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Abstract

We prove a number of structural theorems about the honest polynomial m-degrees (denoted by
H., or hpm-degrees) contingent on the assumption P = NP (or a unary alphabet}. In particular,
we show that if P = NP (or a unary alphabet}, then the topped finite initial segments of Hx are
exactly the topped finite distributive lattices, the topped initial segments of Hy are exactly the
direct limits of ascending sequences of finite distributive lattices, and all recursively presentable
distributive lattices are initial segments of Hy, NRE. Additionally, assuming | 2| = 1, we show that
the theory of the hpm-degrees is undecidable. We also show that index sets cannot be minimal.
Lastly, we examine an alternative definition of honest m-reduction under which recursive minimal
sets can be censtrucied.

1. Introduction

Homer [11] has shown connections between the P =? NP question and the existence
of sets that are minimal with respect to honest Turing reductions (henceforth, we refer
to such sets as “hpT-minimal”). Informally, these reductions are polynomial Turing
reductions where the strings queried cannot be “short” compared to the input length.
Homer showed that if P = NP then there exist hpT-minimal sets. Homer and Long
[10,9] have simplified the original construction of Homer, and showed that the P =NP
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In Section 2 we review motivation, definitions, and notation that will be used through-
out this paper. In Section 3 we summarize our results more formally. In Sections 4
through 10 we examine the four goals in detail.

2. Motivations, definitions, and notation

Many concepts and techniques of complexity theory are based on similar notions
in recursion theory. Often these concepts are later seen to be of interest for reasons
independent of their original motivation (e.g. Schoning’s definition of high and low
sets in NP [27]). The definition of an honest reduction is partially motivated by an
attempt to examine an analog of minimal degrees; though it is of independent interest
in complexity theory because of the connections to P = NP, examined by Homer [11].
We review the recursion-theoretic motivation.

A nonrecursive set is <r-minimal if for any set B such that B <t A, either B = A or
B is recursive. Spector [29] constructed a <r-minimal set recursive in §”; later Sacks
[26] constructed one recursive in (. We briefly examine a naive attempt to define a
minimal set in the context of complexity theory.

Definition 2.1 (Aztempt). A set A is <b-minimal if for any set B such that B <i A,
either B=R Aor B€P.

There is a problem with this definition: there are no Mm-uﬁ.a&& sets. For any recursive
A ¢ P, by Ladner [16], there exists a set B ¢ P such that B <} A; if A is nonrecursive,
then Homer [11] has shown that the set

B={z0*":z €A}

is not in P (in fact, it is nonrecursive) and B A.w A. The set B is contrived as the 0’s are
there only for padding purposes. and consequently in the B <t A reduction, on input x
we ask a question of A that is very short compared to |x|. This motivates us to study
reductions where the questions asked are not allowed to be too short. We will need two
preliminary definitions before defining a useful notion of minimal.

Definition 2.2. Let g be a nondecreasing function. A polynomial oracle Turing machine
M is g-honest if, for all sets S, and all strings x, if M3(x) queries oracle § about y,

then g(|y[) > |x[.

Definition 2.3. Let A and B be sets. The set B is honest polynomial Turing reducible
to A (written B <} A) if there is a polynomial g and a g-honest oracle Turing machine
MO such that B <§ A by MO, The set B is honest polynomial Turing equivalent to A
(written B =2 A) if B <& A and A <} B.Note that =} is an equivalence relation. The
equivalence classes are called honest polynomial Turing degrees (hpT-degrees).

Note 2.4. Similar concepts have been studied by Machtey [20], Meyer and Ritchie
[21] and Young [30].
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input of length » either outputs a string of length m where g.(m) 2 n, or outputs an
element of {YES,NO}. For every e, let f, be the function computed by M., and let
V, =range( f.). If A C 3* then &4 is the set that is <M -reduced to A by M,, namely

x €@ & (fo(x) € Aor f.(x)=YES).

For all e, M, represents an <2 reduction; and every <P reduction is represented by
some M,.

Notation 2.11. Let PO, P, PO, ... be an effective enumeration of clocked oracle
Turing machines, where n¢ + ¢ bounds the runtime of wmc. If no oracle is written then
the empty set is assumed to be the oracle. If we restrict some F, to be 0-1 valued then
L(P,) represents the set recognized by P,.

Notation 2.12. Let ¢1, ¢, ¢3,. .. be an acceptable programming system (e.g. an effec-
tive enumeration of Turing machines). Let W, be the domain of ¢., and W, ; be the set
{x < 5| @e(x) halts in < s steps}.

Convention 2.13. The term ‘least string’ means the least string in the lexicographic
ordering on strings.

Definition 2.14. A lattice is a 4-tuple D = (D, <p,N,U) such that D is a set, <p
is a reflexive and transitive order on D, bMc is the greatest lower bound of b,c and
b U c is the least upper bound of b,¢ (also called ‘the join of b and ¢’). An element
a € D is join-irreducible if a = bMc = a = b or a = ¢. The lattice is distributive if
afl(bUc) = (aNb) U (afc) and aU (bMec) = (abUb) N (alc). The lattice is
topped if it has a maximum element. If E C D then there exists a greatest lower bound,
and a least upper bound, of E. These are denoted by [.cge and Uecre.

We will use the following standard facts about distributive lattices. They are proven
in (24, pp. 555-557].

Lemma 2.15. Let D = (D, <p,N, ) be a distributive lattice with ordering <p. Let
the set of join-irreducible elements be {a; | i € I}.

(i) If b,c € D and b &p c, then there exists a; such that a; <p b and a; p c.

(ii) If D is not topped then the lattice formed by placing an additional element
above all elements of D (and defining T and U in the obvious way) is a topped
distributive lattice.

(iii) If b =Usesa; and ay <p b then there exists j € J such that ay <p aj.

3. Summary of results

Notation 3.1. The partial order which has the hpm-degrees as its underlying set, and
<! as its ordering, is denoted by Hy,. The subordering consisting of those hpm-degrees
that contain an r.e. set is denoted by Hy, NRE.
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(b) there exists a polynomial ¢ such that for all x € B, q(|@JI(x)|) > |x| (this is the
polynomial honesty).
p and g are called the polynomials associated with I1.

Definition 4.3. If I7 is a partition of B and A mmAm set, then A respects IT if for every
xEBeither M(x) CAor I(x) C 3" —A.

Lemma 4.4 (P =NP). If X € P and II is an hp-partition of 3*, then |} ¢ IT(x) € P.

Proof. We have

ze|J o) iff Gx)lxeXAzed®)].
xeX
By part (b) of the definition of hp-partition there is a polynomial p such that the search
for x can be restricted to |x| < p(|z|}. Formally:

Z € C H(x) iff @x)[|x|<plz) AxeXAnzeld(x)].
xeX
Hence the question of z € |J,cy Z7(x) reduces to an NP question. Since we are
assuming P=NP this question can be determined in polynomial time. [J

Lemma 4.5 (P =NP). Let 3* = BUC U D be a partition of 2* such that B,C, and D
are in P. Let A be a set such that C C A and D C 3* — A, Let e € N. If there exists an
hp-partition IT of B that A respects such that, for every x € B, II(x) NV, # §, then
A=t @A

Proof. Let IT be the partition given in the hypothesis, and let p and g be the polynomials
associated with I7. By definition, f, runs in p. steps and is g,-honest.
The following algorithm computes an <, reduction g of A to (3

ALGORITHM
1. Input(x).
2. If x € C, then output(YES) and halt. If x € D, then output(NO) and halt.
3. Using P = NP find a string y such that f,(y) € II(x). (We later show that y with
ly| € g.(q(|x|)) exists, so P =NP can be used.)
4, Output(y).
END OF ALGORITHM

Since I7 respects A, forall x € B
xeAe O(x) CAs f.(y) e A
Since @4 <t A by f.
y€ 0% e f.y) € A

Combining these two facts yields

xEA&SycOL
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5. Embedding finite structures into Hy,

We show that (assuming P = NP) any finite chain is an initial segment of Hp (the
case of embedding the three-chain, which is simpler, can be found in [4]). We then
show that (assuming P = NP) any topped finite distributive lattice is an initial segment
of H,,: moreover, these are exactly the topped finite initial segments of Hy. Using
techniques of [9], the proofs of all theorems in this section could be adapted to the
| 2] =1 case, omitting the P = NP assumption.

We use a modification of exptally sets; these sets have been used for constructing
minimal honest degrees by Homer, Long, and Ambos-Spies [2,9].

Definition 5.1. Let g(0) =1 and for all m > 0, g(m+1) =28(™_ A set A is exptally
if A C {08¢" | m € N}. Let p be a fixed polynomial. Define

EP ={0¥"* | meN, 0<j<p(m}.

Sets of the form EP are n.m:& poly-exptally. For any fixed m the finite set
B™ = {05™H |0 < j < p(m)}
is called the mth block of EP.

Note 5.2, We will later be partitioning EP by partitioning every block of E”. The sets
that form the partition are called boxes. Bach block will consist of a finite pumber of
boxes.

Convention 5.3. Modify the machines Py, Py, Ps,... so that they are 0-1 valved. Let
L(P;) denote the language recognized by P

Theorem 5.4 (P =NP). For any r, the r-chain is a finite initial segment of Hip.

Proof. It will be simpler, notationally, to show that the r + 1-chain is a finite initial
segment of Hp,.

Let (L, <) be the r-chain. We can assume that L = {0,...,r}and b ciff b e,
We show that L is an initial segment of Hy,. Let p be a fixed polynomial such that for
alln, p(n) 2n

For b€ L let

S, = {08+ |meN, 0€j<p(m), j=a (modr)};
To= 0 Tp=8U---USp.

We construct A C E” such that the sets A? (indexed by b € L) defined by A= ANT,
form an initial segment of Hythat is isomorphic to L. For all b,c e Lsuchthat b < ¢
we have A? B A° via
NO ifz ¢ TP
z otherwise.

f(z)=
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L fe(z) € As or fo(2) = YES. Let Ay := 4, UI1,(2).

2. fe(z) € As or fe(z) =NO. Let Agyy = A, U ILi(2). .

3. fez) ¢ AthnﬁaCﬁmvau.H‘nﬁ A1 = AsUlT(z) and %1_ = AsUIT(fe(2)).

4. fe(z) m AsUA; and fo(z) € IT;(z). Let Agyy = Ag U (z).

In possibilities 1,2, and 3, it is clear that E o5y 18 satisfied. In possibility 4, note that
z € Ab, but since I(z) is b-pure, fo(z) & Tp—1, 50 fo(z) ¢ A?~1: hence ﬂm.s is
satisfied.

Case 2: s+ 1 =2 + 2. We satisfy xw. There are two possibilities. Let N7(b,m) be the
number of b-pure boxes contained in B™ that intersect range( f.) = V..

Possibility 1: (Va € L — {0}) (In,) [limsup,,_,,, NI(a,m) =n, < co]. Set

Asr1 =AU C II:(z).
zZ€V.NB;

Since we are assuming P = NP, V, € P. Inductively, IZ; is an honest partition, B; € P,
and A; € P. Hence by Lemma 4.4 A, € P (hence condition a is satisfied). Note that

2 €02 & (fo(z) € Aor f.(z) =YES)
& (folz) €VeNAor fo(z) = YES)
< (fe(z) € Aspr or fo(z) = YES).

Since Ay € P we have ®M. € P, so the requirement is satisfied. Since >>h+_ = mh,
., = II;, by the induction hypothesis conditions (b), (¢), (d.i), and (d.ii) hold.
Since each B? lost fewer than MME n, blocks condition (d.iii) holds.

Possibility 2: (3a € L—{0}) {limsup,,_, ., NI(a,m) = 00]. Let b be the largest number
such that limsup,, ,  NI(b,m) = co. We intend to set Agy1, Agy1, and [gy such that
the following hold.

(a) For every z € 3* if f,(2) € Byy1, then f.(z) is in the same box as some y € Tj.
(b) For every y € Bsy1 NTy, T (y) NV, # B

By Lemma 4.6 these two conditions make A= ANT, = 64,

We set Ag1, >>=,+r and IT,.y as follows. To satisfy condition (a) above, for every a
such that b < a, place all the elements of every b-pure box that contains an element
of V, into A. Since limsup,, ., NI(a,m) < oo this will only delete a constant number
of a-pure boxes from each BY. )

To satisfy condition (b) above is more complicated. First, place all elements of
every b-pure box that does not intersect V, into A. Now, for every m, there are exactly
NI(b,m) b-pure boxes contained in B™, Now every b-pure box intersects V..

Second we will merge some boxes. Note that if y € T;, then there exists a <z b such
that y is in an a-pure box. To ensure that every y € By N7} is in a box that intersects
V, we will, for every a <. b, merge (or put into A} every a-pure box with a b-pure
box (all of which intersect V,). Note that the a-pure boxes will remain a-pure, but the
b-pure boxes will not remain b-pure. Hence we will set aside some b-pure boxes that
will not be merged.
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we have A% <E A° via

. W.
£(2) = NO ifz mﬂ ;
b4 otherwise.
(Formally, to show that this reduction works, use that since  <p ¢ we have {i | i <p
b} C {i| i <p c}, and hence T? C T°.)
We construct A C E” in stages to satisfy the following requirements. Let code be a
1-1 map from D to N.

Separation Requirements. For ¢ € N and b,c € D

Riecode(hy codetey): 1 b &p ¢, then £, is not a reduction of A” to A°.

Discrete Requirements. For every ¢ € N

R%:  There exists a b € D such that 4 =8 A°.

€

Note that if b is the bottom element of the lattice then @2 € P, and if b is the top
element then @4 =k A
At the end of each stage s we will have the following:

(a) A set A, € P which is the set of strings committed to A.

(b) A set A; € P which is the set of strings committed to 3* — A.

(¢c) A set B, € P which is the set of strings in E” that are not committed to A or
3* — A. Formally B, = FF — (A; U A;). We will not need to prove that B; € P
since if A;, A; € P then clearly B; € P. Let B™ = B; N B™.

(d) A partition [T, of EP such that the following hold.

(i) H; is an hp-partition that respects A.

(ii) For all z € EP if z € B™ then I (z) C B™. This makes JI; p-honest. Note
that I7; partitions each BY'.

(ifi) Let @ € I. A box is a-pure if it contains some element of T, and is
wholly contained in Chvuuﬂ. {(hence it has no element of Cnmu_ﬂv Let
N(a,s,m) be the number 0m a-pure boxes contained in BY. We will have
limsup,,_,, N(a,s,m) =

During the construction, we show Eazocswq Emﬁ a, b, ¢, and d all hold. The partitions
get coarser and coarser; however, if z € A; or z € A, then forall ¢ 2 s, b‘uﬁmv .(z).
If z enters A; (A;) then we also place all elements of I;(z) into A; (A;); therefore
the condition that /7; respects A; will easily be met.

For every z € EP, there is a stage s such that either z € A; or z € A;. The set A
is defined as the set of all z that are placed in some A;. The set A §= respect all
partitions f7;.

If at stage s+ 1, A, T».e IT,) is not mentioned, then Ay := Ay (Agyr = A Mgy =
;). During a stage of the construction As (A,, II;) may change. To avoid notation,
whenever A, (A,, II;) is mentioned it is meant to be the most recent version of the
object.
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(a) Forevery z € 3* if f.(2) € Byy1, then f.(z) is in the same box as some y € T},
(b) For every y € Bopy NTy, Ty () NV, #= §.

By Lemma 4.6 these two conditions make A® = ANT, =h @4,

We set Agp1, Asp1, and gy as follows. To satisfy condition (a) above, for every
a € I such that a £p b place all the elements of every a-pure box that contains an
element of range( f,) into A. Since limsup,, ., NI(a,m) < oo this will only delete a
constant number of a-pure boxes from each BY.

To satisfy condition (b) above is more complicated. First, for every ¢ € J, place all
elements of every a-pure box that does not intersect V, into A. Now, for every a € J,
for every m, there are exactly NI(a,m)} a-pure boxes contained in BY'.

Second we will merge some boxes. If y € T;, then there exists a € / such thata <p b
and y is in an a-pure box. Note that a € JU J'. If a € J then IT;(y) NV, # 0 and we
are done. Hence we need only look at @ € J'. To ensure that every y € B.41 N7y is in
a box that intersects V, we will, for every a € J, find a ¢ € J such that a <p ¢, and
merge (or put into A) every a-pure box with some c-pure box (all of which intersect
V.). Such a ¢ exists by the Lemma 2.15. Note that the a-pure boxes will remain a-pure,
but the c-pure boxes will not remain c-pure. Hence we will set aside some c-pure boxes
that will not be merged.

Let m € N. We describe what to do with the boxes that comprise Bj'. Order these
boxes by the least string in them. For every d € D and i € N let BOX[d, ] be the ith
d-pure box (if it exists). Note that for ¢ € J if BOX[c, ] exists then it intersects V..

For every a € J' (a # 0) we plan to merge some a-pure boxes with c-pure boxes. We
need to ensure limsup,, ., N{c,s+1,m) = co. We plan to merge at most NI(c,m) /2r
c-pure boxes with a-pure boxes. Formally we do the following.

(1) Let Uy = NI(c,m)/2r. Let U = min{U;, N(a,s,m)}.
(2) (Vi < U) merge BOX[a,i] and BOX[c, (a—1)U;+i] (the new boxes ate a-pure).
(3) (Vi> U) place all of the of elements of BOX[a,i] into Agy.

When this process is done at most |L — {0}| x NI(b,m)/2r < NI(b,m)/2 of the

c-pure boxes have been merged. Hence there are at least NI (b, m) /2 c-pure boxes left.

Using As; € P, A; € P, II, polynomial honest, and P = NP, one can show that
A1 €EPR kﬁt € P, and Iy is polynomial honest. We now show that, for all a,

limsup N(c, s+ 1,m) = co.
mn—o0

For a such that ¢ <p a there is a constant n such that N(a,s,m) +n 2 N(a,s+1,m).
For a <p ¢, N(a,s+1,m) = min{NI(c,m) /2r, N(a,s,m)}. Fora=c¢, N(a,s+1,m)
is at least NI(c,m) /2. For all three possibilities, by using limsup,,_, . N(a,s,m) =0
and limsup,, . NI(a,m) = oo, we easily obtain limsup,, ., N(a,s +1,m) =o0.
END OF CONSTRUCTION

By the comments made during the construction, it is clear that {A® | b € D} form an
initial segment of Hy, . O

i
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(i) To =0 and T; = EP.
(ii) (Vb)[T, € P].
(iii) (Vo,e<9)[bsLe=>Tp CTC]
(iv) (Vb,c £ 5)[b < ¢ = limsup,,_, . |B? N (T, — Tp)| = o0].
(e) A partition IT; of EP such that the following hold.
(i) II; is an hp-partition. IT; respects A; and, for every b < s, respects Tj.
(ii) For all z € E? if z € B™ then I7;(z) C B™. This makes II; p-honest. Note
that f7; partitions each BY.
(iii) Let a < 5. A box is (a,s)-pure if it contains some element of T, and is
. wholly contained in |J;5, ;<7 (hence it has no element of Uicpaics TH-
Let N(a,s,m) be the number of (&, s)-pure boxes contained in B¥. We will
have ljmsup, _,  N(a,s,m) =co.

During the construction, we show inductively that (a), (b), (c), (d) and (e) all
hold. The partitions get coarser and coarser; however, if z € A; or z € Ay, then for all
t= s I (z) =1,(z). If z enters A; (A;) then we also place all elements of I7;(z)
into A, (A,); therefore the condition that I7, respects A; will easily be met.

For every z € EP, there is a stage s such that either z € A; or z € A,. The set A
is defined as the set of all z that are placed in some A;. The set A will respect all
partitions 7.

If af stage s+ 1, A; Tms IT,) is not mentioned, then Ag.p = A, A\ri = mh_ﬁi; =
IT;). During a stage of the construction A, (A;, IT;) may change. To avoid notation,
whenever A, (A;, II;) is mentioned it is meant to be the most recent version of the
object.

CONSTRUCTION

Stage 1: Ag = 0. Ag := 3* — E®. For all x, I(z) = {z}. To = @ and T} = EP. Cleatly
(a), (b), (¢), (d), (e.), (e.ii) are satisfied. Since we chose p(n) 2= n, (edii) is
satisfied.

Stage s + 1: Let a,b < s be the elements adjacent to s+ 1 such thata<p s+1<. b
(since 0 is minimal and 1 is maximal, such a, b exist). Let Ty be a set such that the
following hold.

:.v H..iL e P N..n c HI._ CT.

(2) II; respects Tj.

(3) limsup,,_, . |B®* N (Ter1 — Ta)| = o0.

(4) limsup,, , . |B* N (T — Toy1)| = 00.
Such a T, exists by the induction hypothesis on T, and Tj.

There are two cases.

Case 1: s+ 1 is odd. Let s+ 1 = 2{e,i,j) + 1. (The function (--,-) is such that
(Vb,c,e)[b,c < 2{e,b,c)], so T, and T have been defined before stage s + 1.) We
satisfy m._?.? o in this stage. If b <, ¢ then the requirement is satisfied and no more
action need be taken. Otherwise we do as follows. Let z be the shortest element of
B:NT, that is in an (b, 5)-pure box. (Such a z exists inductively by condition (e.iii).)
Note that z ¢ A; U A;. There are four possibilities.
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clement of D is indecomposable (if not then put another element on top of it) and that
both the top and bottom element of D are in Dy,

Let p(n) be a polynomial such that p(n) = n. We will construct a set A C E” and
sets Tp, 71, ... such that the sets A® (indexed by b € D) defined by A® = ANT? form
an initial segment of Hy, that is isomorphic to D. For ail b,¢ € D such that b <p ¢ we
have A® m_q_: A€ via

NO if z ¢ T%
z otherwise.

()=

(Formally, to show that this reduction works, use that since b <p ¢ we have {i | i <p
b} € {i| i <p ¢}, and bence T? C T¢.)

We construct A C EP in stages to satisfy the following requirements. Let code be a
1-1 map from D to N.

Separation Requirements. For ¢ € N and b,c € D

Rie code(v) codetcyy: I b £p ¢, then f, is not a reduction of AP to AC.

Discrete Requirements. For every e € N

R%:  There exists a b € D such that @4 =h Al

Note that if b is the bottom element of the lattice then @ € P, and if b is the top
element then @4 =" A.
At the end of each stage s we will have the following:

{(a) A set A; € P which is the set of strings committed to A.

(b) A set A, € P which is the set of strings committed to 3* — A.

{c) A set B, € P which is the set of strings in EP that are not committed to A or
3* — A, Formally B; = EP — (AU A,). We will not need to prove that B, € P
since if Ag, A; € P then clearly B; € P. Let B” = B, N B™,

(d) Sets Ty, T1,... (the number of 7; is |Ds|) such that the following hold.

(i) To=90 and Ty = E”. _
(ii) (VB)[T, € P].
(iii) (Vb,e<s)[bSpec=T,CT.]
(iv) (Vb,c < 5)[b <p ¢ = limsup,,_,, |B* N(T; — T})| = co].
(e) A partition II; of E” such that the following hold.
(i) I, is an hp-partition. II; respects A, and, for all b < s, If; respects Tp.
(ii) For 4all z € EP if z € B™ then II;{z) C B™. This makes I7; p-honest. Note
that II; partitions each BY.
(iii) Let a < I,. A box is (a, s)-pure if it contains some element of T, and is
wholly contained in | J;5,.,:¢,T¢ (hence it has no element of U,y i< T)-
Let N(a,s,m) be the number of (a, s)-pure boxes contained in B}, Ifa € 1
then we will'have limsup,,_, . N(a,s,m) = co.

During the construction, we show inductively that (a), (b), ﬁmv. and (d) all hold.
The partitions get coarser and coarser; however, if z € A; or z € A, then forall £ 2 5,
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An element x € X has a strong <-minimal cover if there exists y € X such that x < y
and

VzeX)z<y=z<x]

The first step towards characterizing the uncountable structures that are initial seg-
ments of the (classical) m-degrees is showing that every m-degree has a strong <-
minimal cover. An analogous theorem in Hp, is not known. Moreover, the question of
whether or not Hy, is elementarily equivalent to the m-degrees is open.

7. The unary theory of H,, is undecidable
Theorem 7.1. Assume |3| = 1. The theory of Hy, is undecidable.

Proof. Let D be any finite distributive lattice. We claim that there exists hpm-degrees a
and b such that the hpm-degrees between a and b form a partial order isomorphic to D.
The proof of Theorem 5.5 can easily be modified to show that if || = 1 then that any
finite distributive lattice can be embedded in the hpm-degrees. Let B be the top element
mapped to. Let a be the 0 hpm-degree and b be the hpm-degree of B. Hence the claim

' is established.

The rest of the proof is similar to the proof that the theory of the Turing degrees is
undecidable [12] (see [17, pp. 136-137]). We include it for completeness.

Let £ be the language consisting of all the usual logic symbols, and the additional
symbol <. Any sentence in £ is a sentence about partial orders. Let DL be the set of
all sentences of £ that are true in all distributive lattices; let FINITE be the set of all
sentences of £ that are true in all finite distributive lattices. Ershov and Taitslin [7]
showed that there is no recursive set R such that DL C R C FINITE.

We show that if the theory of Hiy, is decidable then such a recursive set R exists. Let
#(x,y) be the formula £ that says that the set of elements z such that x < z < y
form a distributive lattice. Let ¢ be any sentence of L. Let ¢’(x,y) be the formula
obtained from ¢ by restricting all quantifiers in ¢ to elements z such that x < z < y.
Let ¢ be the sentence (Vx,y)[6(x,y) = ¢'(x,y)]. Let H = {¢ | Hy _H "'}
Since, by the claim above, every finite distributive lattice is between some two hpm-
degrees, DL C H C FINITE. Hence H cannot be recursive, so the theory of Hy must
be undecidable. O

8. The structure of Hy, N RE

We examine the structure Hy, N RE. The r.e. m-degrees and H,,, N RE resemble each
other in the same way the m-degrees and Hp, do; however, they are not elementar-
ily equivalent. We first ?.oﬁw a theorem about the resemblance, and then about the
difference.

Lachlan [14,24] showed that the topped finite initial segments of the re, E-aomnmg
are exactly the finite distributive lattices. We show this holds for H,, N RE.
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The requirements P, and N are satisfied by diagonalization, which may involve
putting elements into A, or restraining elements from entering A. Requirement R2 is
satisfied by trying to code W, into A. These requirements appear to conflict. The conflict
is not resolved by priority. Instead, when diagonalizing, we try to make Q. look like W,
so that the @, <! A hypothesis of requirement R will help to get W, <I A.

We order the requirements by Py, Nyo0y, P1, N(o,1,. - .. This is the order they will be
acted on. R? is not in the ordering because it will not be satisfied by an overt action.

We attempt to code W, into A by trying to put {1¢,7) into A as soon as 7 enters W,.

The sets Q, are defined by a Ladner-style looking back construction. In particular, a
0-1 valued polynomial time function f(—,—) with domain N x N in unary form will
be constructed, and the sets {@.}2; will be defined by

ce 0., < (fleo|)=1and oceW,).

The construction is slowed down to allow f to be computed in polynomial time.
At the end of each stage s, we will have the following: .
(a) Aj;, the strings committed to A, and A;, the strings committed to 3* — A;
(b) for each e, the values of f(e,0), f(e,1),..., f(e,s — 1) (but no more);
{(c) implicit information about the sets of type Q,, since we know some values of
fle,n).
If at stage s+ 1, A; (As, Bs, B;) is not mentioned, then Agqy := A; (A1 = Ay
etc.).

CONSTRUCTION

Stage 0: Ag =8, Ag :== 0. Bp := @, By := 0. For all x, f(e,n) is undefined (hence
nothing is known about Q). For all ¢ and b both P, and Ny, ; are labeled NOT
SATISFIED.

Stage s + 1: First, we work on the R? requirements for e < s. For all e < s, if there is
a string o € W, z41 — W, and (1¢,0) ¢ A;, then place {1°,0) into Agy1. Since W, is
defined as the set of elements of {0,1,...,s} that M, ¢ halts on, computing W, ; (with
e < 5) can be done in time polynomial in s.

Second, we work on the least P, or Ny » type requirement that is not satisfied.

Case 1: The requirement is P,. For all i, set f(i,s) = 1 (this is done to help the
requirements R?). For s steps, do the following: try to find an x such that (i) x ¢
B,UB,, (ii) either M,(x) € {YES,NO} or M.(x) € A;UA;, and (iii) if M.(x) € 3*
and is of the form (1}, o), then f(i,|o]) =1 (this will enable Q, <& A to help obtain
We <5, A).
Such an x must exist since M, is honest and A; U A, is finite (though we may not

find x at this stage). If such an x is found, then

(a) if M,(x) = YES then B;.; := B, U {x};

(b) if M.(x) = NO then By := B; U{x}; and A .

(¢) if M.(x) € 3* then By = B;U{x} and Ay := A, U{M,.(x)}.
In either case, declare P, SATISFIED. , ;

Case 2: The requirement is Ny, ;. Set f(e,5) = 0. For all i # e set f(i,s) =1 (this
is done to help the requirements R?). For s steps do the following:.try to find an x =
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Theorem 9.3. If A is a nontrivial index set (i.e. A # §, A # 3*), then A is not
hpT-minimal, .

Proof. Let a € A and b ¢ A. Let C be a recursive set such that C ¢ Pand ¢; be a
recursive function that computes the characteristic function of C. Let z be such that

pa(y) ifxeC,
ep(y) ifx¢C

Since we assume the s-m-n functions to be polynomial-time computable, we have a
function f.€ P such that for all x and y, ¢, (x,¥) = @sn(¥).

P (x,y) =

XE€C = @rizx =¢a = f(z,x) €A
% ¢ C = opn = s = f(2.5) ¢ A.

The function f is polynomial time computable and honest; therefore, C Mw. A. Since
C is recursive and A is not recursive, it is not the case that A <t C. Hence, C Aw_ A
and thus, A is not an hpT-minimal set. O

10. A recursive superminimal set

The sets constructed in Section 4, and in all of the honest minimal degree literature, are
nonrecursive. This is necessary since Ladner’s Theorem says that recursive sets cannot be
hpm-minimal. However, Ladner’s Theorem does not say anything about hmto-minimal
sets, Total honest m-reductions differ from honest m-reductions in a significant way. In
the cases where an honest m-reduction maps a string to either YES or NO, the honesty
condition does not come into play. By contrast, in the case of total honest m-reductions,
the honesty condition always comes into play. Thus, intuitively, these reductions are
different from each other. We prove this by showing that there exists a recussive set
A, A ¢ P, that is hmto-minimal, and in fact is superminimal (ie. for any B <™ A,
B =" A) We see this result as unnatural, which is evidence that hmto-reductions are
unnatural.

Definition 10.1. Let g be as defined in Section 5 (first definition of that section). Let
B® = {x:g(m) < |x| <g{m+1)}. A set Ais blocktype if it is the union of sets of
the form B™. Note that, for all m, if any element of B™ is in A, then all elements of B™
are in A (hence if some element of B™ is not in A, then no element of B™ is in A).

Lemma 10.2. [f A is blocktype and C <E© A, then A fAf__ms C. :

Proof. Let C <™ A by a total honest f. Let p and g be polynomials such that p
bounds the runtime of -f, and f is g-honest.

The reduction A <*® C is as follows: on input y, find m such that y € B™, and then
output 07(s(m),
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