make the limit objects total,
by stage s we need to ensure that some levels are nonempty and have at least s
many elements.

Definition 4.12. Let p be an object. For clarity, in this definition we write A},
for (A;)p, and similarly for the B, f, g, r and G. For a stage s < w, we say that p
is an s-object if the following additional conditions are satisfied for all o < §, and
for all 7€ w?:

(1) If A%, # & then for all 8 > «, f] 4 is onto A}, and the same holds for g] 4;

(2) rl =1 <= 7€ V(a);

(3) 7€ G, if and only if (a, ) requires attention at stage s;
and if (a, ) does not require attention at stage s, then:

(4) If 7€ Vi(«) then A} and B are empty;

(5) If A] (and B]) are nonempty then |A]|,|BL| = 3;
but if (a,T) does require attention at stage s, then:

(6) If instry(a,T) is finite, then |AY | = instrd(a,7) and | B] | = instr?(a,7);
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(7) If instrs(a, ) = w then |AL|,|BL| = s + 3;
(8) If instrs(a,T) = ¥ then A} = A% and B] = B;
(9) If o« < 0y, instry(a,T) = w, and A} | is nonempty, then for each z € A, 1,

{re Al faan(@) =2}
has at least s elements, and similarly for each z € B} ;;

(10) If « is a limit ordinal and 7 ¢ Vi(«) then there is some successor ordinal
B < asuch that fj , and g; , are isomorphisms.

We again make some remarks. As in the statement of Proposition 4.1, we stress
that in item 8, we are requiring literal equality of linear orders.'®

As discussed above, (10) is used to show that for limit A, A] is the direct limit of
(A;,) B<», rather than a quotient of this direct limit. This item, as well as (1), were
added to this definition rather than to Definition 4.6 because as we mentioned, the
latter will be applied to partial objects constructed during the construction of an
s-object.

When (a, ) does not require attention but we know that for some 8 < a, there
are special instructions for A%, then the eventual instruction will be for A to be
empty; (4) ensures that we indeed keep this linear ordering empty, since we may
have already spent our one reset. As we shortly show, (5) together with other items
will ensure that |A]| € {1,2} only when we are directly instructed to do so. (6, 7,
8) say that instructions issued at stage s are obeyed. (9) ensures that at the limit,
each one-step preimage is infinite, and so has order-type precisely w.

We remark on the condition 7 ¢ Vi(a) in (10). We need this because when
attempting to meet this item, we will choose some 3 < A and let A} = A}. This
will be a level at which 7 does not require attention, and so in light of (4) can only
do this if 7 ¢ V,(5). By Lemma 4.3(d), this condition is also sufficient.

Finally, we remark on the connection between the relations s <, t and p <, q.
We have noticed differences in their behaviour, such as with continuity and the <g
relation. However, we will connect these relations in at least one direction. As we
will shortly see, if, in our construction, at stage s we pick object p and at stage ¢t we
pick object ¢, and s <, t, then we will require p <, ¢. Examining the definition of
s- and t-objects, and the definition of p <, ¢, we observe that this does make sense.
For example, if (a, ) requires attention at stage s and instry(a,7) = w, then we
require (A;)p to have many points; there will be no reset, and so (Al)q will need
to extend (A:'l)p, and so also have many points; this is fine because s <, t implies
that instrg(c,T) = instr¢(«, ) (Lemma 4.3(c)), and so the extension requirement
does not conflict with our desire to obey the instruction at stage ¢t. The same holds
for finite instructions, or for a copying instruction; here we use Proposition 3.9(c).

Lemma 4.13. Suppose that p is an s-object, 8 < 8y and 7€ w3, and 1 < |(A;'3)p| <
2. Then (8, 7) requires attention at stage s and instrs(8,7) = {1, 2}.

Proof. By (4,5,6,7) of Definition 4.12, (3, 7) must indeed require attention at stage s,
and instrg(S3,7) # w,0. So we just need to show that instr,(5,7) # 3 for some 3.
But in that case, by (8), (A})p = (A%)p, and so 1 < |(A%)p| < 2. Since ¥ is
the least element of its Fs(8)-equivalence class, instr,(3,%) is not a copying in-
struction; rather, by the same analysis, it must be that instr,(3,3) = {1,2}. By
Lemma 4.3(f), instr,(3,7) = {1, 2} as well. O

15We use the literal meaning of the word “literally”.
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4.4. Proof of Proposition 4.1. Our strategy is now fully revealed: any com-
putable sequence <ps>sew such that each ps is an s-object and s <, t = ps <o Pt
will suffice.

Proposition 4.14. There is a computable sequence (ps) such that for each s,

ps 15 an s-object, and s <, t = ps <o Dt

SEW

Before we construct it, we show that such a sequence suffices.

Proof of Proposition 4.1, based on Proposition /.14. Let (ps) be a sequence as guar-
anteed by Proposition 4.14. We start with the following.

Claim 4.1.1. For all « and 7 there is a stage s* = s*(«,7) € C,, such that for all

t > s*in Cl, (TE’O’Q])pS* = (TE()’a])pt. Such a stage can be found by (), uniformly
in a and 7.

Proof. By Definition 4.12, we need to find some s* € C, such that for all 5 < «,
7 € Ve (B) if and only if 7 € V,,(8). Such a stage exists because for s <, t, the
least 8 for which 7 € V;(8) is no greater than the least 8 such that 7 € Vi(8).
However this only shows that §(,41) can find s*. But s* can be found directly:
the sets V,,(8) for B < «a are J(,)-computable, uniformly in 8; we can find the
least § such that 7 € V,,(8) (if such exists), and if so, the least s € C,, such that
Te Vi(B). O

For each « and 7, if s*(c,7) <o 8 <q t then (A7)” < (A7)"". We thus define
AL = J{(AD)"” s s€Cays = s*(a, 1)}
We similarly define B]. Similarly, for v < o < &y, we let

’:,a :U{( J,a)ps : SECa,sks*(a,j)},

and similarly define g7 ,. We let f = fj, and similarly define g;. (a), (b), (d)
and (e) of Proposition 4.1 follow from the definitions above. It remains to check (c).
We do so in the following claims. We fix 7 € w?. We focus on the A-side of the
construction, as the B-side is identical.

Claim 4.1.2. For all @ < 0y, if A}, is nonempty then for all z € A}, the
al

order-type of {x € A}, : f, ,11(7) =2} is w.

Proof. At all but finitely many s € Cq11, (o + 1,7) requires attention, and so
7 € (Gq+1)P= for such s. By Definition 4.10(7), the order-type of the set in question
is an ordinal < w. By Definition 4.12(9), the set is infinite. O

Recall that for a limit A < d, the direct limit of the system (A}, f;7ﬁ)a<5<>\ is
defined to be the set of equivalence classes for the following relation: for z € A]
and y € Aj, x ~ y if there is a v < A such that fo ,(x) = fo,,(y). Note that we are
implicitly using the fact that the maps f; 5 are onto. The classes are ordered with
the induced ordering, and this induced ordering being well-defined follows from the
fo,~ being order-preserving.

Claim 4.1.3. If X < d, is a limit and A] is nonempty, then it is the direct limit of
the system (A}, fa.8)a<g<i-
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Proof. The isomorphism from the direct limit to A3 is h([z]) = f7 \(x) for z € Aj.
That this is well-defined follows from fj , = ,'Y‘ 20 f7 0. That it is surjective follows
from f& y being surjective. That it is order-preserving follows from f(;" » being order-
preserving.

The only point of difficulty is showing injectivity. Let x,y € A, and suppose
that f5\(z) = fg(y). We need to show that there is some 7 < A such that
fo,(x) = f5,(y). Let s € Cx, s = s*(\,7). By Definition 4.12(10), there is some
~v < X such that (f(;',,y)ps = (f(;'ﬁ)ps. By our choice of s, (fé",y)ps < fo- O

Claim 4.1.4. For any 7 and v < d, such that A7 is nonempty, Aj = w”- A7 and f]
is the map induced by the Hausdorff derivative.

Proof. We prove the claim by induction on . The case v = 0 is immediate. At
successor stages we use Claim 4.1.2. Suppose that ~ is a limit ordinal. Claim 4.1.3
implies that A, is the direct limit of the system (A}, f3 -)s<¢<y and that fJ is
the quotient map. We show that Aj =~ w? - Al. For < v, for z € A}, let
Up(z) = {z € Aj : f3(x) = z}. We need to show that for all z € A7, U, (z) =~ 7.
Let z € A7. Let s > s¥(v,7) in C, such that z € (A;)ps. Then Definition 4.10(6)
shows that the leftmost point y of (Aa)p” mapped to z by (f;')ps is the leftmost
point of Up(z). For B < ylet yg = f3(y). Then y is the leftmost point of Ug(yg). By
induction, for all 8 < v, Ug(yg) = w?. For B < < v, Ug(yp) is an initial segment of
Uc(yc); this is because yg is the leftmost point in A} mapped by f3 . to y¢. Finally,
by Claim 4.1.3, U, (2) = g, Us(ys)- 1t follows that U, (2) = supg.,, WwP=wr. O

This concludes the proof of Proposition 4.1. O

4.5. The weak extendibility condition. It remains to prove Proposition 4.14,
the existence of the desired computable sequence (ps). The existence will follow
from what Montalbdn called the weak extendibility condition [Monl4, Def.4.1]:

Proposition 4.15. Let k > 0; suppose that sp < sp—1 < ... < 851 < 59 <t are
stages, 0y = g > 1 > -+ > ay > ag = 0 are ordinals, and py,pr—_1,...,Py are
objects such that:
(i) for each i <k, p; is an s;-object;
(i) for eachi <k, s; <, t; and
(iii) for each i <k, pit1 <a,+1 Di-

Then there is a t-object q such that for all i < k, p; <a, q-

Montalban showed that the weak extendibility condition implies Proposition 4.14,
which he called his metatheorem [Monl4, Thm.4.2]. We repeat his argument for
completeness.

Proof of Proposition 4.14, given Proposition 4.15. We define the sequence by re-
cursion. We start with pg being the empty object, which is a 0-object. Suppose
that ¢ > 0 and that we have already defined pg, p1,...,pt—1. We must construct a
t-object p; with ps <, p; for all pairs («a, s) with s <, ¢.
First, we define a pair of finite sequences. Start with a_; = —1 and sg =t — 1.
Given s; < t, let
a; = max{a < 0y @ 8; <, t}.
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If o; = 04 we are done; otherwise note that s; > 0, and let
Siv1 =max{s < s; : § <q,41 t},

again noticing that such s exists because 0 <s, t.

Let k£ be such that a = d,. Note that o1 < ag < a1 < -+ < , = 04 and
Sk < Skp—1 < --- < 8g=1t—1. Also note that for each i < k, s; is the greatest s <t
such that s <4, ,41 t (rather than only s < s,_1). Indeed, for all s € (s;,s;_1],
max{a : s <ot} < 1.

As mentioned above, (¢) and (&) imply that for each i < k, s;41 <a,+1 Si,
and so, by our inductive hypothesis, p;, , <a,+1 Ps,- Thus the hypotheses of the
weak extendibility condition, Proposition 4.15, hold, with ps, in the role of p;; we
let p; be the t-object given by the proposition. We note that the existence of the
required p; implies that we can find it by a search, as the conditions defining it can
be checked computably; however, the proof of the weak extendibility condition will
be constructive.

Let s < t and let a < d, such that s <, t; we need to show that p, <, p;. Write
Sg+1 = —1; find i € {0,1,...,k} such that s;11 < s < s;. The choice of s;4; in the
case ¢ < k implies that o < «a; (if ¢ = k this is immediate from «f = d4). Thus
$; €aq t. By ({), s <4 si, and so by induction, ps <, ps,. Now ps, <., Dt gives
Ds; <a Pt, and thus by transitivity, ps <, p:, as desired. (Il

We remark that we can further break down the weak extendibility condition to
two simpler “extension lemmas”.

Lemma 4.16. If s <, ¢t and p is an s-object, then there exists a t-object ¢ such
that p <, ¢.

Lemma 4.17. Suppose that ag > a1 > ap and s3 < 51 < 59 with s2 <4, S0 and
51 <q, So- If p; is an s;-object, for ¢ < 3, with py <a,41 P1 <4y Do, then there
exists an sp-object ¢ with p; <., ¢ for ¢ < 3.

We allow oy = —1, in which case ps, <_; ¢ is vacuous.

Note that under the hypothesis of Lemma 4.17, by () and (&), Sz <ay+1 S1-

S0
(e D) [e5]
«@
§ — §3 ——— S1
a1+1
p > q P2 ——— D1
@ .
a2 dl a1
oL
q < Po
[e7s)

FIGURE 2. The two extension lemmas.

The weak extendibility condition is equivalent to the conjunction of the two
extension lemmas (this equivalence is not restricted to our particular setting). In
one direction, suppose that the weak extendibility condition Proposition 4.15 holds.
We first note that we can deduce the apparently stronger version in which «y is
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not required to equal d,. This is because we can always add sx11 = 0, agyr1 = 04
and ppy1 being the empty object.

Using this more relaxed extendibility condition, for Lemma 4.16, take k = 0 with
ap = a; and let pg = p and so = s. For Lemma 4.17, we let ¢t = s¢ (so sg <o, t
is immediate); if g = 0 we take k = 2; for ¢ = 0,1,2 we are given s; and p;. The
assumption p; <., po certainly implies p; <q,+1 Po; We are told that ps <., +1 D1-
If ap = —1 we omit pg and shift the indices by 1.

In the other direction, suppose that Lemmas 4.16 and 4.17 hold. We define a
sequence qo, q1, - - -, gk of t-objects as in fig. 3. By the first extension Lemma 4.16,
we let ¢op be a t-object such that py <., ¢o. Suppose that ¢ < k and that ¢; has
been constructed, and that p; <., ¢;. Then by the second extension Lemma 4.17
applied to ps := p;y1, p1 := p; and py = g; we obtain a t-object g;11 such that:

® i Sy Gi+1}
® Di <a; ¢i+1; and
® Ditl Soipq Git1-
Finally we let ¢ = qx. We observe that for i = 0,1,...,k, by transitivity, p; <., ¢

ag—1+1 ak—2+1 az+1 ar+1 ap+1
Pk Pk—1 s b2 D1 Po
o k1 k-1 p—2 Qg Q2 a1 a1 o Qo
~ L-"‘ vk Ln" v o ~ L".v ~
gk < gk—1 < BRI g2 < q1 < q0
Qg2 k-3 a @0 Q-1

F1GURE 3. Constructing ¢

We remark that even though the statement of the two extension lemmas seems
simpler than the weak extendibility condition, in fact, the proof more naturally
gives the weak extendibility condition directly.

Remark 4.18. In Montalbdn’s application ([Monl4, Thm.5.3]), a simpler variant of
the second extension Lemma 4.17 is used: an object ¢ is obtained with py <., ¢
and py <5, ¢. This simpler extension lemma does not hold in our construction
(as well as similar constructions such as for the proof of the Ash-Watnick theorem
[Ash90]), so we require the more complicated Lemma 4.17.

We turn now to the proof of the weak extendibility condition. We break this proof
up into two parts: we first take the objects pg, p1,...,pr and “glue” them together
in to some object o. This process will involve removing some linear orderings
but will not require adding new ones. This is the step at which we spend resets
if necessary. The object o produced will not quite be a t-object. The following
definition lists properties of o that will enable us, in the second step, to add linear
orderings to make a t-object.

Definition 4.19. An object o is called admissible for stage t if the following con-
ditions hold for all 8 < ¢* and T e w?: 16

16As in Definition 4.12, we omit the superscript o, as o is the only object we will mention in
this definition.
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(1) 7‘% =1 < 7€ V(B);
(2) 7€ Gp if and only if (8, 7) requires attention at stage t;
(3) If 1 < |A}| < 2 then (B,7) requires attention at stage t and instr(3,7) =

{1,2}
if (,7) does not require attention at stage ¢, then:
(4) If 7€ Vi(B) then A} and Bj are empty;
but if (8, 7) requires attention at stage t, and A-'ﬁ s monempty, then:
(5) If instry(f,7) is finite, then |[A}] = instr{(3,7) and |B3| = instry (B, ™
(6) If instry(B,7) = 3 then A} = A} and B} = Bj.
We remark that we could have added (7) of Definition 4.12, in that it would

hold for the object o that we build, but we will not need this condition when we
extend o to a t-object. The same holds for Definition 4.12(5).

Using this definition, Proposition 4.15 will follow from the conjunction of the
two following lemmas.

Lemma 4.20. Let k£ > 0; suppose that sy < sp_1 < ... <81 < 59 <t are stages,
0y = Qi > Qg1 > - > aq > ag = 0 are ordinals, and pg, px—1, - - -, Po are objects
such that:
(i) for each i < k, p; is an s;-object;
(ii) for each i <k, s; <, t; and
(iii) for each i < k, pi+1 <a,+1 Di-

Then there is an object o, admissible for stage ¢, such that for all i < k, p; <4, o.

Lemma 4.21. If o0 is an object which is admissible for stage ¢, then there is a
t-object ¢ with o <s,, ¢.

So it remains to prove Lemma 4.20 and Lemma 4.21. We start with the former.

4.6. Proof of Lemma 4.20. We build the object o as a combination of the ob-
jects p;, except that we reset those linear orderings that we need removed.

We start, of course, by setting (T;)O =1 if and only if 7 € V;(B) for all 8 < 4
and all 7€ w3, and 7€ (G)° if and only if (8, 7) requires attention at stage ¢.
For all 8 < 0y, using the fact that ax = Jy, we let i(8) be the smallest i < k
such that 8 < ;. For all 8 <y < 4y, i(8) <i(y), and as § < a;(g), we have
Pi(y) SB+1 Pi(8)-
Let 8 < d, and let 7€ w®. First, we define (A})o. To avoid excessive notation,
we do not mention (B;,)O, but the definition is identical.
(a) If (3,7) does not require attention at stage s;g) and 7€ V;(3) then we let
(43)" = 2.
(b) Otherwise, we let (A})” = (A7%)".
Now we define the maps (fgw)o (as with the B’s, we don’t mention the g-
maps but their definition is identical). The difficulty is with defining ( fgﬁ)o when

i(B) < i(7), because then we don’t already have a map from (A7)”” into (A7)”.

Ty particular, instr¢(8,7) # 0
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Fix 7. Of course if either (43)” or (A7)” is empty then ( fgﬁ)o is empty. We
also let (fgﬂ)o be the identity on (A})o for all 3.

Suppose that § < v and both (AZ';)O and (A:’Y)O are nonempty. First we suppose
that 8 and v are successive T-levels of o, meaning that for all £ € (8,7), (AE)O is

empty. To define ( fl; ,Y)O we have two cases:

(i): If there is no ¢ < /3 such that (AZ)M”) is nonempty and (rZ)pi(”) = (7“2)1)“‘”,
then we let (fl;ﬁ)o map every point in (A%)o to 0.'%

(ii): Otherwise, let ¢ = (3 be the greatest ¢ < 3 such that (Az)p“”) is nonempty
and (rZ)pM) = (rZ)pi(ﬁ). Since ¢ < B and p;(4) <p pi(g), We have (AZ)W” c
(AZ)pi(B), and so (fgﬂ)pi(ﬁ) is defined on each y € (AZ)pM) and preserves their

ordering.
For each z € (A;)p””) = (A;)O we let y, be the leftmost element of (AZ)pi(”)

which is mapped to z by (fgﬁ)pi(”; and we let x, = (fgﬁ)p”m (y.).'” Note that
2o = yo = 0. Hence, for all w € (A%)O there is some z € (A:'Y)O such that z, < w
in (A}))O; we let (fgﬁ)o map w to the rightmost such z (rightmost in (A:'Y)O of
course).

Having defined ( f;y,y)o for successive T-levels 8 < -, for any 8 < « with (A;_'g)o

and (A;)o both nonempty we let § = g9 < €1 < -+ < € = 7 be a list of the
I-levels of o between § and ~; we let

(fgﬁ)o = (f;k—lyf‘:k:)o o0 (f;hgz)o ° (fgo,El)o;

this concludes the definition of o.

We start the verification with:

Claim 4.20.1. If B < v and (A})” and (A7) are nonempty, then (f;’v)o is order-
preserving.

Proof. By taking compositions, we may assume that § and 7 are successive T-levels
of 0. We then consider how we defined ( fgﬁ)o. In case (i) the claim is immediate.
In case (ii), ( fgﬁ)o being order-preserving follows from the defintion, and the fact
that z — z, (from the definition of (fgﬁ)o) is order-preserving (as both (fgﬁ)p“")

and (f7 ﬁ)pm ) are order-preserving). O

We also note that (7“23)0 < (r:'y)o follows from Vi(8) < Vi(y) (Lemma 4.5(c)).
Similarly, for all but finitely many 7, (rg*)o =0, as V;(d4) is finite (Lemma 4.5(g)).
Also, each (Gg)° is finite and all but finitely many are empty because only finitely
many pairs require attention at any stage (Lemma 4.3(a)). There are only finitely
many nonempty (Aza)o since each p; is an object.

18This is the only place in this paper in which we use the fact that the homomorphisms f7 in
objects do not have to be onto. The issue being that (A"’B)o may have fewer points than (A7)°.

L9We use the fact that Pi(~) 18 an s;(y-object, and so (fg 7)’”("’) is onto (Af’y)o; but this is not

really important, we could have defined z, only for z € range (fz ’Y)pi(“f).
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Most other items of Definition 4.6 are immediate; to show that o is an object it
remains to show that the range of each (fgﬁ)o is an initial segment of (A;)O. We
need the following.

Claim 4.20.2. If (,7) does not require attention at stage ¢t and 7 € V;(5) then
o o

(A%) and (B,(-la) are empty.

Proof. If (3,7) does not require attention at stage ¢, then since s;(3) <g t, the pair

(B,7) does not require attention at stage s;(g) either (Lemma 4.3(c)). If 7€ V;(5)
then our construction sets (A%)o to be empty. (Il

Claim 4.20.3. Suppose that (3, 7) requires attention at stage ¢, and instr,(8,7) #
w. Then for all v > 3, (A;)O is empty.

Proof. Let v > 8. Then 7 € Vi(7). If (y,7) does not require attention at stage ¢t then

(A;)O is empty (Claim 4.20.2). If (v,7) requires attention then instr:(y,7) = 0
(Lemma 4.3(g)) and then (AZ{)O = & by Definition 4.19(5). O

Claim 4.20.4. Suppose that j < k, 8 < «a;, and 1 < |(A%)pj < 2. Then (8,7)
requires attention at stage ¢, instry(3,7) = {1, 2} and (A})O = (A;)pj.

Proof. Since p; is an sj-object, (3, 7) requires attention at stage s; and instr, (3, 7)
{1,2} (Lemma 4.13). Since s; <g s;(3) <pg t, (#,7) requires attention at stages s;(g)
and t and instry(8,7) = instr,,, (8,7) = instr, (8,7).” Since p; <p pis),
(A;)p“ﬂ) = (A"B)pj; by construction, (Aza)o = (A"B)pi(m. O

Combining Claim 4.20.4 and Claim 4.20.3 we get:

Claim 4.20.5. Suppose that j < k, 8 < «;, and 1 < |(Ag)pj| < 2. Then for all
v > B, (A:'Y)O is empty.

Claim 4.20.6. Let 8 < ~ be successive T-levels of o, suppose that { = (Bﬁ is
defined, and suppose that (TEC,B])MW) = (TEC,B])MB)' Then (f;ﬁ)o o (fgﬁ)p“ﬁ)
extends (fgﬁ)p“”.

Proof. Since (A;)O is nonempty, by Claim 4.20.5, for no £ < 8 do we have 1 <
(g <2

Let y € (AZ)W”); let z = (fgﬁ)p“:)) (y) and let x = (fc"’ﬁ)pm)(y). Then y, <y,
and so z, < x. Let 2/ > z in (A])"; then y < yor. As (y #4 y=)P™, we have

(y #p Yo )Pi; since piy) <pg Pi(p)); ¢ < o (Definition 4.10(8)), and so (fgﬁ)o
maps x to z. (I

It follows that if ¢ = (j , is defined, then (f;ﬁ)o is onto (A:’Y)O: for all z, since
(fgﬁ)p“”)(yz) = z, we have (f;ﬁ)o(xz) = z. Of course in case (i) of the definition
of (f3.)", the range of this map is an initial segment of (A7), namely {0}. With
compositions, we see that every map ( fgﬁ)o is onto an initial segment of (A]Y)O;
we conclude that o is an object.

20Recall that this means that instrfj(m(ﬁ,'l) = instr{}(8,7) and instrg(m(ﬁ,ﬂ)

instrtB (8,7), and the same for s;.



COMPLETENESS OF HYPERARITHMETIC ISOMORPHISM 37

Next, we show that o is admissible for stage t. The first two items of Defini-
tion 4.19 are by definition. (4) is Claim 4.20.2. For (3), suppose that 1 < |(Aé)o| <
2. By consturction, (A})° = (A3)". Then (3) follows from Claim 4.20.4.

We check (5) and (6) of Definition 4.19. Suppose that (5,7) requires attention
at stage t, that (A%)O is nonempty, and that instr;(3,7) # w. Then T € Vi(f).
Since (A})o is nonempty and 7 € V;(8), by construction, (5, 7) requires attention
at stage si(g). Again, instr,, (8,7) = instr,(B,7). Since p;(g) is an s;(z)-object,
(Aé)o = (A%)p‘w) is of the right type:

o If instr{*(8,7) € {0,1,2} then |(A})"”| = instr{*(8,7) (and the same
for B);

o If instr}(5,7) = % then (Ag)o = (A%)pi(ﬂ) = (Agﬁ)pi(ﬁ). Since (8,3%)
requires attention at stage s;(5) (Lemma 4.3(e)), (A%)O = (Ag)p"(ﬂ).

It remains to show that p; <., o for all j < k. We need the following claims.

Claim 4.20.7. Let 8 < J, and 7 € w3.
@ (" < (13)"
(b) (Gp)Pit® < (Gp)?, and if T € (G)Pi® then (rg)pi(ﬁ) = (r;)o.
(c) If (r;)pi(ﬁ) = (r;)o then (A,})O = (A})pi(ﬁ).

Proof. (a): Suppose that (T%)pi(ﬂ) = 1. Since p;(g) is an s;(gy-object, Te V, , (B)-
Since s,y <p t, 7€ V;(8) (Lemma 4.5(b)), and so (T%)O =1 as well.

(b): Again we use that p;(g) is an s;gy-object. So if T € (Gg)P® then (5,7)
requires attention at stage s;(gy, and so requires attention at stage ¢, and so by
construction, 7 € (Gg)°. Further, for such 7, 7 € V,,, (8) <= 7 € V()

(Lemma 4.5(c)), and 7€ V;, ,, < (r})""” =1.

(c): Suppose that (A})" # (A})°. Then (43)° = &, (43)" Zé &, T €
Vi(B) and (B,7) does not require attention at stage s;3). Then (r;) = 1 by
construction, and (Tg)pi(ﬁ) = 0 by Definition 4.12(4). O

We can now show that (1),(2) and (3) of Definition 4.10 hold between each p;
and o at the right levels. Namely, let j < k, and let 8 < «;. Since p; <g pj(g), we
have (r;)pj < (r;)pi(ﬁ); with Claim 4.20.7(a), we conclude that (r;)pj < (r;)o..

Similarly, if 7 € (G)P7 then 7 € (G)P® and so T € (G)°, and further, (r;'g)p’ =
(rg)pi(m and so also equals (rg)o.

A;ld if (rg)pj = (7"23)0 then as (r})pj <p (r;)pi(ﬁ) p< (r;)o, we have (r;'a)pj =

(B o : j i(B :
(rg)"” p:' (r3)". OSlnce pj <p Pip)> (A3)7 < (A3)""; by Claim 4.20.7(c), we
get (A3)" < (43)"

We also note that (4) between each p; and o follows from Claim 4.20.4.

Claim 4.20.8. Suppose that 8 < v, and that both (A;)pi(” and (A;)O are nonempty;

suppose that (TEB;’Y])ZH(’Y) = (TEB77])O' Then:

(a) (fgﬁ)o extends (fgﬁ)l’iw.
(b) For every z € (A;)O’ the leftmost point of (A%)Pim mapped by (fg,v)pim
to z is also the leftmost point of (A})” mapped by (f3 )" to 2.
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Proof. For all € € [3,7], pi(y) <e Pi(e), so the assumption implies that (’I"EB E])p“” =

(rf‘ﬂ E])pi(i) = (rEﬁ E])O. We prove the claim by induction on ~.
The base case is when ~ is the next T-level above 8. Then C?M is defined and

equals . In this case both (a) and (b) follow directly from the construction (we
do not need Claim 4.20.6); y, = x, is the leftmost point in (A})O mapped to z by

(f5.)"

For the inductive case, let € be the greatest J-level of o below v. Then ¢ = (.  is
defined and ¢ ? 8. For (a), letp@ € (A%)Pm); let y = (fg,g)pi(v)7 - (faE)pi(a)(y)
and z = (f¢,)"7 (y) = (f3,)"7 (w).

-

e Since p;(y) <e Pi(e) and (rmc])pi(”) = (rEﬂyc])pi(a), we have y = (f;yc)pi(a) (w),
and so z = (f3.)" (w).
e By Claim 4.20.6, z = (f;v)o( ).
e By induction, as (rfﬁ,a])pl(s) =(r 56]) (f5 E) extends (fl(;,a)pl(s), and so
v = (73.)" ()
We conclude that z = (f3 )" (w), establishing (a).

For (b), let z € (Af'y)o; let w be the leftmost in (Ag)p“”) mapped to z by
(fgﬁ)p"m. Since (fg’c)p"'(” is onto an initial segment of (AZ)p“”) (in fact onto
(Az)p“”)), Y-, which recall is the leftmost point in (AZ)W” mapped by (Azﬁ)p“")
to z, equals (f;’c)pi(”)(w). Then z, = (fg’s)p“e)(w); recall that this is the left-
most point in (A;)O mapped to z by (f;'ﬁ)o. Let = € (A"B)O and suppose that
(fg,y)o(x) = z; let 2’ = (f;s)o(x) Then z, < 2’. If z, < 2’ then as (fg,s)o is
order-preserving, w < .

Suppose that z, = z’. By Claim 4.20.5, since (Afr)o is nonempty, for no £ < ¢
do we have 1 < |(Ag)pi<5)| < 2. Since pj(y) <e Pie), w is also the leftmost point
n (A"B)p”s) mapped to ' = z, by (f;vs)p“g). By induction applied at level e,
w < T. O

Again let j < k and let 3 < v < a;. Suppose that (T-IB;y])pj = (rfﬁﬁ])o. As

above, for all € € [3,7], (rfﬁ E])”7 - (TEB, ])Pus) _ (TEB,E])O'
Since p; <y Pi(y (fﬁ ,Y)p’ c (fﬁﬁ)p ) By Claim 4.20.8(a), we also have
(37 < (13, estabhshmg (

For (6), let z € (A;)pj, and let y be the leftmost point in (A%)pj mapped by
Pi(y)

5) of Definition 4.10 between p; and o.

(fg,,y)pj to z. Since p; <, pi(y), ¥ is the leftmost point in (AZ;) mapped by
(fg’,y)pi(”) to z. By Claim 4.20.8(b), y is also the leftmost point in (A"ﬁ)o mapped
to z by (fgﬂ)o.

Skipping (7) for now, suppose that in addition, for no & € [8,v] do we have
1< |(Ag)o\ <2 Let f= (fgﬁ)o, and let z € range f | (A")p’ let y € (A%)pj
be leftmost mapped to z by f. Then y € (A;)pi(”7 and (f-' )pl(”’( ) = 2
(Claim 4.20.8(a)). We know that for no £ € [5,v] we have 1 < |(A")p“”| <
2 (Claim 4.20.4). Thus since p; <, pj(y), ¥ is the leftmost point in (A )p“”)
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mapped to z by (fgﬁ)p“”. Then as above, (9) of Definition 4.10 follows from
Claim 4.20.8(Db).

We verify (8). Let y,y’ € (A%)pj, and suppose that (y ~, ¥')°. By de-
creasing v we may assume that (A;)O is nonempty, so (f;v)o( ) = (f; ,Y)O(y’).
By Claim 4.20.8(a), (fg’,y)pim (y) = (f;ﬂ)pi(”) (y) and 0 (Y ~~ y')Pin. Since
Pj <y Di() and there is no £ € [#,7] with 1 < |(Ag)p1(”)| <2, (y ~ y)P7 as well.

Finally, we show (7). We make use of:

Claim 4.20.9. Let 8 < {d4; suppose that (Tfﬁ’ﬁﬂ] = (rfﬁ’ﬁﬂ])o and 7 €

(Gp41)Pie+1) . Suppose that (AB+1) is nonempty, w € (A%)pi([”’“7 e (Ag)o, and
(£3.541) (@) = (£3 541) (w). Then w < z in (A})°.

Proof. This is where we use the assumption that p;s11) <g+1 pi(s), rather than

just <g. The difficulty is that when (8 + 1) > i(3) (i.e. when 3 = a;(g)) there
Pi(p)

)Pi(6+1)

needn’t be much of a connection between (f;ﬁH)O and (f575+1) , as we do not
make p;(g) <p+1 0

)pi(ﬁ“’ = (rg)o, we have (rg)p“ﬁ“) = (r;)pi(ﬂ’. Since T € (Gg41)Pitr+D

and p;41) <p+1 Pi(p), we have (rgﬂ)p“’““ - (r;’ﬂl)p“ﬁ). That is, together,

(Tfﬁ,ﬁﬂ])pi(ﬁﬂ) = (rfﬁﬁﬂ])m(m '

Let z = (fg,ﬁﬂ)o(z) = (fgﬁﬂ)o(w). We show that (f;’ﬁﬂ)pi(ﬁ)(x) > z (in
(A%,1)"). We consider the definition of the map (f3 5,,)°- Sinc;(g;ﬂl})p“ﬂ“)

Since (7’;

is nonempty, we have (3 5., = 8. Then y. = z, < 2. Since (f35,,) is order-

preserving and extends (f;’ﬁﬂ)pi(’”l), we must indeed have (f3 ﬂﬂ)p‘(ﬁ) 2.
)

By Claim 4.20.8(a), z = (f/}ﬁH)pi(B“)(w). Since p;(s+1) <p+1 Pis), by (7)
applied between p;541) and p;(5), we have w < x as required. O

Let j < k and 8 < «;; suppose that ( s, B+1])pj = ( BB B+1])O and that 7 €

(Gpa1)P7. Then( [ﬁ,ﬁ+1]) T=(r [5,5+1])p1(5+1) = (r ﬁﬁﬂ]) and T e GBH)Pz(ﬂm
Let z € (A%H)p]. Since pj <p41 Pi(g+1)s {T € (A")p] f3, ﬁﬂ) z) = z} is an
initial segment of {z € (A%)p’w“) : (fg,ﬁﬂ)pm“)( = z} By Claim 4.20.9,
that set is an initial segment of {x € (A})° : (f3 5,1)°(z) = z}, giving (7), and
completing the proof of Lemma 4.20.

4.7. Proof of Lemma 4.21. We will split the construction giving Lemma 4.21 into
two parts. We are given an object o which is admissible for stage ¢. In the first part
we construct an object p =5, o which satisfies all the conditions of Definition 4.12
except possibly for item 10. We then extend p to a t-object ¢ =5, p.

Construction of an object p =5, o satisfying all but item 10 of Definition 4.12. We
start, of course, by declaring that for all a and 7, (r])” = 1 if and only if 7 € V;(«)
and 7 € (Gp)? if and only if (5, 7) requires attention at stage ¢. Since o is admissible
for stage ¢, this means that (Gg)? = (Gg)° for all § and (r;)p = (rg)o for all g8
and 7.
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We construct p “from the top down”. When we consider a level a < 6%, we
assume that we have already defined the linear orderings (Az)p and (BZ)p, and
functions (f7,)" and (g7,)" for all o < { < & < 4. We then define the o™ level
of p, namely the orderings (A7)” and (B])”, and functions ( ;’C)p and (g;':C)p for
all ( = a.

The reason that this reverse recursion on d, makes sense is that p will have only
finitely many nonempty levels. A level « of p is empty if all linear orderings (A;)p
and (B;)p are empty.

We commit that:

e A level a of p will be nonempty only if the o' level of o is nonempty, or
for some 7 € w3, (o, 7) requires attention at stage t.

Since o is an object, only finitely many levels of o are nonempty, and since only
finitely many pairs require attention at each stage (Lemma 4.3(a)), there are only
finitely many such levels a.

The construction and some of its verification should be viewed as a grand in-
duction. We state four claims now. At step « of the construction we assume that
these claims hold at every level ( > a.

Claim 4.21.1. (AZ)p and (Bg)p are finite linear orderings.
(a) (AZ)p is nonempty if and only if (BZ)p is nonempty.
(b) If nonempty, then the universe of (AZ)p is an initial segment of w, and 0 is

its leftmost point; similarly for B.

For the next two claims and further below, let
N =max{|(A])°],|(B])°] : € < 6% & Tew?}.
Claim 4.21.2.
(a) If [(A7)"| = 3 or [(B])"| = 3 then [(A])"],[(B])"| = N +1t.
(b) If 1 < |(A7)"] < 2 0r 1 < [(B])"| < 2 then ({,7) requires attention at
stage t and instr(3,7) = {1,2};
(¢) If (¢, 7) requires attention at stage t and instr.(¢, 7) is finite, then |(A2)p| =
instr{(¢,7) and |(BZ)p| = instr?(¢,7);
d) If (¢, ) does not require attention at stage t and 7€ V;(¢) then (A} P and
¢
(BZ)p are empty.
Henceforth we ignore the B-side of the construction, as it is identical to its
A-side.
Claim 4.21.3. Let £ = (.
(a) If either (AZ)p or (Ag)p are empty, then (fg)g)p is empty.
b) (f7.)" is the identity on (A7)".
¢.¢ ¢
Suppose that (AZ)p and (Ag)p are nonempty and that £ > (.
(c) (fgﬁg)p is an order-preserving function from (AZ)p onto (Ag)p.
(d) For all € = £ for which (A;)p is nonempty, (fg’s)p = (fg,s)p o (fg)g)p.
(e) Every z € (Ag)p has at least N many (fg’g)p—pre—images in (AZ)p.

Note that (c) implies that (fg’f)p(O) =0.
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Claim 4.21.4.
(@) (4)" <= (4)" ,
(b) For all £ > (, (fg,g) - (fg’g) )
Before we state the construction at level «r, we draw one conclusion about level a:

Claim 4.21.5. If («,7) requires attention at stage t and 7 € Vi(«), then for all
(> a, (AZ)p is empty.

Proof. We have 7 € V4(¢). By Claim 4.21.2(d) at level ¢, if (¢,7) does not require
attention at stage ¢ then (AZ)F is empty.

If (¢,7) requires attention at stage ¢ then by Lemma 4.3(g), instr({,T) = 0.
The claim then follows from Claim 4.21.2(c) at level (. g

This also holds of course at all levels ¢ > «a; together with Claim 4.21.2(b), we
get, for all ¢ > a:

Claim 4.21.6. If 1 < [(A7)”] <2 then for all £ > (, (A7)" is empty.

So suppose that o < d, and that the levels ( > « of p were already defined, and
that the claims above hold at all levels ¢ > a. Fix some 7 € w3. We define two
ordinals.

o If there is one, we let 8 = 3] be the least 8 > « such that (A})p is
nonempty.

o If there is one, we let v = 4 be the least v > « such that (A;)O is
nonempty.

If v is defined then by Claim 4.21.4(a) at level v, (41)" < (A7), and so § is
defined and v > .

Claim 4.21.7. Suppose that 8 = ] is defined, and that (A;)O is nonempty. There
is an order-preserving map h,: (A7)° — (A})” such that:
(i) h3,(0) =0.2!
(ii) If v =42 is defined, then ( ;ﬁ)o = (fA,y)p ohl;
(iii) For all ¢ such that |(A2)p| > 3 and:
o 3 < (, if v is undefined;
o 3<( <n,if vis defined,
(fg,g)p oh, is injective, and for all z € (A7), hl(y) is the leftmost element
of (A})p which is mapped by (f;c)p to (fogc)p(h;(x))
(iv) If v is defined, then for all z € range ( o) the leftmost point of

{ze (A)": (£2,) () = 2}
is mapped by h] to the leftmost point of
{ye (43)" : (£5,)" () = =}

Proof. If v is not defined, if there is such, let ¢ be the greatest ordinal € > /3 such
that |(A7)"| > 3. If 7y is defined, if there is such, let € be the greatest ordinal in the

interval [3,~) such that |(A;)p| > 3.

21Note that since o is an object, 0 is the leftmost point of (A:'l)o; and by Claim 4.21.1, 0 is
the leftmost point of (A;'B)p
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o If neither ¢ nor 7 are defined, let A}, map every = € (A7) to 0.
e Suppose that v is defined but ¢ is not. By Claim 4.21.6 we have v = 3, so
we let b, = (f;”@)o. (i) holds because o is an object. (iv) is immediate.

Suppose that ¢ is defined. We define an embedding g: (A:'X)O — (A;)p as follows.

o If v is not defined then let g be the isomorphism from (Al)o to an initial
segment of (A7)”. This is possible because by Claim 4.21.2(a), |(A7)"| =
N = |(A7)°]- Note that g(0) = 0.

o If 7 is defined (and so e < 7) we let g: (A7)° — (A2)" be an embedding
such that ( ;77)0 = (f;'ﬁ)p o g, and for all z € range (f;ﬁ)o, if z € (A7)°
is leftmost such that ( ;,Y)o(x) = z, then g(z) is the leftmost w in (A7)"
such that ( ;V)p(w) = z. Note that such w exists because ( ;W)p is onto
(A1)"; g(0) = 0 because (f7.)(0) =0 = (f].)°(0); and g can be made
1-1 because for each z € (A:'Y)O, the ( ;,Y)p—preimage of z has size greater
than |(A;)O| (Claim 4.21.3(e)).

In both cases, having defined ¢, we let, for = € (A;)O, hl(x) be the leftmost y
in (A})p such that (fg’g)p(y) = g(z) (so that g = (f;’e)p o hl). Since 0 is the
leftmost point in (A})p mapped by (fg’s)p to 0, and g(0) = 0, we get hl(0) = 0.
(iii) holds by design, as ( < e for each such ¢: for any distinct z,y € (A2)°, as
g(x) # g(y) we must have (f;c)p(h"a(x)) # (f;c)p(h;(y)) And since h](z) is
leftmost in (A;i)p mapped by (fl;s)p to g(z), and (f[;()p is onto, it must be that
hl(x) is also leftmost in (A})p mapped by (f;7c)p to (fgc)p(h;(x))

Suppose that v is defined. Then (fgﬂ)p ohl = ( ;V)p o g which was designed
to equal (f;yv)o, giving (ii). (iv) also holds by construction. O

Now, again concentrating on the A-side, we will build (A;)p, and when f is
defined, ( ; ﬂ)p. Having done this, for all ¢ > « for which (Az)p is nonempty, we
have ¢ = 3 and so we define ( ;’C)p = (fAC)p o (f;ﬁ)p. For other ¢ > a we leave
( ;’C)p empty. Of course we let ( ;'W)p be the identity on (A7)".

There are several cases.

(i): (a,7) does not require attention at stage t and (A7) is empty: we let (A7)"
be empty.

(ii): 7¢ Vi(«) and either:
e («,T) requires attention at stage ¢; or
e («,T) does not require attention at stage ¢ and (A;'é)o is nonempty.

In this case we define (A;)p to be a linear ordering extending (A;)O.

(a) If B is undefined, then we let (A:'l)p be any end-extension of (A;)O of size at
least N + ¢ + 3 (with universe an initial segment of w)?*. If (A;)O is empty
then we ensure that 0 is the leftmost element of (Al)p. (If (A;)O is nonempty
then 0 is its leftmost point as o is an object.)

22Recall that N is the bound on the size of all orderings in o.
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(b) Suppose that 3 is defined. If (A7) is nonempty, let A be the map given by
Claim 4.21.7. Otherwise let h] be the empty map. We define (A;)p =) (A;)O
(on an initial segment of w) and ( fa. B)p extending h] as follows: for every
ye (A})" we let
{re(A2)": (f2) (@) =y}
have size at least NV + ¢ + 3 and be an end-extension of
{x € (A:'X)O D hl(x) = y}
See fig. 4. If (A;)O is empty, then we also ensure that 0 is the leftmost point of
(42"

(iii): (a, 7) requires attention at stage t and 7 € Vi(«). In this case by Claim 4.21.5,
[ is not defined, so we only need to define (A;)p We obey the instructions:

o If instr,(a,7) is finite: we determine (A7)” by stipulating that |(A])"| =
instr{}(a,7) and that if nonempty, 0 is the leftmost element of this linear
ordering.

e If instry(a,T) = ¥ then by Lemma 4.3(f), instr;(a,¥) = w and so the pair
(a, %) falls under case (i), so (A%)” has already been defined. We let (A])" =
(42"

(4" = (4)
(f3.,)
(fa.)° (A3)°

(fa8)"

(4" = @)
FIGURE 4. case (ii)(b)

These cases cover all possibilities, because if («,7) does not require attention
and 7€ V() then (A;)O is empty (Definition 4.19(4)).

Note that we abided by our promise to keep all but finitely many levels of p
empty: if the o' level of o is empty, then we only make the o' level of p nonempty
if (cr, ) requires attention for some 7. In fact, since o is an object and only finitely
many pairs («, ) require attention at stage t, only finitely many linear orderings
(A%)p are nonempty.

We turn to the verification. We give the proofs of the four claims stated above
for ( = a.

Proof of Claim 4.21.1. We need to check that 0 is the leftmost point of every
nonempty (A;)p. Suppose that case (ii) holds for («,7). In sub-case (ii)(a), or
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when (A7)” is empty, this is by construction, so suppose that j is defined and
(A;)O is nonempty. By Claim 4.21.7(i), h2(0) = 0, i.e., h], maps the leftmost ele-
ment of (A7)° to the leftmost point of (A;;)p. Thus when constructing (A7)" we
are never required to add elements to the left of 0.

In case (iii), this is either by construction, or by the fact that case (ii) holds
for ¥, which we have just covered. [

Proof of Claim 4.21.2. Mostly this follows by examining the construction. For ex-
ample, (a) follows from construction in case (ii) and in case (iii) because case (ii)
holds for 3. For (d), as we observed, the assumptions imply that case (i) holds and
we leave (A;)p empty. O

Proof of Claim /.21.3. (a) and (b) are by construction. For the rest, suppose that
¢ > o and that (A})” and (Ag)p are both nonempty. Then case (ii) holds for («, )
and 8 = () is defined; 3 < &.

For (c¢), By applying this item at level 3, it suffices to observe that by construc-
tion, ( ;ﬁ)p is an order-preserving map from (A;)p onto (A})p.

(d) is by construction and induction: we define ( ;75)17 = (f;é)p o (f"”B)p and

[0
(fa.)" = (13.)" 0 (f25)"s so we mse (f3.)" = (£2.)" o (£F3.¢)"
(e) is by construction; by induction, it suffices to show for £ = 8. O

Proof of Claim /.21.4. (a): we assume of course that (A;)O is nonempty; so case (i)
does not hold. In case (ii) for (a,), by construction we define (A2)” to extend
(AZY)O. Suppose that case (iii) holds.

Suppose that instr,(a,7) is finite. Since o is admissible for stage ¢, |(A7)°] =
instr{*(a,7) (Definition 4.19(5)), and so we set (47)" = (A7)".

Suppose that instr:(a,T) = 3. Since o is admissible for stage ¢, (A7) = (4%)°
(Definition 4.19(6)) and by case (i), (4%)” < (A4%)"; since we set (A7)" = (A%)",
we get the desired extension (A7)° < (A7)

(b): By induction, and since we are taking compositions, it suffices to show that
if v = 77 is defined then (f].)° < (f;ﬁ)p. Case (ii) holds. By construction,

o,y
(£2.5)" extends h. Also, (f1.)" = (f3,)" o (f1,5)" Then Claim 4.21.7(ii) gives
the desired extension. O

This concludes the proofs of the four claims made before the construction. We
now complete the verifications that p is an object, that all conditions of Defini-
tion 4.12 except possibly for item 10 holds for p, and that o <s, p.

We have observed that only finitely many linear orderings (A;)p are nonempty;
the finiteness requirements (1) and (2) of Definition 4.6 are the same as for o. All
other items have already been checked, and so p is an object. In fact it is not
difficult to see that all items of Definition 4.12 except for (10) have been checked,
or follow immediately from our instructions.

We check that o <s, p. (4) of Definition 4.10 follows from Definition 4.19(3) and
the construction (case (iii)). For other items, we use the following. For brevity, we
fix some 7€ w3, and for a < ¢ we let:

* fac= (f;,g)p§
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e Forall z € (AZ)p,

Cac(2) ={z e (A3)" + facla) =2}
Da(2) = {z € (A3)"  facla) =z},
The following claim will be used below, but also verifies Definition 4.10(7).

Claim 4.21.8. Let o < (. Suppose that (A;)O and (Az)p are nonempty, and further
suppose that for all £ € («, (), (Ag)o is empty.

(a) If \(AZ)p\ > 3 and (Az)o is empty, then fa ¢ (A7) is injective.
Let z € range fo,¢ ! (A;)O.

(b) If either z € (AZ)O or |(A2)p| > 3 then min Cy, ¢(2) = min Dy ¢ (2).
(¢c) f{=a+landz € (AZ)O then Cy o+1(2) is an initial segment of Dy, o41(2).

Proof. We know that 3 = 7 is defined, and ¢ > 3.

(a): (AZ)O being empty implies that either v = 47 is undefined, or v > ¢. In
either case, by Claim 4.21.7(iii), (f/;,c)p o h} is injective; by construction, this map
is precisely fa.c | (A;)O.

For the other items, let w = f, g(y) = h(y). We show that w = min Dg ().
(Az)o is nonempty. Then ¢ = v, and since f,, extends (/7 )O, we have z € (A:'Y)O.
In this case Claim 4.21.7(iv) says that w = min Dg ¢ ().

If, on the other hand, (AZ)O is empty, so |(A2)p| > 3, then Claim 4.21.7(iii) says
that w = min Dg ¢(2).

Y

In either case, by construction, Cy g(w) is an initial segment of D, g(w). In

particular, y = min D, g(w); it follows that y = min Dy ¢(2) as well. And if ¢ =
a+1 and (A:'Hl)o is nonempty then y = # = a+1, and h], = ( ;’WH)O, SO w = z,

so as observed, by construction, Cy +1(2) is an initial segment of Dy o11(2). O
The following claim verifies (6) and (9).

Claim 4.21.9. Suppose that a < ¢, that (47)” and (Az)p are nonempty, and let
z € range foc | (A;)O. If either z € (AZ)O or |(A2)p| > 3 then minCy ¢(2) =
min D, ¢(2).

Proof. We prove the claim by reverse induction on . Let y = minCy¢(2). If
for all £ € (o, (), (Ag)o is empty, then we appeal to Claim 4.21.8(b). Other-
wise, let & € («, () be least with (Ag)o nonempty. Let w = f, ¢(y) which note
is the same as (f;é)o(y); w e (Ag)o. Since ( ;75)0 is onto an initial segment of
(Ag)o, w = minC¢ ¢(2). By induction, w = min D¢ ¢(2). By Claim 4.21.8(b),
y = minCy ¢ (w) = min Dy ¢ (w). It follows that y = min D, ¢(2) as well. O

The following claim verifies Definition 4.10(8), and therefore completes the ver-
ification:

Claim 4.21.10. Suppose that o < , that x,y € (A;)O, that (z ~¢ )P, and that for
no £ € [a, (] do we have 1 < |(Ag)p| < 2. Then (z ~ y)°.
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Proof. We prove the claim by reverse induction on «.. First note that by shrinking ¢,
we may assume that (AZ)p is nonempty, that is, that fo c(z) = fa,c(y). We may
also assume that z and y are distinct, so ( > «a.

By Claim 4.21.8(a), there is some ¢ € (o, ¢], such that (Ag)o is nonempty. Let
= ( ;5)0(37) and y = ( ;E)o(y) Then (2’ ~¢ y')P. By induction, (2’ ~¢ y')?,
and so (z ~¢ y)P as well. O

Construction of a t-object q such that q =5, p. To meet item 10 of Definition 4.12,
we add linear orderings at “large” successor levels below limit levels. We define an
object g as follows. Of course (Go)? = (Go)? and (r1)” = (r])? as is required
of t-objects. If level a of p is nonempty, then the '™ level of ¢ is identical to the
ath level of p. Suppose that A < § is a limit ordinal, that (A, ) requires attention
at stage t, and that 7 ¢ V;3(A). By Definition 4.12(7), |(A}\)p| > 3. Note that for all
B< ) T¢Vi(B).

Find some successor 8 < A\ such that all levels ( for 8 —1 < ( < A of p
are empty. Since 7 ¢ Vi(5), (7,5) does not require attention at stage t. We let
(A%)q = (A;)p; we let (f&/\)q = (fgﬁ)q be the identity on (A})p. For a < 3 we
let ( ;)B)q = ( ;7/\)17; For a > \ we let (fg)a)q = (f;)a)p. We define B and g¢’s
similarly. There are only finitely many pairs (), 7) for which this action is required,
so q is finite.

An examination shows that ¢ is a t-object and ¢ >5, p. The items to check are
(4) and (5) of Definition 4.12. For the former, we use the fact that 7 ¢ V;(5). The
latter follows from |(A}\)p\ > 3. The rest of the items of Definition 4.12 do not
apply as (8,7) does not require attention at stage t.

This concludes the proof of Lemma 4.21, and so of Proposition 4.15, and so of
Proposition 4.14, and so of Proposition 4.1, and so of Theorem 1.1.

We observe that our techniques can also be used to show Fokina et al.’s result
that isomorphism of computable structures is computably complete for ¥ equiv-
alence relations. A X1 equivalence relation is an w{¥-intersection of ever finer

hyperarithmetic equivalence relations: E = (1, <wCK E(a). Construct linear or-

ders Ak™¢ for k,m,i € N so that if mE(a)i but =mE(a + 1)i, then A% will
have order-type w®*! for each k with mE(a + 1)k, and A% will have order-type
w1l . 2 for each k with =mFE(a + 1)k. Then the structure My, will consist of all
ARt for m, i € w, each labeled with (m,4) in some fashion.
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